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ABSTRACT 
The s i x  s e c t i o n s  o f  t h i s  Report were o r i g i n a l l y  i ssued  a s  s i x  phase 
r e p o r t s ,  t h e  f i r s t  t h r e e  (Sec t ians  1, 2,  and 3) a r e  on nozz les  i n  s p h e r i c a l  
s h e l l s .  t h e  l a s t  t h r e e  (Sect ions 4, 5, and 6) a r e  on nozz les  i n  c y l i n d r i c a l  
s h e l l s .  
Sect ions 1 and 4 conta in  proposed design procedures f o r  nozzles  
with i n t e r n a l  p re s su re  loading. 
being contained on pp. 3, 4, and 5 of  Sect ion 1, pp. 6, 7, and 8 of Sect ion 
4. 
t h e  development of t h e  design procedures and comparisons with o t h e r  design 
procedures. 
The procedures a r e  r e l a t i v e l y  concise ,  
The remainder of t h e s e  t w o  s e c t i o n s  con ta ins  a b r i e f  d e s c r i p t i o n  o f  
Sec t ions  2 and 5 cover e x t e r n a l  loadings a s  well a s  i n t e r n a l  pres-  
sure .  
t h e o r i e s  and test  da ta .  Sect ion 2 inc ludes  an Appendix g iv ing  graphs f o r  
ob ta in ing  stresses f o r  nozz les  i n  s p h e r i c a l  s h e l l s  due t o  in t e rna l -p re s su re ,  
ex t e rna l  loads  o r  combinations the reo f .  Sec t ion  5 inc ludes  an Appendix 
g iv ing  t a b l e s  o f  stresses f o r  nozz les  i n  c y l i n d r i c a l  s h e l l s  due to  i n t e r n a l  
p re s su re  loading. 
Comparisons a r e  made between a number of t h e o r i e s  and between those  
Sec t ions  3 and 6 cover t h e  sub jec t  o f  f l e x i b i l i t y  of nozzles  i n  
The f l e x i b i l i t y  of  t h e  nozz le  is  s i g n i f i c a n t  where t h e  p re s su re  vessels. 
nozz le  is a t t ached  t o  a p ip ing  system and t h e  e x t e r n a l  loads  on the  nozz le  
a r i s e  from p i p i n g  expansion. 
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PROPOSED DESIGN PROCEDURE FOR RADIAL 
NOZZLES I N  SPHERICAL SHELLS WITH INTERNAL PRESSURE 
INTRODUCTION 
I n  the  pas t ,  openings i n  p re s su re  ves se l s  have been re inforced  
according t o  t h e  a r e a  replacement ru le .  
l a rge ,  performed s a t i s f a c t o r i l y ;  however, i n  t he  r e l a t i v e l y  few cases  
where problems have developed i n  p re s su re  ves se l s ,  those  problems have o f t e n  
been a s soc ia t ed  with the  nozzles o r  openings. P r i o r  t o  the  work of t he  p a s t  
few years ,  t h e  stress l eve l s ,  f a t i g u e  loading r e s i s t a n c e ,  and maximum pres- 
s u r e  c a p a c i t i e s  of nozzles  i n  pressure ves se l s  were known only very roughly. 
Vessels s o  designed have, by and 
The t r end  towards t h e  use of h igher  s t r e n g t h  ma te r i a l s  and 
h igher  nominal s t r e s s e s  i n  pressure  v e s s e l  design, along with t h e  advent 
of nuclear  ves se l s  wi th  t h e i r  very high r e l i a b i l i t y  requirements, i n t ens i -  
f i e d  t h e  need f o r  b e t t e r  knowledge of t h e  behavior of r e in fo rced  openings 
i n  pressure  ves se l s .  In  recogni t ion  of t h i s  need, t h e  Sub-committee on 
Reinforced Openings of t he  Pressure Vessel Research Committee has sponsored 
a broad program of both experimental  and a n a l y t i c a l  work d i r ec t ed  towards 
t h e  determinat ion of  t he  behavior of r e in fo rced  openings i n  pressure  ves- 
sels, cons ider ing  both the  e f f e c t s  of i n t e r n a l  pressure  and e x t e r n a l  loads.  
A summary of t h i s  work, a s  of the  t i m e  of publ ica t ion ,  i s  given by J. L. 
Mershon (1,2>* 
This  r e p o r t  covers one phase of t he  o v e r a l l  problem of re inforced  
openings i n  pressure  v e s s e l s ;  s p e c i f i c a l l y ,  t h e  development of a design 
procedure f o r  radial  nozzles  i n  s p h e r i c a l  s h e l l s  loaded with i n t e r n a l  pres- 
sure .  The design procedure i s  intended t o  def ine  acceptable  r e in fo rc ing  
d e t a i l s  f o r  r a d i a l  nozzles  i n  s p h e r i c a l  ves se l s ,  hemispherical  heads, 
t o r i s p h e r i c a l  heads provided the  opening is  i n  the  s p h e r i c a l  s e c t i o n  suf- 
f i c i e n t l y  away from t h e  t o r i d a l  s ec t ion ,  and e l l i p s o i d a l  heads i n  t h e  cen- 
t r a l  s ec t ion .  Reinforcing, i f  any i s  required,  is assumed t o  be continuous 
* Numbers r e f e r  t o  t h e  l i s t  of re ferences .  
2 
with the  s h e l l s ,  as con t r a s t ed  t o  "welded-on" pads. 
is  used t o  e s t a b l i s h  t h e  design procedure, an implied assumption i s  t h a t  
t h e  m a t e r i a l  of t h e  s h e l l s  and t h e  weld metal i s  d u c t i l e ,  e.g., is capable 
of  withstanding s e v e r a l  percent  of l o c a l  s t r a i n  i n  a complex stress f i e l d  
a t  a l l  temperatures a t  which t h e  v e s s e l  may be loaded. 
Since l i m i t  a n a l y s i s  
The design procedure covers i s o l a t e d  nozzles  i n  which t h e  edge 
of t h e  opening i s  remote from any o t h e r  s i g n i f i c a n t  l o c a l  stress discon- 
t i n u i t y .  
guided by t h e  e x i s t i n g  r u l e s  given i n  t h e  ASME Boiler  and Pressure Vessel 
Code, Sec t ion  111, ("Rules f o r  t h e  Construction of Nuclear Vessels"). 
The "Design Procedure", i n  a b r i e f  form s u i t a b l e  f o r  use i n  
The remainder o f  
It i s  suggested t h a t  t he  design of  c l o s e l y  spaced nozzles be 
design work, is presented i n  t h e  following sec t ion .  
t h e  r e p o r t  provides t h e  background and b a s i s  of t h e  design procedure 
along wi th  comparison w i t h  o t h e r  design procedures. 
It is emphasized t h a t  t h i s  design procedure covers i n t e r n a l  
p re s su re  loading only, and t h a t  add i t ions  o r  modif icat ions may be nec- 
e s s a r y  t o  accomodate o t h e r  super-imposed loadings;  p a r t i c u l a r l y ,  e x t e r n a l  
loadings from an a t t ached  piping system and thermally induced stresses. 
The elastic stress c r i t e r i o n  chosen (maximum stress i n t e n s i t y  ,< 3s) is  
t h e  l i m i t  which, under t h e  r u l e s  of t h e  Nuclear Vessel Code, a p p l i e s  t o  
t h e  sum of t h e  primary and secondary stresses, including pressure,  thermal 
and e x t e r n a l  loading effects. Since the l i m i t  a n a l y s i s  c r i t e r i o n  c o n t r o l s  
almost throughout t h e  dimensional range covered herein,  t he  design proce- 
dure inhe ren t ly  contains  a t  least a s m a l l  margin t o  accomodate stresses 
from such a d d i t i o n a l  sources.  This general  problem w i l l  be t h e  s u b j e c t  
of f u r t h e r  study and recommendations. 
3 
DESIGN PROCEDURE FOR RADIAL NOZZLES I N  
SPHERICAL SHELLS UNDER INTERNAL PRESSURE 
Nozzles may be r e in fo rced  by inc reas ing  t h e  th i ckness  of t h e  nozzle and/or 
sphere near  t h e  nozzle-to-sphere junc tu re  according t o  Paragraph 3, o r  by 
applying extra material around t h e  nozzle-to-sphere junc tu re  according t o  
Paragraph 4. These r u l e s  apply t o  i s o l a t e d  nozzles  i n  which the  edge of t h e  
opening is  a t  least a d i s t ance  equa l  t o  2.5 
any o t h e r  l o c a l  stress d i scon t inu i ty .  
Dimension T is the required* thickness  of  t he  unperforated sphere for  t h e  de- 
s i g n  pressure;  t is  t h e  required* thickness  of t h e  nozzle (as a c y l i n d r i c a l  
s h e l l )  f o r  t h e  design pressure.  
t h e  following text and Figure 1. 
"corroded" cond i t ion -  
r ad ius  of cu rva tu re  of t he  head. It is assumed t h a t  t h e  materials used i n  
from t h e  n e a r e s t  edge of  
Other dimensions and symbols are def ined i n  
A l l  dimensions s h a l l  be taken i n  t h e  




4 .  
t h e  sphere,  nozzle,  weld 
equal  s t r e n g t h .  
(a) Uniformly thickened 
t '  L g t ,  
(b) Uniformly thickened 
T '  2 hT, L 
(c) Uniformly thickened 
m e t a l ,  and reinforcement s e c t i o n  ( i f  any) are of  
nozzle w a l l ,  Figure la  
-63, 
sphere w a l l ,  Figure l b  
- > 0.7 ' - E T ,  
nozzle and sphere w a l l ,  Figure IC 
g obtained from Figure 2a-  
h obtained from Figure 2b. 
- 
P;' - 1 + h '  - 1 
g - 1  h -  1 Determine g '  and h '  according to:  = 1  
g and h obtained from Figures  2a and 2b, r e spec t ive ly .  
t '  2 g ' t ,  a 2 Y d g ' t  
T '  h'T, L ?  .7 y-ZE 
(d) Uniformly thickened nozzle w a l l  protruding through sphere,  Figure I d  
t '  2 l a r g e r  of  t o r  2g t /3  a 3 F, g from Figure 2a. 
t" = l a r g e r  of t o r  2g t /3  
Compact reinforcements,  Figures  le,  I f ,  l g  
A is the  r equ i r ed  c r o s s - s e c t i o n a l  area of  reinforcement.  The reinforcement 
must be uniform around t h e  nozzle a x i s .  
def ined by t h e  r a d i u s  Lc may be taken as c o n t r i b u t i n g  t o  A . 
For : d/D 5 40.02/(D/T); Ar = 0 
For : {-) ,< d/D 5 7- Ar = (dT)(d/D 
; A = dT cos $ d m )  5 d/D r For : 
r Only t h e  area w i t h i n  t h e  circle 
r 
-1)'I2 
$ = sin-'d/D 
L~ = 1.5 (T/D) (2/3) I) 
* Required thickness  according t o  t h e  appropr i a t e  design code; e.g., f o r  t h e  
ASME Boiler  Code, Sec t ion  V I I I :  
pressure ,  D = sphere i n s i d e  diameter, 
e f f i c i e n c y  o f  welded j o i n t  i n  t$e sphere.  
T = PD/(4S E - 0.4P), where P = i n t e r n a l  
= allowable stress, E = j o i n t  'a 
REINFORCING ON NOZZLE 
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The bas i c  problem i n  determining t h e  proper propor t ions  of a 
s t r u c t u r e  i s  twofold. F i r s t ,  t he  stresses must be found, and second, allow- 
ab le  va lues  of  t he  s t r e s s e s  must be prescr ibed .  
stress ana lys i s - - ana ly t i ca l ,  numerical, and experimental--are normally 
s u f f i c i e n t  f o r  t he  determinat ion of stresses i n  pressure  ves se l s .  However, 
a c e r t a i n  amount of a r b i t r a r i n e s s  i s  s t i l l  exerc ised  i n  f i x i n g  al lowable 
values  of e l a s t i c  stresses. 
Present  day techniques of 
S t a t i c  f a i l u r e  of a d u c t i l e  material i s  a p l a s t i c  process,  and a 
r a t i o n a l  b a s i s  f o r  determining al lowable stresses w i l l  n e c e s s a r i l y  involve 
p l a s t i c i t y  cons idera t ions .  
used t o  s e t  a l lowable s t r e s s e s  i n  Sec t ion  I11 of t h e  ASME Boi le r  and Pres- 
s u r e  Vessel Code, Nuclear Vessels (3 , 4 ) .  Conservative s i m p l i f i c a t i o n s  and 
g e n e r a l i z a t i o n s  were made t o  achieve complete stress l i m i t s  f o r  a l l  p a r t s  
of a nuc lear  ves se l .  I n  p a r t i c u l a r ,  t h e  1.5 S l i m i t  on l o c a l  membrane 
stress was set t o  in su re  a g a i n s t  l o c a l  p l a s t i c  co l lapse .  A s a t i s f a c t o r y ,  
cons i s t en t  nozzle  design procedure cannot be cons t ruc ted  wi th  t h i s  l i m i t  
a s  a b a s i s  because it i s  too  r e s t r i c t i v e .  This  can be r e a d i l y  seen  by 
consider ing very s m a l l  nozzles ,  which should r equ i r e  no reinforcement,  y e t  
produce l o c a l  membrane s t r e s s e s  of 2 Sm i n  t h e  s h e l l .  
1.5 S l i m i t  of Sec t ion  111 i s  replaced i n  t h e  proposed procedure by an 
a c t u a l  l i m i t  ana lys i s .  
The p r i n c i p l e s  of p l a s t i c  l i m i t  design were 
m 
Therefore ,  t h e  
m 
The design procedure presented h e r e i n  r e s u l t s  from a d i r e c t  a p p l i -  
c a t i o n  of l i m i t  design p r i n c i p l e s  t o  a s p e c i f i c  geometry when sub jec t ed  
t o  i n t e r n a l  pressure .  
of t h e  ASME Nuclear Vessels Code. 
The design philosophy is  t h e r e f o r e  the  same as t h a t  
It i s  the  i n t e n t  of t h e  Nuclear Vessels Code t o  (1) provide a 
s a f e t y  margin of 1.5 a g a i n s t  p l a s t i c  co l l apse  when s t ra in-hardening  i s  
neglec ted  and (2) t o  in su re  shakedown t o  e l a s t i c  ac t ion .  I n  accordance 
wi th  t h i s  i n t e n t ,  t h e  proposed reinforcements  were proportioned so t h a t  
(1) the  co l l apse  p re s su re  i s  a t  least 1.5 t i m e s  t h e  design pressure  and 
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(2) so t h a t  t h e  most highly s t r e s s e d  regions of t h e  nozzle w i l l  shakedown 
t o  e l a s t i c  a c t i o n .  The co l l apse  l i m i t  was e s t a b l i s h e d  using t h e  r e s u l t s  
of  t he  p l a s t i c - l i m i t  a n a l y s i s  descr ibed i n  Reference 5. The shakedown 
c r i t e r i a  used w a s  t h a t  of l i m i t i n g  t h e  maximum e las t ic  stress in t ens i ty*  
t o  t h r e e  t i m e s  t h e  nominal stress i n  t h e  unperforated sphere;  f o r  materials 
wi th  design stress i n t e n s i t y  values  e s t a b l i s h e d  by t h e  l i m i t  of two-thirds 
of t h e  y i e l d  s t r e n g t h ,  t h i s  i s  t h e  equ iva len t  of l i m i t i n g  t h e  maximum 
stress i n t e n s i t y ,  5, t o  twice+;* t h e  y i e l d  s t r e n g t h  of t h e  material. 
E las t ic  stresses w e r e  c a l c u l a t e d  according t o  Reference 6 ,  w i t h  t h e  
a d d i t i o n  of a l o c a l  f l e x i b i l i t y  f a c t o r  a t  t he  nozzle-sphere junc tu re  and 
approximate "thick-wall' ' s h e l l  c o r r e c t i o n  f a c t o r s .  It i s  re-emphasized 
t h a t  both c r i t e r i a  mentioned, t h e  co l l apse  p re s su re  and t h e  3 S 
are m e t  f o r  a l l  nozzle designs recommended by t h e  p re sen t  design procedure. 
- 
l i m i t ,  m 
* S t r e s s  i n t e n s i t y  a t  a p o i n t  i s  def ined as t w i c e  t h e  maximum shea r  stress 
a t  t h a t  point .  
** For v e s s e l  materials i n  which t h e  r a t i o  of u l t i m a t e  s t r e n g t h  t o  y i e l d  
s t r e n g t h  i s  less than two, the design stress i n t e n s i t y  is one-third of 
t h e  u l t i m a t e  s t r eng th .  For such materials t h e  margins a g a i n s t  p l a s t i c  
c o l l a p s e  o r  continued n o n e l a s t i c  s t r a i n i n g  are g r e a t e r  than ind ica t ed .  
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DEVELOPMENT OF DESIGN PROCEDURE 
This s e c t i o n  b r i e f l y  descr ibes  how t h e  design procedure was 
developed. 
sect i o n  e n t i t l e d  "Discuss ion". 
De ta i l ed  d i scuss ion  of t h e  development i s  given i n  t h e  subsequent 
The design of a c y l i n d r i c a l  nozzle i n  a s p h e r i c a l  s h e l l  may be 
considered as c o n s i s t i n g  of  a bas i c  conf igu ra t ion  plus  reinforcement.  The 
bas i c  conf igu ra t ion  is def ined as an outwardly protruding nozzle and 
s p h e r i c a l  s h e l l  segment, as shown i n  Figure 3, i n  which t h e  nozzle and 
s p h e r i c a l  s h e l l  have t h e  same nominal stress f o r  a given pressure.  
f i c a l l y  
Speci- 
For t h e  nozzle:  s = Pd/2t 
For t h e  sphere:  S = PD/4T 
where P = i n t e r n a l  p re s su re  
d = i n s i d e  diameter of nozzle 
t = w a l l  th ickness  of nozzle 
D = i n s i d e  diameter of sphere 
T = w a l l  thickness  of sphere.  
For the  b a s i c  configurat ion,  by d e f i n i t i o n ,  s = S = allowable design stress 
i n t e n s i t y  f o r  t h e  material  used i n  t h e  nozzle and sphere--assumed t o  be made 
of equal  s t r e n g t h  materials. 
The design procedure c o n s i s t s  of s p e c i f i c a t i o n s  of t h e  dimensions 
of r e i n f o r c i n g  required,  i f  any, i n  o r d e r  t o  m e e t  t h e  design cri teria 








Uniform Wall Designs 
A nozzle-shel l  j unc t ion  may be r e in fo rced  e i t h e r  by using a 
nozzle and/or sphere wi th  w a l l  th ickness  increased over t h e  bas i c  configura- 
t i o n ,  as shown i n  Figures  l a  and l b .  As a f i r s t  s t e p  i n  de r iv ing  t h e  design 
procedure, a n  extensive parametr ic  s tudy w a s  made based on E. 0. Waters' 
d D e las t ic  a n a l y s i s  and covering the  parameter ranges: . 0 1 _ < ~  _< .5, 10 5 ,  1000, 
.0625 5 s / S  5 8. 
which b a s i c  configurat ions r equ i r ed  r e i n f o r c i n g  i n  o r d e r  t o  meet the  e l a s t i c  
stress c r i t e r i a  5 = 3s and how much r e i n f o r c i n g  would be required i f :  
The stresses obtained i n  t h i s  parametr ic  study ind ica t ed  
(1) Reinforcing cons i s t ed  only of an inc rease  i n  w a l l  
th ickness  o r  t h e  sphere,  o r  
(2) Reinforcing cons i s t ed  only of an inc rease  i n  wal l  
thickness  of t h e  nozzle.  
Figure 4 shows the  reinforcement r equ i r ed  on t h e  sphere only,  i n  
h = T ' /T .  terms on t h e  parameters d/D, D/T and 
i n d i c a t e s  those combinations of D;T and d/D f o r  which the  maximum shear  
stress i n  t h e  b a s i c  conf igu ra t ion  (with an adequate f i l l e t  radius ,  ro) does 
not  exceed 3.0 S.  The l i n e s  marked h>l i n d i c a t e s  the thickness  required i n  
t h e  sphere so t h a t  5 = 3.0 S. 
index stress i s  t h a t  of t he  unreinforced sphere.  
The l i n e  marked h = 1 
Note t h a t  S = PD/4T, not PDI4T'; i.e., t h e  
Figure 5 shows t h e  reinforcement r equ i r ed  on t h e  nozzle only, i n  
terms of t h e  parameters d/D, D/T and g = t ' / t .  
t h e  same as on Figure 4;  h ighe r  values of g i n d i c a t e  t h e  thickness  required 
i n  t h e  nozzle f o r  3 = 3.0 S. 
spheres developed by R. L. Cloud(5), t h e  necessary inc rease  i n  w a l l  
th ickness  of nozzle o r  sphere was ca l cu la t ed ,  based on the  c r i t e r i a  
PL = 0.98 P*, where: 
The l i n e  marked g = 1 is  
Using t h e  l i m i t  pressure a n a l y s i s  f o r  c y l i n d r i c a l  nozzles i n  
pL = l i m i t  pressure  
P* = nominal y i e l d  pressure of sphere = 4ooT/D 
CT 
T = w a l l  th ickness  of sphere 
D = i n a i d e  diameter of  sphere.  




0 ,  limited to 35 
F I G U R E  4 .  REQUIRED R E I N F O R C I N G  ON SPHERE 
FOR 5 = 35, WATERS' ANALYSIS 
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FIGURE 5. REQUIRED REIhTORCING ON NOZZLE FOR 
0 = 3S,  WATERS' ANALYSIS 
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The curves r e s u l t i n g  from t h e  l i m i t  a n a l y s i s  are shown as dashed l i n e s  i n  
F igures  6 and 7,  and are superimposed over  the  analogous curves based on 
elastic a n a l y s i s .  
by using the  l i m i t  p r e s su re  curves;  t h e  l i m i t  p ressure  curves are more con- 
s e r v a t i v e  almost* throughout t he  range of parameters covered h e r e i n  $. 
The design graphs (Figures 2a  and 2b) were obtained 
The length  of  reinforcement,  as ind ica t ed  by Figures  la  and Ib 
must be a t  least equal  t o  q-- DT /2 on t h e  sphere o r  e- on t h e  nozzle.  
These l eng ths  are based on e l a s t i c  theory, l i m i t  ana lys i s ,  eva lua t ion  of 
t h e  a t t e n u a t i o n  of stresses obtained i n  tests and comparison of test d a t a  
wi th  and without  f i n i t e - l e n g t h  reinforcement on the  nozzle  o r  sphere.  
The requirements given above r e l a t e  t o  e i t h e r  a r e in fo rced  
I n  many p r a c t i c a l  designs,  it may be sphere o r  a r e in fo rced  nozzle.  
d e s i r a b l e  t o  use a combination of r e i n f o r c i n g  on the  sphere and nozzle,  
as shown i n  Figure IC. 
graphs s i m i l a r  t o  Figures  2a  and 2b which, wi th  i n t e r p o l a t i o n ,  would cover 
these  cases ,  i n  t he  i n t e r e s t  of s i m p l i c i t y  a l i n e a r  r e l a t i o n s h i p  w a s  
developed, i.e. : 
While it i s  poss ib l e  t o  cons t ruc t  a number of 
where g = t ' / t  from Figure 2a 
g '  = p a r t i a l  nozzle reinforcement,  l<g'<g 
h 
h '  = p a r t i a l  sphere reinforcement,  14 '4 -1 .  
= T' /T  from Figure 2b 
* For t h e  dimensional parameter range near  h = g = 1 with s m a l l  d/D, t h e  
elastic c r i t e r i a  i s  s l i g h t l y  more conservat ive than the  l i m i t  p ressure  
criteria, however, t h e  e l a s t i c  s t r e s s ,  using t h e  dimensions obtained 
from t h e  l i m i t  p r e s su re  ana lys i s ,  is  not  more than 3.2 S. 
f The l i n e s  f o r  h = 1 and g = 1 were ad jus t ed  s l i g h t l y  downward from t h e  
l i m i t  p r e s su re  a n a l y s i s  s o  as t o  agree wi th  the  Nuclear Vessel Code equat ion 
i n  Par N-452(a) (1) : d = 0.1414 
on Figure 21. 
A comparison of these  l i n e s  is  shown 
14 - . Elast ic  Analysis, 0 = 3s 
- - - L i m i t  Pressure Analysis 
FIGURE 6 .  REQUIRED REINFORCING ON SPHERE 
BY LIMIT ANALYSIS 
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- 
E l a s t i c  A n a l y s i s ,  0 = 3s 
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FIGURE 7 ,  REQUIRED REINFORCING ON NOZZLE 
BY LIMIT ANALYSIS 
16 
Inwardly Protruding Nozzles 
Nozzles which protrude i n s i d e  t h e  ves se l ,  as shown i n  Figure Id, 
have been analyzed by Leckie and Penny(7) f o r  e las t ic  stresses. 
pressure considerat ions,along with t h e  e las t ic  a n a l y s i s ,  i n d i c a t e  the  
following r u l e  i s  adequate: 
L i m i t  
t '  2 l a r g e r  of  t o r  %$; R - > +iF (2 1 
3 t" = l a r g e r  of t o r  
Compact R e  i n  f o r  c i n g  
Both test  d a t a  and t h e o r e t i c a l  a n a l y s i s  has shown t h a t  r e in fo rc -  
ing material placed c l o s e  t o  t h e  nozzle-sphere junc t ion  i s  more e f f i c i e n t  
than a s i m i l a r  amount of r e i n f o r c i n g  material placed away from t h e  junct ion.  
For example, a l a r g e  f i l l e t  r a d i u s  as shown i n  Figure l e  provides an 
e f f i c i e n t  compact r e i n f o r c i n g .  T e s t  d a t a  and a n a l y s i s  f o r  nozzles with 
such r e i n f o r c i n g  show t h a t ,  i n  t h e  dimensional parameter range covered 
he re in ,  t h e  r e i n f o r c i n g  area requ i r ed  t o  reduce t h e  maximum stress i n t e n s i t y  
t o  2.0S9c i s  less than 0.80 dT. The product dT w i l l  be recognized as t h e  
area of r e i n f o r c i n g  r equ i r ed  by e x i s t i n g  codes, i .e.,  t h e  i n s i d e  diameter 
o f  t he  nozzle t i m e s  t h e  required w a l l  th ickness  of t he  sphere.  I n  c o n t r a s t ,  
t h e  r e i n f o r c i n g  area requ i r ed  f o r  uniform-wall r e i n f o r c i n g  i s  as much as 
2.3 dT; r e f l e c t i n g  the e f f e c t  of the  r e l a t i v e l y  "spread-out' ' r e in fo rc ing .  
A s  i n  t h e  case of  uniform-wall r e in fo rc ing ,  i t  is  necessary t o  
a l s o  consider t h e  l i m i t  pressure  of t h e  r e in fo rced  nozzle.  From the bas i c  
conf igu ra t ion  (s/S C - l . O ) ,  i t  can be shown t h a t  r e i n f o r c i n g  area, Ar, equal  
t o  dT cos Bo, i f  placed c l o s e  t o  t h e  nozzle sphere junct ion,  w i l l  i n su re  
t h a t  t he  l i m i t  pressure  of t h e  r e in fo rced  nozzle i s  equal  t o  t h a t  of t h e  
unperforated sphere.  
For a s m a l l ,  unreinforced nozzle i n  a sphere,  the shel l - theory 
elastic stress i n t e n s i t y  i s  e s s e n t i a l l y  equal  t o  2.0 S.  This  is  highly 
l o c a l i z e d  stress and w i l l  not  l ead  t o  any s i g n i f i c a n t  g ross  deformation. 
The r e i n f o r c i n g  r equ i r ed  t o  inc rease  t h e  l i m i t  p r e s su re  t o  t h a t  of t he  
unperforated sphere i s  s m a l l ,  i.e., A = dT cos 8 ,  where d i s  s m a l l .  r 
* The elastic stress l i m i t  of 2.0 S w a s  used i n  t h i s  comparison becau e of 
t h e  a v a i l a b i l i t y  of a parametr ic  a n a l y s i s  using t h e  Seal-Shell-2( 15 7 
computer program. 
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For small nozzles  without r e in fo rc ing ,  t h e  l i m i t  pressure  i s  p r a c t i c a l l y  
equal  t o  t h a t  of the unperforated sphere. 
spheres, no r e i n f o r c i n g  i s  required.  
Accordingly, f o r  small ho le s  i n  
On t h e  b a s i s  of t h e  above concepts, t h e  following design 
procedure w a s  developed. 
For d/D 6 - , ' Ar = 0. ( 3 )  
This  r u l e  permits  t h e  use of t h e  unreinforced bas i c  conf igu ra t ion  
i n  e s s e n t i a l l y  t h e  same parameter range as shown by Figures  2a and 2b, i.e., 
t h e  lower l e f t  s e c t i o n  of t h e  graphs below h = 1 o r  g = 1. 
For-/$$-6 d/D S - $ g  ; Ar = dT (d/D Jm - 1) 'I2. ( 4 )  
This  r u l e  provides a t r a n s i t i o n  between t h e  parametric ranges 
where no r e i n f o r c i n g  i s  r equ i r ed  and those parametric ranges where t h e  f u l l  
r e i n f o r c i n g  , Ar = dT cos  do, i s  required.  
where 
For d/D 2dg ; Ar = dT cos do, 
-1 do = s i n  (d/D) . 
(5)  
Compact r e in fo rc ing ,  as  shown by Figure le ,  I f ,  and lg ,  i s  def ined 
as t h a t  r e i n f o r c i n g  placed i n s i d e  a c i rc le  with c e n t e r  a t  t h e  midwall j unc t ion  
of nozzle and sphere and with r a d i u s  equal  t o  1.5 (T/Df'3D. The value of t h e  
r a d i u s  of 1.5 (T/D) D w a s  developed by eva lua t ing  t h e  r e in fo rc ing  areas and 
r e i n f o r c i n g  zones of uniform w a l l  r e i n f o r c i n g  i n  r e l a t i o n  t o  t h e  r e i n f o r c i n g  
area requ i r ed  f o r  compact r e in fo rc ing .  
2/3 
Radi i  and T r a n s i t i o n  Sect ions 
Se lec t ion  of r a d i i  and t r a n s i t i o n  p r o f i l e s  was based on com- 
par isons of t h e o r e t i c a l  a n a l y s i s  with t es t  data ,  along with cons ide ra t ion  
of c u r r e n t  p r a c t i c e  as given i n  va r ious  pressure vessel design codes. 
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DISCUSSION 
Uniform Wall Reinforcing 
Basic Elas t ic  Analysis 
The e l a s t i c  a n a l y s i s  used i s  e s s e n t i a l l y  t h a t  descr ibed i n  
Reference 6 ,  with t h e  a d d i t i o n  of t h e  e f f e c t  of a l o c a l  f l e x i b i l i t y  f a c t o r  (8)  
a t  the nozzle-sphere junc t ion  and an approximate thick-wall  c o r r e c t i o n  
f a c t o r  f o r  t h e  stresses. 
T e s t  d a t a  (9y10)  a r e  a v a i l a b l e  on 38 pho toe la s t i c  models of 
uniform-wall nozzles  i n  s p h e r i c a l  s h e l l s .  Measured s t r e s s e s  a r e  a l s o  
ava i lab l e  (11,12) on two s tee l  models of uniform w a l l  nozzles  i n  sphe r i ca l  
s h e l l s .  These models cover the  parameter range of d/D from 0.05 t o  0.5; 
D/T from 9 t o  240, s / S  from 0.39 t o  2.0. 
Waters' a n a l y s i s  shows t h a t  t h e  a n l y s i s  i s  conservat ive f o r  a l l  models 
Comparison of t h e  da t a  with 
(wi th  one exception) provided the  ou t s ide  f i l l e t  r a d i u s  i s  equal  t o  o r  
g r e a t e r  than t h e  nozzle w a l l  th ickness ,  t .  Unless t h e  f i l l e t  r a d i u s  i s  
more than two times the  nozzle thickness ,  t h e  degree of conservatism i s  
not large,  and, hence, Waters' a n a l y s i s  i s  deemed t o  be d i r e c t l y  app l i cab le  
t o  uniform-wall nozzles  i n  sphe r i ca l  s h e l l s  with f i l l e t  r a d i i  about equal  
t o  t .  
The one exception occurred on a p h o t o e l a s t i c  model (S-1G) with 
d/D = 0.05, D/T = 23.7, and s/S = 0.39. 
occurred on the  i n s i d e  corner  of t h e  sphere opening; Waters' a n a l y s i s  
p r e d i c t s  only 55 per  cen t  of t h i s  stress. The maximum measured stress 
i n t e n s i t y  of t h i s  model was 2.788 which, i n  i t s e l f ,  i s  acceptable  under 
the  e l a s t i c  design c r i t e r i a ;  however, because of t h e  l i m i t  pressure  design 
c r i t e r i a ,  t h i s  p a r t i c u l a r  model would not be acceptable;  a g-factor  
(Figure 2a) of about 5.0, corresponding t o  an s/S of 0.20, would be required 
compared t o  t h e  s / S  of 0.39 used i n  the  model. 
A high normal stress (a/S = 2.60) 
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Because t h e  design procedure is con t ro l l ed  by l i m i t  pressure con- 
s i d e r a t i o n s ,  i t  is  genera l ly  qu i t e  conservat ive with respect t o  measured 
elastic stresses i n  test models. 
Lengths of Uniform Thickness Reinforcing 
It is obvious t h a t  the  length of uniformly increased w a l l  thick- 
ness,  i n t e g r a l  wi th  t h e  sphere o r  nozzle w a l l  ( he rea f t e r  r e f e r r e d  t o  as "pad 
length" f o r  b rev i ty ) ,  need n o t  be very l a r g e  i n  order  f o r  t h e  l o c a l  stresses 
at the  nozzle-sphere junc t ion  t o  be the  same as i f  t h e  pad length was  
i n f i n i t e .  
1. Elastic theory used i n  a two-piece s h e l l  ana lys i s  of a nozzle i n  a 
sphere gives  an approximation of an a t t enua t ion  length;  i ,e. ,  t h a t  
d i s tance  from t h e  nozzle s h e l l  junc ture  a t  which loads appl ied  at 
the  junc ture  produce n e g l i g i b l e  stresses i n  t h e  s h e l l s .  
The required minimum pad lengths  may be est imated i n  s e v e r a l  ways: 
Edge loading of t h e  nozzle ( c y l i n d r i c a l  s h e l l )  i s  charac te r -  
i z e d  by l i n e a r  combinations of exponent ia l  t r igonometr ic  func t ions  
whose behavior is w e l l  knom(13). 
f o r  a shear  edge load as compared t o  a moment edge load; however, i n  
e i t h e r  case the stresses due t o  the  edge loads are neg l ig ib l e  i f  
Attenuat ion of  s t r e s s e s  is d i f f e r e n t  
where 
X = d i s t ance  from edge. 
For a Poisson 's  r a t i o n ,  V = 0.3, Equation 7 g ives  
Edge loading on the  sphere hole,  using the  Ess l inge r  approxi- 
mation, i s  charac te r ized  by l i n e a r  combinations of  Kelvin func t ions  
whose c h a r a c t e r i s t i c s  are a l s o  w e l l  kn0wn(l3). Determination of a 
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a s u i t a b l e  a t t e n u a t i o n  length from the  Ess l inge r  approximation 
i s  d i f f i c u l t  s i n c e  the  a t t e n u a t i o n  of t h e  Kelvin func t ions  depends 
upon t h e  angle bo,  defined by s i n  bo = d/D, a s  w e l l  as t h e  unknown 
angle bX, which de f ines  the a t t enua t ion  length.  
t h e  sphere near  t he  apex, as may be seen from p l o t t e d  va lues  of 
t h e  Kelvin func t ions  ( o r  more d i r e c t l y ,  Schleicher  func t ions ;  s ee  
page 245 of Reference 13), an inc rease  i n  t h e  argument of t he  
func t ions  by an increment of 1.816 gene ra l ly  reduces t h e  value of 
t h e  func t ions  t o  a r e l a t i v e l y  n e g l i g i b l e  value. The argument of 
the Kelvin funct ions,  as  used by Waters, i s  almost hb,  where: 
For l o c a t i o n s  on 
h =v- 
b = c e n t r a l  angle  of sphere as shown i n  Figure 3 
R = D/2 = sphere r ad ius .  
with A(hd) equal  t o  1.816 and d = X/R, t h e  a t t e n u a t i o n  l eng th  on 
t h e  sphere, X, i s  found t o  be=. 
For l o c a t i o n s  f a r  from t h e  apex, X becomes l a r g e r  and 
approaches a t  90 degrees from t h e  apex. 
Attenuation lengths  can a l s o  be e s t a b l i s h e d  by eva lua t ion  of para- 
metric s t u d i e s  using an e l a s t i c  a n a l y s i s .  Available d a t a  using 
Waters' a n a l y s i s  g ive  stresses only a t  t h e  juncture .  A parametric 
study made by F. J. W i t t ' l ' ) ,  using the  C.E.R.L. computer program, 
g ives  stresses a t  va r ious  d i s t a n c e s  from the  juncture .  These 
r e s u l t s  i n d i c a t e  t h a t  ,Q =m i s  adequate f o r  a l l  parameters. 
L =@ i s  adequate f o r  most parameters, but f o r  l a r g e  D/T com- 
bined with l a r g e  d/D, t he  a t t e n u a t i o n  d i s t ance  i s  somewhat g r e a t e r  
than-. 
r equ i r ed  by t h e  proposed r u l e s ,  t h e  required length L == should 
be s u f f i c i e n t  f o r  a l l  parameters covered by the  proposed r u l e s .  
However, i n  view of t h e  t r a n s i t i o n  t a p e r s  o r  r a d i i  
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3.  Attenuat ion lengths  can be determined by eva lua t ion  of the p a t t e r n  
of stresses measured on t e s t  models. T e s t  r e s u l t s  on pho toe la s t i c  
and s tee l  models i n d i c a t e  t h a t ,  i n  general ,  stresses are near t h e i r  
nominal va lues  a t  d i s t ances  from the  juncture  corresponding t o  
Q = @ on the  nozzle, L = on the sphere. 
4. Some tes t  d a t a  are a v a i l a b l e  which compare models with an 
increased w a l l  t h i ckness  s e c t i o n  on the  nozzle wi th  uniform-wall 
nozzles  ( p h o t o e l a s t i c  models N-1C ve r sus  N-1E and N-3B with N-3D). 
These tests confirm t h e  v a l i d i t y  of Q =m, s ince  s t r e s s  l e v e l s  
f o r  t h e  comparative models were e s s e n t i a l l y  t h e  same. 
L i m i t  p r e s su re  a n a 1 y s . i ~ ' ~ )  a l s o  g ives  minimum required lengths  
of pads on t h e  sphere o r  nozzle.  These equat ions a r e :  
5 .  
-,/ 4(d/D)2 + h 2 
io - ix = D/T(h - 1) On sphere:  ( 9 )  
On nozzle:  
The pad lengths  required by Equations 9 and 10 are less than 
those given by t h e  e l a s t i c  a n a l y s i s  ( L  =,& and Q =,Igdt) provided 
t h a t  h o r  g i s  more than 2.  Hence, use of the e l a s t i c  a n a l y s i s  
lengths  i s  conservat ive f o r  such s t r u c t u r e s .  A s  h o r  g approaches 
1.0, t h e  l eng ths  required by Equations 9 and 10 approach i n f i n i t y .  
A t  t he  same t i m e ,  however, t he  l i m i t  pressure  of t he  unreinforced 
s t r u c t u r e  i s  approaching t h a t  of t h e  unperforated sphere.  Accord- 
ingly,  use of t he  pad l eng ths  given by t h e  e l a s t i c  a n a l y s i s  along 
with t h e  t r a n s i t i o n  required by the  proposed r u l e s  w i l l  r e s u l t  i n  
only a s m a l l  reduct ion i n  t h e  t h e o r e t i c a l  l i m i t  pressure  of t he  
r e in fo rced  s t r u c t u r e .  
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Reinforcing on Nozzle and S h e l l  
The approximate r u l e :  
g ives  a simple means of determining t h e  amount of uniform w a l l  r e in fo rc ing  
required when p a r t  of t h e  r e in fo rc ing  i s  on t h e  sphere and p a r t  on t h e  
nozzle.  This  r u l e  is, of course, i n  agreement with t h e  general  a n a l y s i s  
a t  e i t h e r  end of i t s  range; i .e.,  f o r  e i t h e r  g '  = g, h '  = 1, o r  h '  = h, 
g '  = 1. This  i s  a l s o  a conservat ive approximation, from an e l a s t i c - s t r e s s  
s tandpoint ,  throughout t he  range, a s  shown by Table 1 wherein the  ca l cu la t ed  
e l a s t i c  s t r e s s e s  f o r  nozzles  r e in fo rced  i n  conformance with t h e  approximate 
ru l e ,  Equation 11, a r e  shown t o  be l e s s  than 3.0s.  
L i m i t  Pressure Analysis 
The l i m i t  p r e s su re  a n a l y s i s  used a s  t h e  b a s i s  o t  t he  proposed 
This reference a l s o  ( 5  1 design procedure w a s  developed by Cloud . 
g ives  the r e s u l t s  of t e s t s  on annealed, carbon s t e e l  t e s t  models of uniform 
w a l l  th ickness  nozzles i n  sphe r i ca l  s h e l l s .  The parameters of the tes t  
models were: D/T = 160; d/D = 0.059, 0.119, and 0.245; s /S  = 1.0. The tes t  
r e s u l t s  were i n  good agreement with the t h e o r e t i c a l  analyses .  
An a l t e r n a t e  approach t o  in su re  t h e  absence of g ross  y i e l d i n g  of 
t he  nozzle-sphere junc t ion  would be t o  use an a d d i t i o n a l  e l a s t i c  stress 
c r i t e r i a ;  e.g., t h e  maximum membrane stress i n t e n s i t y  l i m i t e d  t o  1.5s. 
Figures  8 and 9 show t h e  r e s u l t i n g  s h e l l  and nozzle thickening f a c t o r s ,  
with t h e  l i m i t  p r e s su re  a n a l y s i s  l i n e s  f o r  comparison. For r e i n f o r c i n g  on 
t h e  s h e l l ,  l i m i t i n g  t h e  e l a s t i c  membrane stress t o  1.5s i s  more conservat ive 
than the  l i m i t  p r e s su re  approach. For r e in fo rc ing  on t h e  nozzle, however, 
t h e  e las t ic  l i m i t a t i o n  i s  more conservat ive f o r  s m a l l  d/D and less conser- 
vative f o r  l a r g e  d/D r a t i o s .  
use of a heavy nozzle w i l l  be p r i n c i p a l l y  appl ied f o r  small d/D r a t i o s .  
Nozzle-thickening f a c t o r s  of 10 t o  50 are no t  uncommon f o r  s m a l l  nozzles .  
From a p r a c t i c a l  s tandpoint ,  r e in fo rc ing  by 
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TABLE 1. MAXIJ%UM STRESS INTENSITY I N  NOZZLES DESIGNED 
ACCORDING TO PAR. 3 ( c )  OF THE DESIGN PROCEDURE, 
EXAMPLES SELECTED AT MID-RANGES OF EQUATION 1 
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Elast ic  Analysis, Dm = 1.5s 
CT = maximum membrane s tress  intensity - m - - - L i m i t  Pressure Analysis 
FIGURE 8 .  COMPARISON OF REINFORCING ON SPHERE FOR 
?? = 1.5s WITH LIMIT PRESSURE ANALYSIS m 
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E l a s t i c  Analysis, 5 = 1.5s m 
CT = m a x i m u m  m e m b r a n e  stress i n t e n s i t y  
- 
m 



















FIGURE 9 .  COMPARISON OF REINFORCING ON NOZZLE FOR - = 1.55 WITH LIMIT PRESSURE ANALYSIS 
U r n  
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A t  a d/D r a t i o  of 0.5, however, a g-factor  o f  3.0 means t h a t  t h e  nozzle i s  
t h r e e  t i m e s  as t h i c k  as t h e  sphere and r ep resen t s  a seldom-used cons t ruc t ion .  
Inwardly Protruding Nozzles 
For inwardly protruding nozzles,  as shown i n  Figure Id,  t h e  
proposed des ign  r u l e  is:  
t '  2 - l a r g e r  of  t o r  2gt /3;  R 2 - sdt;;. 
t" = l a r g e r  of t o r  2g t /3  
From a l i m i t  p r e s su re  s tandpoint ,  t he  material i n  t h e  inwardly 
p ro jec t ing  nozzle wi th  length equal  t o  
e f f e c t i v e  i n  r e s t r i c t i n g  gross p l a s t i c  deformation of t h e  nozzle-sphere 
junct ion.  Accordingly, t h e  proposed r u l e  r e q u i r i n g  t h a t  t he  inc rease  i n  
nozzle thickness  f o r  r e i n f o r c i n g  be two-thirds as much as f o r  a nozzle 
protruding outward only i s  conservat ive from a l i m i t  p r e s su re  s tandpoint .  
can be considered t o  be f u l l y  
Leckie and Penny(7) e las t ic  a n a l y s i s  may be used t o  i n d i c a t e  t h e  
comparative stresses i n  f l u s h  and inwardly protruding nozzles.  Figure 10 
g ives  such a comparison based on t h e  p a r t i c u l a r  stress l i m i t ,  0 
This comparison i n d i c a t e s  t h a t  t he  proposed r u l e  gives  roughly c o n s i s t e n t  
r e i n f o r c i n g  requirements f o r  inwardly protruding nozzles  as compared t o  
f l u s h  nozzles.  While more complex r u l e s  could be given t o  cover t h e  case 
of inwardly protruding nozzles,  t h e  proposed r u l e  is  d e s i r a b l e  from t h e  
s tandpoint  of s i m p l i c i t y  . 
= 2.25s. max 
Compact Reinforcing 
Elast ic  Analysis and T e s t  Data 
While Waters 
accuracy t o  uniform-wall nozzles i n  spheres,  where t h e r e  i s  a s i g n i f i c a n t  
two-piece s h e l l  theory a p p l i e s  w i t h  s u f f i c i e n t  
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0 = 2.258; 0 = maximum stress i n  sphere 
Flush Nozzles 
Inwardly Protruding Nozzles 
Reinforcing on the Nozzle 
- - - 
1000 I I I I I I I  
I I Compare 
FIGURE 10. COMPARISONS OF FLUSH WITH INWARDLY PROTRUDING 
NOZZLES, LECKIE-PENNY ANALYSIS AT CJ 2.25s 
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amount of r e l a t i v e l y  compact r e in fo rc ing  (such as a l a rge  f i l l e t  r ad ius  or 
a t r iangular-shaped pad),Waters' s h e l l  theory i s  not app l i cab le .  
C . M. F r i e d r i ~ h ' ~ ~ )  has developed a computer program (Seal-Shell-2) 
f o r  determining stresses i n  axisymmetric s h e l l s  with axisymmetric loadings 
based on a multipiece,  t h i c k - s h e l l  theory.  Comparisons between ca l cu la t ed  
r e s u l t s  using t h e  Seal-Shell-2 computer program and t e s t  d a t a  on photo- 
e las t ic  models i n d i c a t e  t h a t  t h e  Seal-Shell-2 gives  accu ra t e  r e s u l t s ,  
provided t h e  change i n  th i ckness  a t  t h e  juncture  i s  not t oo  abrupt .  A 
l imi t ed  parametric study w a s  made using the  Seal-Shell-2 program f o r  compact 
r e in fo rc ing  provided by f i l l e t  r a d i i .  This study i n d i c a t e s  t h a t  t h e  value 
of r / t  required t o  ob ta in  a maximum stress i n t e n s i t y  of 2S*is  approxi- 
mateLy given by: 
0 
3 / 4  r / t  = 0 .336  (D/T) , 
0 
where 
r = f i l l e t  r a d i u s  a t  nozzle-to-sphere junc t ion  
0 
t = nozzle th i ckness  
D = sphere mean diameter 
T = sphere w a l l  th ickness .  
The requirement f o r  r / t  t o  ob ta in  = 2 S ,  given by Equation 13, 
0 
can a l s o  be expressed i n  terms of t he  a rea  r a t i o ,  A/dT. The r e l a t i o n s h i p  
i s  approximately 
A/dT = 0.23 (D/T) 1/2 
(d/D + 1) 
where 
A = r e i n f o r c i n g  area provided by the  f i l l e t  r a d i i  
such t h a t  a = 2 s  
D = sphere mean diameter 
d = nozzle mean diameter 
T = sphere w a l l  t h i ckness  
do = angle  whose s i n  i s  d/D. 
* The elastic stress l i m i t  of 2.0 S w a s  used i n  t h i s  comparison because of 
t h e  a v a i l a b i l i t y  of a parametr ic  a n a l y s i s  using t h e  Seal-Shell-2 (I5) 
computer program. 
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Equation 14 i s  p l o t t e d  i n  F igure  11. 
ASME Code replacement area, F igure  11 i n d i c a t e s  t h a t  a f i l l e t  r a d i u s  with 
area s i g n i f i c a n t l y  less  than  t h a t  r equ i r ed  by t h e  ASME Code can be used f o r  
pressure  load reinforcement provided 3 = 2s i s  considered as an  acceptab le  
design cri teria.  
Reca l l ing  t h a t  t h e  product dT i s  t h e  
The above a n a l y s i s  a p p l i e s  d i r e c t l y  t o  f i l l e t  r a d i i  reinforcement 
but might be considered 2 s  app l i cab le  t o  o the r  compact r e in fo rc ing  provided 
s u i t a b l e  t r a n s i t i o n  s e c t i o n s  between r e in fo rc ing  and s h e l l  w a l l s  are 
provided. This  type of cons t ruc t ion ,  however, may r e s u l t  i n  a f a i r l y  wide 
zone i n  which mean stresses are g r e a t e r  than  S .  Accordingly, such designs 
may have a l i m i t  p ressure  less than  t h a t  of t he  unperforated sphere.  
Area and Boundary f o r  Compact Reinforcing 
It i s  apparent  from equ i l ib r ium condi t ions ,  as  shown i n  F igure  12, 
t h a t  r e i n f o r c i n g  a r e a  equal  t o  dT cos  do, placed c l o s e  t o  t h e  nozzle-sphere 
junc t ion ,  i s  s u f f i c i e n t  t o  in su re  a l i m i t  p ressure  equal  t o  t h a t  of t he  
unperforated sphere.  This  r e s u l t  i s  der ived  r igo rous ly  from l i m i t  a n a l y s i s  
by Cloud (16) . 
t o  t h e  nozzle-sphere juncture"  as descr ibed  i n  t h e  fol lowing.  
A s u i t a b l e  r u l e  was developed f o r  de f in ing  "close 
The reinforcement a r e a s  requi red  by t h e  uniform w a l l  r e in fo rc ing  
r u l e s  a r e  shown i n  Figures 13 and 14 f o r  r e in fo rc ing  on the  sphere and nozzle,  
r e s p e c t i v e l y .  Also shown on Figures  13 and 14 are t h e  compact r e i n f o r c i n g  
a r e a s  by the  proposed design procedure. F igure  15 shows the  r e in fo rc ing  
length  f o r  uniform w a l l  re inforcements .  These graphs show t h a t  t h e  r e l a t i v e  
r e i n f o r c i n g  a r e a  requi red  on the  nozzle  as compared t o  t h a t  on the  sphere 
i s  roughly i n v e r s e l y  p ropor t iona l  t o  t h e  length  of r e in fo rc ing .  For l a rge  
d/D t h e  l eng th  of r e i n f o r c i n g  on nozzle  and sphere i s  about t h e  same, and 
t h e  area of r e i n f o r c i n g  r equ i r ed  on the  nozzle  i s  a l s o  about t h e  same a s  
t h a t  r equ i r ed  on t h e  sphere.  For small  d/D the  length  of r e i n f o r c i n g  on 
the  nozzle  i s  s h o r t e r  (more compact), and the  r equ i r ed  a rea  i s  correspond- 
ing ly  smaller. A r e l a t i v e l y  simple %de f o r  t h e  l eng th  of a compact r e i n -  
forc ing ,  c o n s i s t e n t  i n  a rea- length  requirements  with uniform wal l  r e i n -  
forc ing ,  i s :  
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Metal Area, A 
a d d i t i o n a l  t o  bas ic  
conf igura t ion .  
m' 
For fo rce  equi l ibr ium normal t o  plane shown: 
S A  = P A  
m P 
(Thin S h e l l s  Assumed) 
A = dT cos f10 
m 
FIGURE 12 REIWORCING REQUIRED TO OBTAIN AN AVERAGE 




2/3 L ~ / D  = 1.5 (T/D) . 
Figure  15 shows t h e  l eng ths  of uniform w a l l  r e in fo rc ing  along wi th  the  
l eng ths  of compact r e in fo rc ing  a s  def ined  by Equation 15. It w i l l  be noted 
t h a t ,  i n  genera l ,  where t h e  compact r e i n f o r c i n g  l eng th  i s  smaller  than  t h a t  
requi red  f o r  uniform w a l l  th ickness  r e in fo rc ing ,  t h e  requi red  a r e a  is  
correspondingly smaller ,  and vise versa. 
From pure ly  geometric cons idera t ions ,  as shown i n  Figure 16, i t  
i s  poss ib l e  t o  p l ace  t h e  requi red  compact r e in fo rc ing  a r e a  e n t i r e l y  ou t s ide  
the  s h e l l  and wi th in  t h e  prescr ibed  zone. 
Reinforcing areas requi red  f o r  f i l l e t  r a d i i  r e in fo rc ing ,  using the  
Seal-Shell-2 e las t ic-s t ress  a n a l y s i s  (w i th  Z = 2.0S), are compared with the  
r e in fo rc ing  a rea  requi red  by the  proposed design procedure f o r  compact 
r e in fo rc ing  i n  Figure 17. It i s  apparent t h a t  t he  design procedure i s  
conserva t ive  wi th  r e spec t  t o  t h e  e l a s t i c - s t r e s s  c r i t e r i a ,  except f o r  small 
d/D r a t i o s  where t h e  e las t ic  a n a l y s i s  would r e q u i r e  a small amount of 
r e in fo rc ing .  However, i n  t hese  a reas ,  t he  requi red  minimum f i l l e t  r a d i u s  
f o r  a l l  nozz les  ( r  2 l a r g e r  of t o r  T / 4 )  w i l l  be s u f f i c i e n t  f o r  pressure  
loading. 
0 
Radi i  and Trans i t i on  Sec t ions  
The elastic a n a l y s i s  used as t h e  b a s i s  of t he  procedure does not 
inc lude  stress concent ra t ions  t h a t  arise on t h e  ou t s ide  su r face  a t  the  
nozzle-sphere junc ture .  Comparison of t es t  d a t a  wi th  Waters'  a n a l y s i s  
i n d i c a t e s  t h a t , i f  t h e  ou t s ide  f i l l e t  rad ius ,  r i s  about equal  t o  t h e  
branch th ickness ,  t, o r  l a rge r ,  t h e  a n a l y s i s  i s  not  unconservat ive.  With 
a f i l l e t  r a d i u s  about equal  t o  t, t h e  r e i n f o r c i n g  e f f e c t  of t h e  extra metal 
roughly compensates f o r  t h e  stress concent ra t ion  of t he  notch. 
t he  proposed des ign  procedure r e q u i r e s  t h a t  r 2 t ( t '  f o r  a pad on the  
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2 2 6)1135 [4.5 (i; + 7) - 1.5 (2 5 + 1) 0 d kl TI 
d 
For .001 5 T/D 5.1, 0 5 6 5 .5 
Hence, space i s  avai lable  for  the required 
amount of compact reinforcing placed en t i r e ly  
on the outside of the she l l .  

































Small v a r i a t i o n s  of t he  i n s i d e  corner  r ad ius ,  r on pho toe la s t i c  
i' 
tes t  models had r e l a t i v e l y  l i t t l e  e f f e c t  on the  s t r e s s  levels. Some 
r a d i u s  on t h e  i n s i d e  corner  i s  d e s i r a b l e  from the  s tandpoin t  of f a t i g u e  
s t r eng th ,  and a very  l a r g e  i n s i d e  corner  r a d i u s  would probably weaken t h e  
s t r u c t u r e  because of t he  reduct ion  i n  area. Accordingly, the design 
procedure inc ludes  t h e  somewhat a r b i t r a r y  r u l e :  
A change i n  w a l l  th ickness  i n  a c y l i n d r i c a l  o r  sphe r i ca l  s h e l l  
produces l o c a l l y  increased  s t r e s s e s .  This  condi t ion  e x i s t s  a t  the o u t e r  
edges of t he  r e i n f o r c i n g  prescr ibed  i n  the  design procedure.  
p re sc r ibe  t r a n s i t i o n  t a p e r s  between changes i n  wa l l  th ickness ;  i n  p a r t i c u l a r ,  
Figure N-466 of t h e  Nuclear Vessel  Code r e q u i r e s  a t r a n s i t i o n  with a s lope  
not  g r e a t e r  than  1:3. Under the  assumption t h a t  t h e  stress cond i t ions  a t  
the  ou te r  edge of the  nozzle  r e i n f o r c i n g s  i s  independent of the  opening i n  
the  sphere,  t h e  same t r a n s i t i o n  t ape r  has  been spec i f i ed  i n  the proposed 
design procedure.  
Design codes 
Compact r e in fo rc ing  as spec i f i ed  by Figure le ,  using a l a r g e  
ou t s ide  f i l l e t  rad ius ,  d i r e c t l y  in su res  good t r a n s i t i o n  between r e in fo rc ing  
and the  s h e l l s .  Compact r e in fo rc ing  c o n s i s t i n g  of a t r i a n g u l a r  e x t e r n a l  
pad (F igure  l f )  has  t r a n s i t i o n  r a d i i  compatible wi th  those  s p e c i f i e d  f o r  
uniform wa l l  r e i n f o r c i n g .  Compact r e in fo rc ing  of a r b i t r a r y  smooth p r o f i l e s  
(Figure 1s) has t r a n s i t i o n  and r a d i i  requirements t h a t  a r e  comparable t o  
those f o r  t h e  more s p e c i f i c  shapes covered by the  design procedure.  
Requirements f o r  r e in fo rc ing  a r e  spec i f i ed  i n  terms of minimums. 
It i s  poss ib le ,  under c e r t a i n  condi t ions ,  t o  i nc rease  stress levels by 
adding reinforcement .  For example, i n  c e r t a i n  parameter ranges of uniform- 
w a l l  nozzle-to-sphere s t r u c t u r e s ,  monotonically inc reas ing  the  nozzle  th i ck -  
ness ,  t ,  r e s u l t s  i n  a s t r e s s  v a r i a t i o n  as ind ica t ed  by Figure  18. The mini- 
mum value  of Z marked 7 occurs  when t h e  s t i f f n e s s  of t h e  nozzle  and sphere 
are p a r t i c u l a r l y  compatible.  However, reducing 5 t o  3s gene ra l ly  r e q u i r e s  
a cons iderably  g r e a t e r  nozzle  th ickness ,as  i nd ica t ed  by 5 It i s  poss ib l e  
t h a t  a s i m i l a r  minimum occurs  wi th  compact r e in fo rc ing .  
1 
2 '  
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F I G U R E  1 8 .  EXAMPLE OF VARIATION I N  STRESS 
WITH NOZZLE THICKNESS 
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More d i r e c t l y ,  however, increased  th i ckness  of r e in fo rc ing  may 
r e s u l t  i n  increased  stresses a t  t h e  ou te r  edges of t h e  r e in fo rc ing .  Transi-  
t i o n  s e c t i o n s  and r a d i i  are s p e c i f i e d  i n  the  design procedure t o  minimize 
t h i s  p o s s i b i l i t y .  
The des ign  proced re gene ra l ly  r e q u i r e s  increased  f i l l e t  r a d i i  o r  
t r a n s i t i o n  s e c t i o n s  i n  propor t ion  t o  the  amount of over - re inforc ing .  I n  
F igure  la,  f o r  example, r must be l a r g e r  than  t '  r a t h e r  than g t ;  i f  t '  i s  
l a r g e r  than  g t  (over - re inforced) ,  t h e  r equ i r ed  f i l l e t  r a d i u s  i s  proport ion-  
a l l y  increased .  S imi la r ly ,  t h e  t r a n s i t i o n  s e c t i o n  inc reases  i n  propor t ion  
t o  ( t '  - t ) ,  not  ( g t  - t) .  
a t r a n s i t i o n  s e c t i o n  reasonably proport ioned wi th  r e spec t  t o  the  sphere w a l l ,  
even i f  t he  nozzle  w a l l  i s  very t h i n .  F igures  lb ,  IC, and I d  are similar,  
wi th  regard  t o  t r a n s i t i o n s  f o r  over-reinforced designs,  t o  Figure la .  I n  
Figure le t h e  r e i n f o r c i n g  area i s  d i r e c t l y  obtained by t h e  f i l l e t  r a d i u s  
so t h a t  over - re inforc ing  n e c e s s a r i l y  r e q u i r e s  a l a r g e r  r ad ius .  
i n  F igures  I f  and l g  a r e  d i r e c t l y  propor t iona l  t o  t h e  amount of over- 
r e in fo rc ing ,  i .e.,  by t h e  f a c t o r  2A/Ar, where A i s  t h e  a c t u a l  r e in fo rc ing  
a rea  on each  s i d e  of t h e  nozzle  c e n t e r l i n e ,  and A i s  t h e  t o t a l  requi red  
r e i n f o r c i n g  a rea .  
0 
The a d d i t i o n a l  requirement t h a t  r B T/4 in su res  
0 




COMPARISON WITH OTHER DESIGN PROCEDURES 
Current h e r  ican P rac t i ce  
Reinforcement of openings i s  spec i f ied  i n  severa l  American Design 
Codes (4,17,18,19,20) . These codes a l l  requi re  t h a t  t he  mater ia l  cu t  out by 
the opening, d.T, be replaced around the opening within a spec i f ied  zone. 
For a l l  except the  Nuclear Vessel Code, t he  zone of reinforcement i s  defined 
as shown i n  Figure 19. The Nuclear Vessel Code s p e c i f i e s  a re inforc ing  zone 
i n  terms of the  foundation modulus of t he  nozzle o r  s h e l l ,  a s  shown i n  
Figure 20. I n  t h i s  respect, the  Nuclear Vessel Code i s  s imi l a r  t o  the 
proposed design procedure. 
1 
A comparison between the  re inforc ing  a rea  required by the proposed 
design procedure and the a rea  dT i s  shown i n  Figure 13, uniform wal l  re in-  
forc ing  on s h e l l ,  and Figure 14, uniform wall  re inforc ing  on nozzle. The 
required areas of compact re inforc ing  a r e  a l s o  shown on these  graphs. 
openings which do not requi re  re inforcing,  according t o  the  Nuclear Vessel 
Code, are shown on Figure 21; these  a re  i n  general  agreement with the 
proposed r u l e s .  
Those 
For uniform w a l l  re inforcing,  there  are combinations of d/D and 
D/T f o r  which the  proposed design procedure requi res  s i g n i f i c a n t l y  more 
re inforc ing  than the cur ren t  r u l e  of dT--up t o  2.3 times as much. 
compact re inforc ing ,  however, the  proposed design procedure does not requi re  
any more re inforc ing  than the cu r ren t  ru l e .  
For 
There is ,  of course, an interdependence between a rea  of r e in -  
forcement and the  zone i n  which the reinforcement i s  placed. 
whether the cur ren t  r u l e s  a r e  unconservative, a s  judged by the  present  
ana lys i s ,  depends upon the  "compactness" of the zone of re inforc ing  spec i f ied  
by the cu r ren t  r u l e s .  Since the cu r ren t  r u l e s  requi re  a re inforc ing  area dT, 
which is g r e a t e r  than t h a t  required f o r  compact re inforcing,  the  cur ren t  
r u l e s  are conservat ive with respec t  t o  the  proposed design procedure i f  the 
zone of reinforcement i s  no g rea t e r  than t h a t  spec i f i ed  by Equation 15. 
Accordingly, 
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d -  
e-- 
l=smaller of I 2.5t or 2.5T 
FIGURE 19. REINFORCEMENT ZONE, CURRENT AMERICAN PRACTICE 
EXCEPT THE ASME NUCLEAR VESSEL CODE 
*Two-thirds of compensation 
within this limit 
1 - L =  greater of 
d or z+ T+t d 
FIGURE 20. REINFORCEMENT ZONE, ASME NUCLEAR VESSEL CODE 
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Reinforc ing  n o t  r e q u i r e d ,  ASME Nuclear Code (1963) 
Reinforc ing  no t  r equ i r ed ,  ASME Nuclear Code (1965) 
7-77-77 
'T'TCT'T --- L i m i t  Pressure  Analysis  
FIGURE 21. NOZZLES NOT. REQUIRING REINFORCING I N  ACCORDANCE 
WITH THE ASME NUCLEAR VESSEL CODE 
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For a pad on t h e  sphere,  where cu r ren t  r u l e s  s p e c i f y  a zone l i m i t  of 0.5d, 
i t  may be seen from Figure  22 (compare L / D  l i n e  wi th  L / D  l i n e s )  t h a t  
p resent  r u l e s  a r e  unconservative only f o r  combinations of l a rge  D/T with 
l a rge  d/D-rat ios .  
permit a zone l imi t ed  t o  2.5t, Figure 22 shows (compare L /D l i n e s  wi th  
corresponding D/T - L / D  l i n e s )  t h a t  t he  c u r r e n t  r u l e s  are conserva t ive  
throughout t h e  parameter range covered. 
2 C 
For r e in fo rc ing  on the  nozzle,  where cu r ren t  r u l e s  
1 
C 
Leckie and Penny Analysis  
Present  B r i t i s h  p r a c t i c e  f o r  r e i n f o r c i n g  nozz les  (BS-1500) i s  
e s s e n t i a l l y  the  same as ASME Boi le r  Code Sec t ion  V I I I .  However, cons ider -  
a t i o n  i s  being given t o  a nozzle  design procedure based on Leckie and 
Penny's ana lys i s ,  wi th  a maximum s t r e s s  concent ra t ion  f a c t o r  of 2.25. 
F igures  23 and 24 show t h e  h- and g - fac to r s  der ived  on t h i s  b a s i s  ( f l u s h  
nozzles)  and can be compared wi th  the  analogous F igures  6 and 7 .  
Comparisons i n  F igures  23 and 24 of t h e  s o l i d  l i n e s  wi th  the  
dashed l i n e s  show t h a t ,  except near  g o r  h = 1.0, t he  proposed design 
procedure r e q u i r e s  more r e i n f o r c i n g  than the  Leckie-Penny a n a l y s i s  wi th  
= 2.255. 
*maX 
German P r a c t i c e  
I n  some design procedures f o r  re inforcements  of openings, t h e  
German p r a c t i c e  i s  e s s e n t i a l l y  t h e  same as  the  ASME Code, i .e.,  replacement 
of t he  cu tou t  a r e a  dT i n  a prescr ibed  zone c l o s e  t o  t h e  opening. For 
uniform w a l l  r e in fo rc ing ,  however, design char t s*  a r e  i n  use which are based 
on tes t s  t o  e s t a b l i s h  the  pressure  requi red  t o  produce a permanent s t r a i n  
* DK 621.642.02.001.24, Design of Pressure  Vessels, AD-Note B9, January, 





Leckie-Penny, 0 = 2.258 
(J = maximum stress i n  s p h e r e  
--- L i m i t  P r e s s u r e  Analys is  
FIGURE 2 3 .  SHELL REINFORCING AS REQUIRED BY LECKTE-PENNY ANALYSIS 
WITH A MAXIMUM STWSS I N  THE SPHERE OF 2.258 
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Leckie-Penny, 0 = 2.253 
0 = maximum stress i n  s p h e r e  
- - - L i m i t  P r e s s u r e  A n a l y s i s  
FIGURE 2 4 .  NOZZLE REINFORCING A S  REQUIRED BY LECKIE-PENNY ANALYSIS 
WITH A MAXIMUM S T R E S S  I N  THE SPHERE OF 2.258 
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of 0.2 per  cen t .  I n  c o n t r a s t  t o  t he  pure ly  e l a s t i c  a n a l y s i s  considered 
f o r  use i n  B r i t a i n ,  t h i s  German p r a c t i c e  corresponds t o  an experimental  
l i m i t  p ressure  a n a l y s i s .  
e n t i r e l y  on tes ts  on nozz les  i n  c y l i n d r i c a l  s h e l l s ;  however, i t  i s  used 
f o r  nozzles  i n  s p h e r i c a l  s h e l l s  o r  formed heads. This  i s  analogous t o  
the  Leckie-Penny a n a l y s i s ,  which i s  t h e o r e t i c a l l y  app l i cab le  only t o  
nozz les  i n  spheres  but  i s  a l s o  used f o r  nozzles  i n  c y l i n d e r s .  
The German des ign  c h a r t  i s  apparent ly  based 
Data given i n  t h e  German design c h a r t s  have been converted t o  
h- and g - fac to r s  f o r  comparison with t h e  proposed design procedure, a s  
shown i n  F igures  25 and 26. Figure 25 shows t h a t  t he  German empi r i ca l ly  
der ived l i m i t  p ressure  r u l e s  f o r  r e i n f o r c i n g  on the  sphere a r e  q u i t e  
s i m i l a r  t o  t h e  r u l e s  der ived  by a t h e o r e t i c a l  l i m i t  a n a l y s i s  f o r  a nozzle 
i n  a sphere,  a l though gene ra l ly  l e s s  conserva t ive .  Figure 26, f o r  r e i n -  
fo rc ing  on t h e  nozzle,  shows t h a t  the German r u l e s  a r e  d i f f e r e n t  than t h e  
analogous curves der ived  by a l i m i t  a n a l y s i s  and t h a t  the  German r u l e s  a r e  
less conserva t ive ,  except f o r  combinations of small d/D and D/T r a t i o s .  
RLC/ECR:do/mew 
June 8, 1965 
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G e r m a n  Practice 
--- L i m i t  Pressure Analysis 
FIGURE 25. SHELL REINFORCING AS REQUIRED BY GERMAN PRACTICE, 
DESIGN CRITERIA OF 0.2% MAXIMUM STRAIN 
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German  Practice 
- -- L i m i t  P r e s s u r e  Analysis 
F I G m  26. NOZZLE REINFORCING AS REQUIRED BY GERMAN PRACTICE, 






4 .  







Mershon, J. L., "PVRC Research on Reinforcement of Openings i n  Pressure 
Vessels", Welding Research Council B u l l e t i n  No. 77, May, 1962. 
Mershon, J. L., "PVRC I n t e r p r e t i v e  Report of Pressure Vessel Research, 
Sec t ion  I, Design Considerat ions,  P a r t  1.6, Reinforcement of Openings 
Under I n t e r n a l  Pressure", Welding Research Council B u l l e t i n  No. 95, 
Apr i l ,  1964. 
"Criteria of Sec t ion  111 of t h e  ASME Boi l e r  and Pressure  Vessel Code 
f o r  Nuclear Vessels", ASME Boi l e r  and Pressure  Vessel Code Committee. 
ASME Boi l e r  and Pressure Vessel Code, Sec t ion  111, Rules f o r  Construct ion 
of Nuclear Vessels, publ ished by t h e  American Socie ty  of Mechanical 
Engineers, 345 East 47 th  S t r e e t ,  New York, New York. 
Cloud, R.  L., "The L i m i t  Pressure  of Radial  Nozzles i n  Spher ica l  Shells",  
Muclear S t r u c t u r a l  Engineering, Vol 1, No. 4 .  
Waters, E .  O.,  "S t resses  Near a C y l i n d r i c a l  O u t l e t  i n  a Spher ica l  
Vessel", Welding Research Council B u l l e t i n  No. 96, May, 1964. 
Leckie, F .  A., and Penny, R .  K., ' 'S t ress  Concentrat ion Fac to r s  f o r  t h e  
S t r e s s e s  a t  Nozzle I n t e r s e c t i o n s  i n  Pressure  Vesslesl', Welding Research 
Council B u l l e t i n  No. 90, September, 1963, 
O'Donnell, W. J., "The Addit ional  Def lec t ion  of a Cant i lever  Due t o  the  
E l a s t i c i t y  of t h e  Support", Jou rna l  of Applied Mechanics, September, 1960. 
Leven, M.  M., "Photoe las t ic  Determination of t h e  Stresses i n  Reinforced 
Openings i n  Pressure  Vessels", Westinghouse Electric Corporation 
Report 64-9D7-514-R1, October 30, 1964. 
Taylor,  C .  E. ,  and Lind, N .  C., v lPho toe la s t i c  Study of t h e  Stresses Near 
Openings i n  Pressure  Vessels", Univers i ty  of I l l i n o i s  T & AM Report 
No.  270, March, 1965. 
Ri ley,  W .  F ., "Experimental Determination of S t r e s s  D i s t r i b u t i o n s  i n  
Thin Walled Cy l ind r i ca l  and Spher ica l  Pressure  Vessels with C i rcu la r  











P i c k e t t ,  Schmidt, and Gregory, "Studies of  t h e  Fa t igue  S t r eng th  of 
Pressure  Vessels", Southwest Research I n s t i t u t e  Pro j .  Nos. 03-1274, 
03-1275, and 03-1384, Progress  Report No. 8, May, 1964. 
Hetenyi,  M., "Beams on Elastic Foundation", The Univers i ty  of Michigan 
Press ,  Ann Arbor, Michigan. 
W i t t ,  F. J., Oak Ridge Nat iona l  Laboratory,  Oak Ridge, Tennessee. 
paramet r ic  s tudy  of  nozz les  i n  spheres  us ing  a two-piece-shell  theory 
developed by F. A. Leckie and R. K. Penny w i t h  modi f ica t ions .  
s tudy  covers  t h e  parameter ranges  0.01 5 - d/D 5 - 0.5, 0.01 5 - t / T  5 - 3.0, 
10 < D/T 5 1000. 
nozz les ,  and moment on t h e  nozzle  are computed. 
F r i e d r i c h ,  C. M., "Seal-Shell-2, A Computer Program f o r  t he  S t r e s s  
Analysis  of a Thick S h e l l  o f  Revolu t ion  wi th  Axisymmetric Pressures ,  
Temperatures, and D i s t r i b u t e d  Loads", Bet t is  A t o m i c  Power Laboratory 
Report WAFD-TM-398. 
Cloud, R. L., '%linimum Weight Design of a Radial  Nozzle i n  a Sphe r i ca l  
Shell",  Trans.  of ASME, Journa l  of  Applied Mechanics, June, 1965, 
Vol 32, S e r i e s  E .  
ASME Boi l e r  and Pressure  Vessel Code, Sec t ion  I, Power Bo i l e r s  (see 
Reference 4).  
ASME Bo i l e r  and Pressure  Vessel Code, Sec t ion  V I I I ,  Unfired Pressure  
Vessels (see Reference 4) .  
Code f o r  Pressure  Piping,  ASA B31.1 ,  American Standards Associat ion,  
10 E a s t  40th S t r e e t ,  New York, New York. 
API Recommended Rules f o r  Design and Cons t ruc t ion  of Large, Welded, 
Low Pressure  S torage  Tanks, API Standard 620, American Petroleum 
I n s t i t u t e ,  111 West 50 th  S t r e e t ,  New York, New York. 
A 
The 
S t r e s s e s  due t o  i n t e r n a l  pressure ,  axial load  on t h e  - - 
PHASE REPORT NO. 2 
on 
STRESSES AT NOZZLES I N  SPHERICAL SHELLS 
LOADED WITH PRESSURE, MOMENT OR THRUST 
Ju ly  15, 1966 
t o  
UNITED STATES ATOMIC ENERGY COMMISSION 
E. C. Rodabaugh 
Battelle Memorial I n s t i t u t e  
Columbus, Ohio 
(Ba t t e l l e  Contract No. W-7405-eng-92) 
F. J. W i t t  
Oak Ridge National Laboratory 
Oak Ridge, Tennessee 
R. L. Cloud 
Westinghouse Electric Corporation 
B e t t i s  A t o m i c  Power Laboratory 
Pi t tsburgh,  Pennsylvania 




NOWNCLATURF, , , . . . . . . . . . . . . . . . . . . . . . . . 9 
13 COMPARISON OF THEORIES 0 0 0 0 0 0 0 0 
General Comments. . . . . . . . . . . . . . . . . . . . . . . 
Leckie-Penny Analysis  . . . . . . . . . . . . . , . . . . . 
CERL C o d e . .  . . . e .  * .  . . . . . . . * . .  . . . 
Waters’ Analysis.  . . . . . . . . . . e . . . . . . . . 
B i j l a a r d  Analysis . . , . . . . . . . . . . . . . . . e 
Kalnins’ Analysis and Computer Program . . . . . . . . . . . 
Seal-Shell-2.  . . . . . . . . . . . . . . . . . . . . 
The B a t t e l l e  Axisymmetric S t r e s s  I n t e n s i t y  
Code - BASIC. . . . . . . . . . . . . . . . . 










COMPARISON OF THEORIES WITH TEST DATA. . . . . . . . . . . , . . 55 
55 
55 
General Comments. . . . . . . . , . . . . . . a . . . . a 
I n t e r n a l  P res su re  Loading . . . . . . . . . . . . . . 
55 
59 
9 3  
Model BUShips D . . . . . e . . . . . . . . . . . e . 
Uniform Wall Models. . . . . . . . . . . . . : . . . 
Models wi th  Local  Reinforcing.  . . . . . . . . . . . 
116 Moment o r  Thrus t  Loading. . . . . . . . . . . . . . , . . . . 
Models w i t h  Small F i l l e t  Radius. . e . . . . . . , . e , 
Models wi thout  a F i l l e t  Radius . e . . . . . , . . . , . 




DISCUSSION OF RESULTS I N  RELATIONSHIP TO 
PRESENT CODES AND PRACTICES. 0 e a e 0 0 149 
149 P res su re  Loading. . . . . . . . . . . . . . . . . . , . . 
Replacement Area, diT. e . . . . . . . . . . . . . . . 
ASME Sec t ion  111 S t r e s s  Ind ices .  . . . . . . . . e . 149 149 
Moment Loading, Comparison wi th  ASA B31 .1  . . . . . . . . . 154 
TABLE OF CONTENTS (contd) 
Page 
Combined Pressure and Moment Loading. . . . . . . . . . . . .  162 
Linear Superposition of Stresses . . . . . . . . . . . .  162 
Location of Maximum Stresses . . . . . . . . . . . . . .  163 
Relative Magnitude of Stresses from Pressure 
or Moment Loading . . . . . . . . . . . . . . . . . . . . .  164 
Stresses in Phase I Designs . . . . . . . . . . . . . . . . .  172 
'1 
INTRODUCTION 
Nozzles i n  pressure vesse ls  may be loaded by e x t e r n a l  forces  
as w e l l  a s  i n t e r n a l  pressure. To eva lua te  c r i t i c a l  stress conditions a t  
t h e  nozzles, i t  i s  necessary t o  determine the stresses due t o  each of 
these loads and combinations thereof.  
Several a n a l y t i c a l  and experimental i nves t iga t ions  have been 
made t o  assist the  pressure  ves se l  designer t o  determine stresses a t  
nozzles i n  sphe r i ca l  vessels o r  heads. 
ana lys i s  f o r  e i t h e r  a r i g i d  plug (references 1, 2, and 5) o r  a pipe noz- 
z l e  (references 3, 4, and 6) i n  a sphe r i ca l  s h e l l ,  subjected t o  e i t h e r  
moment or  t h r u s t  loading applied t o  the  plug o r  pipe nozzle. Graphs were 
prepared showing stress r e s u l t a n t s  and displacements fo r  t he  sphere cover- 
ing  a range of dimensional parameters. 
been r ep lo t t ed  i n  more readable form and presented as a p a r t  of a design 
manual by Wichman, Mershon, and Hopper"). Since Bi j laard  did not c m  
pute the  stress r e s u l t a n t s  i n  the  nozzles, t he  maximum stresses may not 
be ind ica ted  by these  re feren ies .  
d i f f i c u l t  t o  use i n  design work because of the  required in t e rpo la t ions  
between graphs. 
Leckie and Penny (8, ', lo) developed a somewhat more general  
B i j l aa rd  (1-6)* developed an 
The above work by Bi j laard  has 
In  addition, the  da t a  are somewhat 
ana lys i s  f o r  nozzles i n  spheres, with loadings of i n t e r n a l  pressure, 
moment on t h e  nozzle, t h r u s t  on the  nozzle o r  shear on the  nozzle. 
Reference 10 presents  maximum stresses i n  the sphere f o r  these  three  
loads. They found it poss ib le  t o  present these maximum stresses as func- 
t i ons  of t / T  and ( r / R )  f i T  only; thereby providing a major advantage i n  
convenience t o  t h e  user. This design information, however, is  l imi ted  
i n  two respec ts :  (1) stresses i n  the  nozzles are not given, and (2) s ince  
ne i the r  t he  loca t ion  or d i r e c t i o n  of t h e  maximum stress i n  the  sphere is 
Their 
given (and, i n  general, these  a r e  not the  same f o r  various loads), it is 
not poss ib le  t o  f ind  the  stresses due t o  a combination of loads. 
* Numbers i n  r a i sed  parentheses r e f e r  t o  l i s t  of re ferences  a t  end of 
Report. 
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Waters (11) developed an ana lys i s  f o r  nozzles i n  spheres subjected 
t o  i n t e r n a l  pressure, including some boundary conditions not  considered 
by Leckie and Penny. 
w a s  used by Cloud & Rodabaugh (I2) t o  define elastic stress magnitudes i n  
e s t ab l i sh ing  a design procedure €or r a d i a l  nozzles i n  sphe r i ca l  vesse ls  
loaded with i n t e r n a l  pressure. 
This analysis,  with some add i t iona l  refinements, 
The analyses described above are e s s e n t i a l l y  "two-piece" s h e l l  
theor ies ,  i.e., a c y l i n d r i c a l  nozzle joined t o  a sphe r i ca l  s h e l l  segment. 
These analyses cannot d i r e c t l y  ind ica t e  the  e f f e c t  of any l o c a l  re inforc-  
ing, such as a f i l l e t  rad ius  at  t h e  outside of the nozzle-sphere juncture. 
Computer programs (I3, 14)  which p e r m i t  breaking t h e  nozzle-sphere juncture 
i n t o  a "multipiece-shell" of va r i ab le  midsurface and w a l l  thickness are 
ava i lab le ;  these are usefu l  i n  evaluating the e f f e c t  of the  l o c a l  d e t a i l s  
of the  nozzle-sphere juncture. Also, a computer program (I5) i s  ava i lab le  
which treats the axisymnetric s t r u c t u r e  with axisymmetric loading as a 
three-dimensional e las t ic  problem without t he  s impl i f i ca t ions  of s h e l l  
theory . 
I n  addi t ion  t o  the  a n a l y t i c a l  work discussed above, extensive 
experimental work has been completed; a major p a r t  of wMch is  summarized 
by Mershon (16, 17, & 35). 
SCOPE -
This r epor t  p resents  information on the stresses i n  the  neigh- 
borhood of a juncture of a c y l i n d r i c a l  nozzle mounted r a d i a l l y  on a 
sphe r i ca l  s h e l l  segment. 
o ther  nozzles or  geometric d i scon t inu i t i e s .  Loadings considered are 
(a) i n t e r n a l  pressure, (b) moment applied t o  the  nozzle, and (c) t h r u s t  
applied t o  t h e  nozzle. 
The nozzle is considered t o  be i s o l a t e d  from 
The r epor t  cons i s t s  of: 
(1) A br i e f  discussion and ex tens ive  numerical comparisons of 
various t h e o r e t i c a l  methods used f o r  ca l cu la t ing  stresses 
f o r  nozzles i n  sphe r i ca l  she l l s .  
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(2) Comparisons o f  c a l c u l a t e d  stresses w i t h  measured stresses 
of nozz les  i n  sphe res ;  t h e s e  comparisons are made f o r  
70 d i f f e r e n t  t es t  models, involv ing  a wide range of 
dimensions and d e t a i l s  o f  l o c a l  r e i n f o r c i n g .  
(3) A d i s c u s s i o n  of t h e  r e s u l t s  of (1) and (2) i n  r e l a t i o n s h i p  
t o  p re sen t  pressure  v e s s e l  and p ip ing  codes and p r a c t i c e s .  
Design Graphs, based on "two-piece" e l a s t i c  s h e l l  theory ,  
from which stresses can be determined a t  t h e  nozzle-sphere 
junc tu re  f o r  pressure ,  moment o r  t h r u s t  loads ,  o r  combina- 
t i o n s  t h e r e o f .  Examples  of t h e  use o f  t h e  des ign  graphs 
are inc luded  i n  t h i s  p a r t .  
( 4 )  
P a r t  4 of t h e  Report  i s  intended t o  be useable  f o r  des ign  work 
without  r e f e r e n c e  t o  t h e  remainder of t h e  Report .  For t h i s  purpose, 
it is  inc luded  as an Appendix. 
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Comparison o f  T h e o r i e s  
4 
The "two-piece" s h e l l  t h e o r i e s  used i n  t h i s  Repor t  are: 
B i j l a a r d :  Moment o r  t h r u s t  l o a d i n g s  
Waters: I n t e r n a l  p r e s s u r e  
Leckie-Penny: I n t e r n a l  p r e s s u r e ,  moment o r  t h r u s t  l o a d i n g s  
Kalnins:  I n t e r n a l  p r e s s u r e ,  momznt o r  t h r u s t  l o a d i n g s  
(As  a two-piece t h e o r y )  
The b a s i s  o f  each  o f  t h e s e  t h e o r i e s  i s  b r i e f l y  d i s c u s s e d .  Wi th in  
t h e  range of d imens iona l  parameters covered,  i t  was found t h a t  B i j l a a r d ,  
Leckie-Penny and Kaln ins  t h e o r i e s  g i v e  e s s e n t i a l l y  t h e  same r e s u l t s .  Waters 
t h e o r y  g i v e s  d i f f e r e n t  r e s u l t s  t h a n  Leckie-Penny o r  Kaln ins  t h e o r i e s ;  t h e  
r e a s o n s  f o r  t h e s e  d i f f e r e n c e s  are c o n s i d e r e d  and numer ica l  comparisons are 
g i v e n .  
"Mu1 t i  - piece"  s h e l l  t h e o r i e s  used ( i n  t h e  form of computer pro- 
grams) were t h o s e  of Kaln ins  and Sea l -Shel l -2 .  
t w o  programs i s  d i s c u s s e d ,  a l o n g  w i t h  numer ica l  comparisons: Kaln ins  
t h e o r y  i s  based on t h i n - s h e l l  assumpt ions ;  Sea l -Shel l -2  i s  more a p p l i c a b l e  
t o  t h i c k  s h e l l s  and, i n  g e n e r a l ,  a g r e e s  b e t t e r  w i t h  test  d a t a  t h a n  Kaln ins .  
The development of  t h e s e  
A computer program e n t i t  l e d  "BASIC", which u s e s  p o i n t  matching 
f o r  axisymmetr ic  bodies  of r e v o l u t i o n  s u b j e c t e d  t o  axisymmetr ic  f o r c e s ,  
is b r i e f l y  d i s c u s s e d  and t h e  r e s u l t s  f o r  a n  example are shown. 
Comparison o f  T h e o r i e s  w i t h  T e s t  Data 
I n t e r n a l  P r e s s u r e  Loading 
Comparisons are made between t h e  t h e o r i e s  and r e s u l t s  from some 
55 test models.  Most o f  t h e  tes t  models i n c l u d e d  a f i l l e t  r a d i u s  a t  t h e  
j u n c t u r e  of  n o z z l e  and t h e  s p h e r e ;  t h e  comparison between two-piece s h e l l  
t h e o r i e s  and test r e s u l t s  were, i n  most cases, s t r o n g l y  dependent upon 
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t he  s i z e  of t he  f i l l e t  radius,ro.For models which were considered as 
e s s e n t i a l l y  cons i s t ing  of a uniform-wall nozzle i n  a uniform-wall sphere,  
Waters ' theory was found t o  be conservat ive provided t h a t  ro/t is g r e a t e r  
than about 0.8 and t h e  theory is  f a i r l y  accura te  f o r  pred ic t ing  the  
maximum stress f o r  r /t  between about 0.5 and 3. 
0 
Modif icat ions t o  Waters' theory involving t h e  a c t u a l  wall thick- 
nesses  a t  the  juncture ,  "curved-beam" e f f e c t s  and Lami-type e f f e c t s  brought 
the  modified theory i n t o  b e t t e r  agreement with test da ta ,  p a r t i c u l a r l y  
with l a rge  f i l l e t  r a d i i .  
Comparisons of test  da t a  with the  mul t ip iece  s h e l l  programs gave, 
i n  most cases, q u i t e  good agreement. 
with d/D of 0.2 o r  l a rge r .  
programs may be of l imi t ed  a p p l i c a b i l i t y  t o  nozzles  wi th  s m a l l  d/D r a t i o s  
and an  abrupt  t r a n s i t i o n  between a small thickness  nozzle w a l l  and a l a r g e  
thickness  sphere w a l l .  
Comparisons are l imi ted  t o  models 
There are t e n t a t i v e  ind ica t ions  t h a t  these  
The s ign i f i cance  of stresses a t  the  ou te r  edges of r e in fo rc ing  
i s  noted; abrupt  t r a n s i t i o n s  between heavy r e in fo rc ing  and t h i n  nozzle o r  
sphere walls can give rise t o  high s t r e s s e s ,  even though the  opening, per  se, 
is  adequately re inforced .  
The Seal-Shell-2 program was used to  develop a parametric study 
of  r e in fo rc ing  provided by a f i l l e t  r ad ius .  This  study r e s u l t s  i n  a 
s i m p l e  equat ion fo r  t he  s i ze  of f i l l e t  rad ius  required t o  achieve a stress 
i n t e n s i t y  index of 2.0. Comparison of t h i s  t h e o r e t i c a l  equat ion with test 
d a t a  i s  genera l ly  s a t i s f a c t o r y .  
however, a very l a r g e  f i l l e t  r ad ius  apparent ly  i s  required t o  reduce the  
maximum stress i n t e n s i t y  index t o  2.0. 
For s m a l l  d/D r a t i o s  and thick-wall  spheres,  
Var ia t ions  of the  i n s i d e  corner  rad ius ,  w i th in  the  range of the  
test  models, had r e l a t i v e l y  l i t t l e  e f f e c t  on the  magnitude of t he  stresses. 
Moment or Thrust  Loading 
Comparisons are made between the  theo r i e s  and r e s u l t s  of 14 tests 
wi th  moment loading; 9 tests with t h r u s t  loading. A series of 5 tests on 
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photoelastic models, when compared with two-piece shell theory, again 
indicate the strong dependence upon the size of the fillet radius. Semi- 
empirical modifications to two-piece shell theory bring the theory into 
adequate agreement with the test data. Results from Kalnins' multipiece 
shell program agree quite well with the test data. 
Comparison of two-piece shell theory with two test models with 
practically zero fillet radius is made, giving generally good agreement 
between test data and theory at points away from the junctures. 
Comparisons are made with six fabricated test models subjected 
to both moment and thrust loadings. These models had significant rein- 
forcing; adequate agreement between test data and theory is shown at 
points away from the junctures. 
Discuss ions 
Replacement Area, Pressure Loading 
Assuming a design stress criterion that the maximum stress 
intensity index is limited to 3 . 0  S, Waters' theory indicates that present 
code rules of replacement area and associated reinforcement zones are 
conservative except for reinforcing on the sphere where present code rules 
(except ASME Section 111) may be unconservative for large d/D ratios 
combined with large D/T ratios. 
ASME Section I11 Stress Indices, Pressure Loading 
The stress indices in Par 1-612(a) of the above Code are compared 
with Waters' analysis and, in one case, Kalnins' multipiece shell program. 
These stress indices are in general agreement with the theories, except 
for reinforcing on the sphere with large d/D ratios combined with large 
D/T ratios, where it appears that maximum stresses will be some 50% 
higher than the Code index. 
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Moment Loading, Comparison with ASA B31.1 
Since nozzles on pressure vessels quite often are at one end of 
a piping system, the stress intensification factors given in ASA B31.1 
for piping components are significant with respect to the design of nozzles. 
The theoretical elastic stresses for nozzles in spheres are compared with 
the fatigue-test derived stress intensification factors for other piping 
components. 
Combined Pressure and Moment 
A brief discussion is given on the questions of (1) are the 
stresses due to pressure linearily superposable on stresses due to 
moment and (2) are maximum stress locations the same for pressure loading 
as for moment loading. The answer given to both of these questions is 
negative. However, the amount of conservatism introduced by assuming 
linear superposition is small. The amount of conservatism introduced 
by assuming that maximum stress locations coincide depends upon the 
dimensional parameters of the nozzles. 
Relative Mamitude of Stresses. Internal Pressure 
and Moment Loading 
Because moment loadings depend upon the piping system, and may 
not be established in the early design stage, several limitations to 
moments in piping systems are discussed. Depending upon which moment 
limitation is assumed, and the particular dimensional parameters at the 
nozzles, stresses due to moments may be anywhere from 4 or 5 times those 
due to pressure down to practically negligible magnitudes. 
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Stresses i n  Phase I Designs 
Phase I Report gives dimensions of nozzles t h a t  (1) have a 
plast ic  co l lapse  pressure of a t  least 1.5 times the  design pressure and 
(2) have a m a x i m u m  stress i n t e n s i t y  of not more than 3.0 S. Because t h e  
p l a s t i c  co l l apse  pressure i s  t h e  con t ro l l i ng  l i m i t  f o r  almost a l l  dimen- 
s iona l  parameters, the maximum stress i n t e n s i t y  index i n  these designs i s  
generally less than 3.0. I f  a maximum stress i n t e n s i t y  index of 3.0 f o r  
combined loadings i s  used as a design cri teria,  the  Phase I designs have 
some capacity f o r  moment loadings. 
designs are given, along with stress i n t e n s i t i e s  due t o  moment loadings. 
The moment load capacity of any Phase I design can be obtained from the  
d a t a  presented; s eve ra l  examples are given. 
The stress i n t e n s i t i e s  of Phase I 
Appendix 
Design graphs, based on the  CERL program r e s u l t s ,  are given for:  
S t r e s s  Dimensional 
Loadings S t r e s s  Types Directions Par meters 
I n t e r n a l  Pressure Membrane Normal 10 5 p 5 250 
Moment on Nozzle Bending Tangential 0.01 ,< 5 5 0.5 d 
Thrust on Nozzle t 0.01 5 5 3.0 
The stresses are functions of t h ree  independent dimensional 
Because th ree  parameters present d i f f i c u l t  i n t e rpo la t ion  parameters. 
problems t o  the  user,  t h e  graphs were prepared as functions of two 
parameters although t h i s  en ta i l ed  some loss i n  accuracy. 
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NOMENCLATURE 
(See F igure  1) 
Dimensions 
D = mean diameter  of sphere ,  inches  
d = mean diameter of nozzle ,  inches  
R = mean r a d i u s  of sphere,  inches  
r = mean r a d i u s  of nozz le ,  inches  
(In some p a r t s  of t h e  Report ,  i n s i d e  dimensions are used, i nd ica t ed  
t = wal l  t h i ckness  of nozzle ,  inches) es  I th ickness  near  t h e  nozzle-sphere junc ture .  T = wal l  t h i ckness  of sphere,  
r = o u t s i d e  f i l l e t  r a d i u s ,  inches 
r = i n s i d e  co rne r  r a d i u s ,  inches  
h = t h i ckness  normal t o  an assumed n e u t r a l  su r f ace ,  inches  
h = normal th i ckness  assumed f o r  nozzle  (See Fig.  12)  
h = normal th i ckness  assumed f o r  sphere (See F ig .  12)  
R = l o c a l  r ad ius  assumed f o r  nozzle ,  inches (See F ig .  12) 
%= l o c a l  r ad ius  assumed f o r  sphere,  inches  (See F ig .  12) 
A = c ross - sec t iona l  area of  r e in fo rc ing ,  sq i n  
by a s u b s c r i p t  i) 







Co -or  d in  a t e s 
41 = merid iona l  angle  on sphere (See F ig .  1) 
0 = l a t i t u d e  angle  on sphere 
x = a x i a l  direction on nozzle  
y = c i r c u m f e r e n t i a l  d i r ec t ionon  nozz le  
Loads 
P = i n t e r n a l  pressure ,  p s i  
M = moment, i n  l b ,  p o s i t i v e  as shown i n  F ig .  1 
L = t h r u s t ,  l b ,  p o s i t i v e  as shown i n  Fig.  1 
S t r e s s  Resu l t an t s  (See F ig .  1 f o r  p o s i t i v e  d i r e c t i o n s )  
N = fo rce ,  8 - d i r e c t i o n ,  l b / i n  
M = moment, 0 - d i r e c t i o n ,  i n - l b / i n  
N = force ,  6 - d i r e c t i o n ,  l b / i n  
M = moment, 6 - d i r e c t i o n ,  i n - l b / i n  
N = fo rce ,  y - d i r e c t i o n ,  l b / i n  
M = moment, y - d i r e c t i o n ,  i n - l b / i n  
N = f o r c e ,  x - d i r e c t i o n ,  l b / i n  









continued on next  page 
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NOMENCLATURE (contd) 
S t r e s s e s  
Nominal stresses are designated by S o r  s, measured o r  c a l c u l a t e d  
stresses by 0 ;  wi th  appropr i a t e  s u b s c r i p t s .  
For  Pressure  Loading 
S = PD/4T, p s i  
s = Pd/2 t ,  p s i  
(The r a t i o  s /S  i s  a l s o  used as a dimensional parameter,  s/  S = 2 (d/D) (T / t )  
For  Moment Loading 
S = 4.M/nd2t, p s i  
For  Thrust  Loading 
S = L h d t  p s i  
One = membrane stress, 8 - d i r e c t i o n ,  i n  sphere,  p s i  
(5 = bending stress, 8 - d i r e c t i o n ,  i n  sphere,  p s i  b6 
B = membrane stress, b - d i r e c t i o n ,  i n  sphere,  p s i  
n d  
Obb 
(5 =membrane stress, y - d i r e c t i o n ,  i n  nozzle ,  p s i  
nY 
(5 = bending stress, y - d i r e c t i o n ,  i n  nozzle ,  p s i  
(5 = membrane stress, x - d i r e c t i o n ,  i n  nozzle ,  p s i  
CJ = bending stress, x - d i r e c t i o n ,  i n  nozzle ,  p s i  
B = stress i n  8 o r  y - d i r e c t i o n  
(J = stress i n  d o r  x - d i r e c t i o n  






(Most of t h e  tes t  d a t a  g ives  s u r f a c e  stresses us ing  t h e  On, o t  nomenclature. 
I n  general ,  t h e s e  s u r f a c e  stresses cannot be accu ra t e ly  separa ted  i n t o  
membrane o r  bending stresses and, i n  many cases ,  t h e  l o c a t i o n  of maximum 
stresses cannot be d e f i n i t e l y  ass igned  t o  t h e  sphere o r  nozzle  po r t ion  
o f t h e  tes t  model. I n  comparison of theory  wi th  test  da t a ,  t h e  stress 
components l i s t e d  above are combined t o  g ive  s u r f a c e  stresses.) 
S t r e s s  Ind ices  @/SI 
S t r e s s  i n d i c e s  are denoted by t h e  le t ter  K w i t h  s u i t a b l e  s u b s c r i p t s .  
The nominal stress, S,  depends upon t h e  load as def ined  above. 
Kne = stress index, membrane, 8 - d i r e c t i o n ,  i n  sphere 
K,e = stress index, bending, 8 - d i r e c t i o n ,  i n  sphere 
= stress index, membrane, d - d i r e c t i o n ,  i n  sphere 
Knd 
K = stress index, bending, b - d i r e c t i o n ,  i n  sphere 
nd 
continued on next  page 
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NOMENCLATURE (contd) 
K = stress index, membrane, y - d i rec t ion ,  i n  nozzle  
KbY = stress index, bending, y - d i rec t ion ,  i n  nozzle  
Knx 
KbX = stress index, bending, x - d i rec t ion ,  i n  nozzle  
Material Proper t ies  
E = modulus of e l a s t i c i t y ,  p s i  
v = Poisson 's  r a t i o  
Sa = allowable stress, p s i  
So = y i e l d  s t r eng th ,  p s i  
Other symbols are defined where used i n  t ex t .  
nY 
= stress index, membrane, x - d i rec t ion ,  i n  nozzle 
12 
** 
- - I -  t 
d / 2  radius 
'1 Nozzle 
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COMPAR I SON OF THEOR I ES 
General Comments 
Several  a n a l y t i c a l  developments are used i n  the  subsequent 
s e c t i o n  of t h i s  Report, "Comparison of  Theories with Test  Data". 
a n a l y t i c a l  developments were se l ec t ed  p r inc ipa l ly  because of t h e i r  
a v a i l a b i l i t y ;  no impl ica t ion  is  intended t h a t  these  analyses  are neces- 
s a r i l y  b e t t e r  than o the r  similar analyses .  
These 
I n  t h i s  sec t ion ,  an a t t e m p t  is made t o  br ing  out  those f a c e t s  
of the  analyses  which are s i g n i f i c a n t  with respec t  t o  comparison wi th  
test da ta ,  and those aspec ts  which d i f f e r e n t i a t e  the  analyses  from each 
o ther .  N o  a t t e m p t  is  made t o  descr ibe these  developments completely. 
A more complete review of some of the  analyses  used herein,  and o the r  
similar developments, is given by Kraus (19) . 
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Leckie-Penny Analysis 
The Leckie-Penny ana lys i s (8)  i s  based on the  usual  assumptions 
of t h in - she l l  e l a s t i c  theory. 
i n  the  present  context,  i s  t h a t  the  s h e l l  w a l l  th ickness  i s  s m a l l  com- 
pared t o  t h e  r ad ius  of curvature;  i t s  s ign i f i cance  a r i s i n g  because i n  
most designs of nozzles i n  s p h e r i c a l  s h e l l s ,  t h i s  assumption is  not  va l id .  
The most s i g n i f i c a n t  of t hese  assumptions, 
The ana lys i s  of t he  sphe r i ca l  s h e l l  i s  based on asymptotic 
i n t e g r a t i o n  of t he  bas i c  d i f f e r e n t i a l  equat ion of a sphe r i ca l  s h e l l ,  
expressed i n  terms of a complex stress funct ion.  The ana lys i s  i s  ap- 
p l i c a b l e  e i t h e r  t o  symmetric loading (e.g., i n t e r n a l  pressure,  a x i a l  
t h r u s t  on the  nozzle) o r  any loading of t he  form Ln = L cos n 8. 
value of n i n  t h e  ana lys i s  may beany in t ege r ,  however, ca lcu la ted  r e s u l t s  
f o r  a range of dimensional parameters a r e  ava i l ab le  only f o r  n = 0 and 
n = 1. The loading wi th  n = 1 represents  a bending moment appl ied t o  
the  nozzle. 
the  Ess l inger  approximation which is  l imi t ed  t o  s m a l l  values  of @, or  
the  Geckler approximation f o r  l a r g e  values  of 8.  The use of asymptotic 
i n t e g r a t i o n  i m p l i e s  a f u r t h e r  l i m i t a t i o n  of the  "thinness" of the  s h e l l ,  
Leckie and Penny'''), i n  numerical so lu t ions  f o r  c y l i n d r i c a l  nozzles i n  
sphe r i ca l  s h e l l s ,  l imi t ed  themselves t o  D/T values  of 60 o r  l a rge r .  
Thin s h e l l  theory i t s e l f  should be reasonably v a l i d  a t  somewhat smaller  
D/T values.  
Edge bending so lu t ions  f o r  the  c y l i n d r i c a l  nozzle are given by 
H ~ f f ' ~ ~ ) .  For the  cases of n = 1, these  were f u r t h e r  s impl i f i ed  t o  give 
the  same r e s u l t s  as f o r  the  axisymmetric case (n = 0) .  The axisymmetric 
bending behavior of cy l inders  i s  we l l  known . 
The 
The ana lys i s  i s  appl icable  t o  any angle  @, as  cont ras ted  t o  
(21) 
The nozzle i n  a s p h e r i c a l  s h e l l  problem was solved(9) by the  
usua l  technique of r equ i r ing  t h a t  the  edge fo rces  (shears and moments) 
be such t h a t  the  de f l ec t ions  and r o t a t i o n s  of the  s h e l l  edgesa re  equal .  
It should be noted t h a t  the  edge fo rces  are assumed t o  be 
appl ied a t  t he  midsurfaces of t h e  nozzle and sphere;  a major po in t  of 
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difference between t h i s  analysis  and Waters ' ana lys i s  discussed later 
herein. Solutions are included (lo) fo r  the  following type of nozzles: 
Cyl indrical  nozzle protruding e i t h e r  outward only, 
inward only o r  i n  both d i rec t ions .  
nozzle, inward and/or outward, i s  assumed t o  be 
"semi- i n f i n i t e  'I. 
Spherical  s h e l l  of constant thickness or a spher ica l  
s h e l l  of thickness T '  near the nozzle and a thickness 
T away from the nozzle, T '  2 T. 
(1) 
The length of the 
(2) 
CERL Code 
* The CERL Code is a computer program based on the Leckie-Penny 
A parametric study using the CERL Code, f o r  outwardly pro-  analysis.  
truding nozzles, provides some de ta i led  da t a  not ava i lab le  i n  Reference (10). 
(1) Calculations were made f o r  D/T values d a m  t o  10, as 
compared t o  a lower l i m i t  of 60 i n  Reference (10). 
Calculations were made f o r  t / T  values up t o  3, 
as compared t o  an upper l i m i t  of 1.0 i n  Reference 
(2) 
(10) . 
(3) Stresses  i n  the  nozzles w e r e  calculated.  
Figure 2 gives the maximum stresses i n  the sphere with in t e rna l  
pressure loading and corresponds t o  Figure 2 of Reference (10). 
l i n e s  f o r  t / T  5 1.0 are, of course, e s sen t i a l ly  the same as i n  Reference 
(10). 
i l l u s t r a t e  the degree of approximation involved i n  using the  two independ- 
ent var iab les ;  t / T  and d/D d z .  
the  nozzle with in t e rna l  pressure loading. 
2 and3 that: 
The 
- 
The graph a l s o  shows the points  calculated f o r  each D/T-value to  
Figure 3 gives maximum stresses i n  
It is  apparent from Figures 
(1) The se l ec t ion  of  independent var iab les  of t / T  and d/D 7/;;/2T 
does not  elimfnate D/T as an independent var iab le  fo r  
maxi mu^^ stresses i n  the  nozzle, see Figure3. 
~~ 
* This program is i den t i f i ed  as the  CERL-I1 Code, See Reference (34). 
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(2) The maximum t h e o r e t i c a l  stress i n  the nozzle-sphere 
s t r u c t u r e  occurs : 
i n  the nozzle f o r  t / T  < -  .5; 
i n  the sphere f o r  t / T  >-  1.0 
For a d/D of 0.01, the t r a n s i t i o n  occurs around t / T  = .5. 
For l a rge  d/D, the  t r a n s i t i o n  occurs a t  around t / T  = 1.0. 
An exception occurs when the nozzle-sphere dimensions 
a r e  such t h a t  t he  bending moment i n  the  nozzle is almost 
zero (see Figure A 5b*); near thesz poin ts  the  maximum stress 
i n  the  sphere nay be about equal  t o  o r  s l i g h t l y  exceed 
the  maximum s t r e s s  i n  the  nozzle. 
d/D = . lo ,  t / T  = .068 the  maximum stress index i n  the  sphere 
i s  about 2.9; t h a t  i n  the  nozzle about 2.5. 
For example, f o r  DJT = 25, 
Figure 4 gives the maximum s t r e s s e s  i n  the  sphere with moment 
loading and corresponds t o  Figure 9 of Reference (10). Figure 5 i s  the 
analogous graph f o r  s t r e s s e s  i n  the nozzle. 
ponding graphs f o r  t h r u s t  loading i n  the  sphere and nozzle,  respec t ive ly .  
For moment o r  t h r u s t  loads,  the  maximurn s t r e s s  occurs: 
Figures 6 and 7 a r e  cor res -  
i n  the  nozzle f o r  t / T  < .8 














Waters' Analysis  
Waters' a n a l y s i s  w a s  developed f o r  outwardly pro t ruding  nozz les  
i n  s p h e r i c a l  s h e l l s  with p re s su re  loading.  The genera l  b a s i s  of t h e  
a n a l y s i s  is  given i n  Reference (11). 
Waters, c o n s i s t i n g  o f :  
Two ref inements  were later added by 
(a) A thick-wall  (Lame approximation) c o r r e c t i o n  f a c t o r ,  and 
(b) The i n c l u s i o n  of a " loca l  f l e x i b i l i t y  fac tor" .  
A comparison of r e su l t s  obtained from t h e  CERL Code wi th  those  
obtained from Waters' a n a l y s i s  i s  given i n  Table 1. It i s  apparent  from 
Table 1 t h a t  t h e  two ana lyses  g ive  s i g n i f i c a n t l y  d i f f e r e n t  r e s u l t s  through- 
out  t h e  dimensional parameter range covered. The d i f f e r e n c e s  between t h e  
two ana lyses  are d iscussed  i n  t h e  fol lowing.  
(1) Local F l e x i b i l i t y  Fac tor  
The CERL Code ana lyses  involves  t h e  assumption t h a t  a t  t h e  
junc tu re  between nozz le  and sphere t h e  tangents  t o  t h e  su r faces  do not  
r o t a t e  wi th  r e spec t  t o  each o t h e r ;  analogous t o  the  usual  engineer ing 
assumption t h a t  t h e r e  i s  no r o t a t i o n  a t  t h e  "fixed" end of a c a n t i l e v e r  
beam. A more p r e c i s e  a n a l y s i s  of t h e  junc tu re  area of c a n t i l e v e r  beam 
wi th  an e l a s t i c  ha l f -p l ane  shows, of course,  t h a t  abso lu t e  r i g i d i t y  
a t  t h e  j o i n t  cannot be obtained and t h a t  t h e r e  are  (usua l ly  n e g l i g i b l e )  
d e f l e c t i o n s  and r o t a t i o n s  due t o  l o c a l  s t r a i n s  i n  t h e  beam and i t s  
support .  Waters' a n a l y s i s  i nc ludes  " loca l  f l e x i b i l i t y  f a c t o r s "  which 
approximate t h e  e f f e c t  of t hese  l o c a l  s t r a i n s .  The p lane  s t r a i n  formulas 
given i n  Bet t is  Atomic Power Laboratory Report WAPD-X (CE)-170, p. 40 
were used; t hese  formulas are: 
2 
6 m = -2 .38  ( 1 - v - 2 ~  ) Mco/Et 
*m = -6.36 (1-y ) M co / E t  2 2 
3 + -  2 r 1 
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In the  above: 
v = Poisson's r a t i o  
E = modulus of e l a s t i c i t y  
Other symbols defined i n  Figure 8. 
I n  order t o  determine the  magnitude of "local f l e x i b i l i t y  
f ac to r "  e f f e c t s ;  these  f a c t o r s  were eliminated from Waters' analyses and 
stresses f o r  t he  dimensional parameters shown i n  Table 1 were recomputed. 
Results f o r  t y p i c a l  values of the  dimensions covered are shown i n  Table la ;  
i d e n t i f i e d  as "Waters-1". 
e f f e c t  of t he  "local f l e x i b i l i t y  f ac to r "  i s  t o  decrease the  magnitude 
of the  0-stresses and increase the  magnitude of t he  $-stresses. 
nozzle, t he  y-stresses and t h e  x-bending stresses generally increase  due 
t o  the  "local f l e x i b i l i t y  factor". The e f f e c t  of t he  "local f l e x i b i l i t y  
f ac to r "  is  generally s m a l l  i n  t he  sphere but can be qu i t e  la rge  i n  the  
nozzle. .lo, t / T  = .lo, 
t h e  value of I$, is  14.7 including the  l o c a l  f l e x i b i l i t y  e f f e c t ;  6.89 
without t he  "local f l e x i b i l i t y  e f fec t" .  
For stresses i n  the sphere, i n  general, t he  
I n  the  
For example, with dimensions D/T = 250, d/D 
(2) Location of Juncture S t r e s ses  
Juncture stresses from the  CERL Code are loca ted  a t  x = 0 
(nozzle) and 8 = $a (sphere) as shown i n  Figure 9 .  
t he  nozzle stress i s  a l s o  loca ted  a t  X =  0, but t he  sphere stress junc- 
t u r e  loca t ion  is  taken a t  $,. 
ference, t h e  Waters-1 ana lys is  w a s  rev ised  t o  give the  stresses a t  8 = $a. 
Results f o r  t y p i c a l  values of t h e  dimensions covered are shown i n  Table la; 
I n  Waters' analysis,  
To ind ica t e  t h e  s ign i f icance  of t h i s  dif-  
i d e n t i f i e d  as "Waters-2". 
nozzle thickness t as compared t o  t h e  sphere s h e l l  decay modulus, s. 
For la rge  values of t / T ,  t he  stresses are qu i t e  d i f f e r e n t  f o r  l oca t ion  8 
as compared wi th  loca t ion  8,. 
t / T  = 3.0, I$$ = -6.46 at Oa; 
The e f f e c t  of t h i s  d i f fe rence  depends upon the  
a 
For example, with D/T = 250, d/D = .5, 
= -2.72 a t  $bo 
(3) Thick Wall Ef fec t s  
The CERL code is based on thin-wall s h e l l  theory; t h e  value of 
T/D and t / d  are assumed t o  be negl ig ib le  as compared t o  unity. Further, 
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FIGURE 8. DEFINITION OF TERMS I N  EQUATION (l), LOCAL 
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t he  CERL code i s  based on t h e  assumption t h a t  t he  juncture forces  and 
moments are t r ans fe r r ed  a t  t h e  i n t e r s e c t i o n  of t he  midwall of t h e  cylin- 
d r i c a l  s h e l l  (nozzle) and t h e  spher ica l  s h e l l ,  Waters' ana lys i s  con- 
tains thick-wall e f f e c t s  from two aspects.  
(a) Correction f a c t o r s  are applied t o  t h e  "membrane stresses". The 
cor rec t ion  f a c t o r s  are based on Lame' equations f o r  a sphere or  
cy l inder ;  approximated by use of a truncated series i n  R/T o r  r/t ,  
For example, the  midwall membrane a -stress a t  s e c t i o n  AB (Figure 9) 
i s  given by. 
0 
(2 1 
where f(h$ ) represents  the edge-effect so lu t ion .  
s h e l l  theory, the  f i r s t  term i n  equation (2) would be simply R/2T. 
A t  po in t s  A and B (Figure 9) the  membrane stresses are given by: 
I n  thin-wall b 
Analogous cor rec t ions  are used f o r  the  nozzle. 
Waters assumes (See Figure 9) t h a t  the  shear  force  produces a 
moment about po in t  0 of :  
(b) 
Mpa ='Qco(T - t s i n  OIa)r/2 cos $a 
and t h a t  t he  force  Nx produces the  moment 
fur ther ,  t h e  r o t a t i o n  at  (da produces a displacement of po in t  0 '  with 
r e spec t  t o  poin t  0 of: 
33 
(do,) (T - t s i n  Oa) 
6 = -  
2 cos  Oa 
(7) 
Where: (dg,) = r o t a t i o n  a t  fla 
To determine t h e  e f f e c t  of t hese  assumptions,  the  Waters-2 
computer program was a l t e r e d  t o  a " th in-she l l "  program and stresses 
c a l c u l a t e d  f o r  t he  dimensional parameters of Table 1. Resu l t s  f o r  some 
t y p i c a l  va lues  are shown i n  Table la: i d e n t i f i e d  as "Waters-3". A t  
t h i s  po in t ,  t h e  major d i f f e r e n c e  between "Waters-3" and t h e  CERL code 
i s  t h a t  Waters a n a l y s i s  i s  based on sha l low-she l l  theory (Ess l inge r  
approximation) whereas the  CERL code i s  based on a non-shallow s h e l l  
theory .  
are i n  good agreement. 
p a r t i c u l a r l y  i n  t h e  va lues  of K It i s  apparent ,  however, t h a t  t he  
shal low s h e l l  theory i s  of adequate accuracy f o r  d/D up t o  0.50 and D/T 
up t o  250. 
As i nd ica t ed  by Table l a ,  "Waters-3" and the  CERL code r e s u l t s  
For d/D of 0.5;  t h e r e  are s m a l l  d i f f e r e n c e s ,  
n0 ' 
It i s  apparent  by comparing "Waters-2" wi th  'waters-3" of 
Table la t h a t  l a rge  d i f f e r e n c e s  may ar ise  due t o  the  " thick-wall  e f f e c t s "  
descr ibed above. These are p a r t i c u l a r l y  s i g n i f i c a n t  i n  the va lue  of 
t he  ax ia l  bending stress i n  the nozz le .  
5 x 7  
I 
The Lame type th ick-wal l  f a c t o r s  range from 0.9 t o  1.1 f o r  
s t r e s s e s  i n  the  sphere and do not  account f o r  t he  d i f f e r e n c e s  shown i n  
Table l a  ( i n  p a r t i c u l a r ,  KnO, which o f t e n  conta ins  a s i g n  r e v e r s a l  between 
obtained d i r e c t l y  from s t a t i c  equi l ibr ium;  i n  the  CERL code O 
i n  Waters a n a l y s i s  t h e  exac t  equat ion  o 
t he  more s i g n i f i c a n t  d i f f e rences  ar ise  when D/T and/or  d / t  are small. 
Waters -2"  and "Waters-3"). The a x i a l  membrane stress index, Knx, i s  
= Pdm/4t; 
I n  gene ra l ,  
nx 2 
= Pdi /4dmt i s  used. nx 
Some f u r t h e r  comparisons between Waters' a n a l y s i s  and the  
CERL code are made i n  t h e  subsequent s e c t i o n  of  t h i s  r epor t  on "Compari- 
son of Theor ies  wi th  T e s t  Data". 
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B i j l a a r d  Analysis 
The p e r t i n e n t  work of B i j l a a r d  w i t h  respect t o  nozz les  i n  
s p h e r i c a l  vessels is  given i n  References 1 through 6 .  The development 
is q u i t e  g e n e r a l  but  d e t a i l e d  r e s u l t s  are given only f o r :  
(a) A s o l i d  plug nozzle  i n  a s p h e r i c a l  s h e l l ;  t h e  plug 
being loaded wi th  r a d i a l  t h r u s t  o r  moment loading.  
(b) A c y l i n d r i c a l  s h e l l  nozz le  pro t ruding  outward from 
a s p h e r i c a l  s h e l l ,  w i t h  loading as i n  (a ) .  
(c) A s o l i d  plug nozz le  i n  a s p h e r i c a l  s h e l l  wi th  an annular  
pad around t h e  nozz le ,  wi th  loading as i n  (a ) .  
Bi j laard 's  a n a l y s i s  f o r  t h e  s p h e r i c a l  s h e l l  s t a r t s  wi th  
Reissner  ' s  (22) d i f f e r e n t i a l  equat ions  f o r  a shal low s p h e r i c a l  s h e l l .  
For  axisymmetric ( t h r u s t )  loading,  t h e  "edge e f f e c t "  s o l u t i o n  i s  t h e  
same as given by t h e  E s s l i n g e r  approximation used by Waters. The a n a l y s i s  
of t h e  c y l i n d r i c a l  s h e l l  f o r  t h r u s t  loading i s  t h e  same as t h a t  used by 
Leckie-Penny and Waters and i s  t h e  well-known (21) s o l u t i o n  f o r  a c y l i n d r i c a l  
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s h e l l  sub jec t ed  t o  symmetric edge loads.  B i j l a a r d  used boundary condi- 
t i o n s  a t  t h e  nozzle-sphere junc tu re  analogous t o  Leckie-Penny assumptions, 
i,e., shea r s  and moments are t r a n s f e r r e d  a t  t h e  s h e l l  mid-walls and t h e  
junc tu re  i t s e l f  is r i g i d .  
B i  j laard 's  a n a l y s i s  of t h e  s p h e r i c a l  s h e l l  w i t h  non-symmetrical 
loading  i s  analogous t o  t h e  Leckie-Penny a n a l y s i s  i n  t h a t  the  stress 
func t ion  i s  assumed t o  be of t h e  form F = F cos ne and w = w cos ne. n n 
However, because of t h e  shal low s h e l l  assumption, B i  jlaards a n a l y s i s  i s  
s i g n i f i c a n t l y  s impl i f i ed .  
is based on D ~ n n e l l ' s ( ~ ~ )  equat ions  which, f o r  t h e  "edge-effect" so lu t ion ,  
moment loading  (n = l), give: 
Bijlaard's  a n a l y s i s  of t h e  c y l i n d r i c a l  s h e l l  
(8 1 w = e -ax (C1cosBx + C2sinBx) cos 9 
1 / 2  1 / 2  
CY = (l/r) {1 - (w/2) f [3(1 - v 2 ) ( r / t )  2 f 1 - .75v2] 1 where 
@ = (l/r) (-1 f (v/2) f [ 3(1 - w 2 )  (r/t) 2 3- 1 - .75v 2 ] 1 /2  1 1/2 
C and C are cons tan ts .  1 2 
It i s  apparent  t h a t  f o r  moderately l a r g e  va lues  of r/t ,  
&zfj - = TG2")/fi and Equation ( 8 ), except  f o r  t he  cos 8 fac- 
t o r ,  i s  t h e  same as t h e  symmetrical loaded edge-ef fec t  s o l u t i o n .  
Penny used t h e  s i m p l i f i e d  s o l u t i o n  f o r  w, whi le  B i j l a a r d  r e t a i n e d  
Equat ion ( 8 ) .  
p re s su re  v e s s e l  nozzles ,  B i j l a a r d ' s  a n a l y s i s  may be more accu ra t e  i n  
t h i s  re$pec t .  
Leckie- 
For s m a l l  va lues  of r / t ,  which are o f t e n  encountered i n  
Because B i j l aa rdh  publ ished d a t a  %e Somewhat l i m i t e d  i n  choice 
of dimensional parameters,  a computer program based on B i j l a a r d ' s .  
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t h e o r e t i c a l  development w a s  prepared. This program w a s  used t o  compute 
stresses f o r  comparison with CERL r e s u l t s .  Table 2 shows t h i s  comparison 
f o r  t h r u s t  loading; Table 3 f o r  moment loading. It is apparent t h a t  
f o r  t h r u s t  loading, B i j l aa rd  and CERL r e s u l t s  are e s s e n t i a l l y  t h e  same. 
The d i f f e rences  between the  two theo r i e s  increase  s l i g h t l y  with increas- 
ing  d/D, but even at d/D = 0.5, the  d i f f e rences  are small i n  an engineer= 
ing  sense and ind ica t e s  t h a t  the shallow-shell  theory is  reasonably v a l i d  
f o r  d/D up t o  .5 wi th  D/T of 100 o r  less. 
ferences between B i j l aa rd  and CERL are s i g n i f i c a n t  when the diameter-to- 
thickness  r a t i o  of t h e  nozzle i s  s m a l l ,  e.g.,2.5. A s  d iscussed above, 
there  is a d i f f e rence  between these  two theo r i e s  i n  the  ana lys i s  of t he  
nozzle as a c y l i n d r i c a l  s h e l l  which may account f o r  the  d i f f e rences  i n  
r e s u l t s  . 
For moment loading the  d i f -  
Kalnins Analysis and Computer Program 
The preceding analyses  are appl icable  t o  uniform w a l l  th ickness ,  
sphe r i ca l  o r  c y l i n d r i c a l  s h e l l  segments which geometrically contain an 
axis of revolu t ion .  Kalnins' ana y s i s  and computer program, along wi th  the 
"Seal-Shell-2" program discussed later, 
thickness may vary i n  an a r b i t r a r y  manner, and the  meridian curve i s  not  
r e s t r i c t e d ;  provided t h a t  the w a l l  th ickness  i s  s m a l l  compared t o  the  
rad ius  of curvature.  
( 1 4 1  
i s  more general  i n  t h a t  the  w a l l  
Two approaches have been taken t o  the  numerical so lu t ion  of the  
general  s h e l l  of revolu t ion .  
(1) F i n i t e  d i f fe rence  approach, i n  which a s e t  of g r i d  poin ts  
are chosen and the d i f f e r e n t i a l  equations f o r  t he  s h e l l  
are replaced by f i n i t e  d i f f e rence  equations defined at the  
g r i d  poin ts .  
(2) Di rec t  numerical i n t e g r a t i o n  of the  d i f f e r e n t i a l  equations 
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The f i n i t e  d i f fe rence  approach has been used a s  t h e  bas i s  fo r  a 
number of computer so lu t ions  fo r  axisymmetric s h e l l  problems. One prob- 
l e m  which a r i s e s  i n  t h i s  technique is  the  s e l e c t i o n  of a g r i d  spacing 
s u f f i c i e n t l y  f i n e  s o  t h a t  adequate accuracy i s  achieved. A f i n e  g r i d  
spacing r e s u l t s  i n  the  generat ion of l a rge  square matr ices  which must be 
inverted.  
The numerical i n t e g r a t i o n  approach is  more d i r e c t l y  appl icable  
t o  i n i t i a l - v a l u e  problems r a t h e r  than shel l -of-revolut ion problem i n  which 
it i s  necessary t o  take  account of boundary loads a t  both ends of t he  
s h e l l .  The i n t e g r a t i o n  technique may be applied,  however, by assigning 
an a r b i t r a r y  (e.g., un i ty )  value a t  the  s t a r t i n g  edge 
of the  s h e l l .  
length t o  g e t  s ix  (symmetric loading) or  e i g h t  (non-symmetric loading) 
equat ions r e l a t i n g  the  values of the  va r i ab le s  a t  t he  remote edge ta 
the  (un i t )  values  a t  the  s t a r t i n g  edge. Since th ree  (or four  f o r  
n o n s y m e t r i c  loading) of t h e  va r i ab le s  are known a t  each edge of t he  
s h e l l ,  t he  remaining s ix  (or e l g h t )  unknown values a r e  obtained by solv- 
ing  the  s i x  (or e i g h t )  simultaneous equat ions,  While t h i s  technique 
works w e l l  f o r  "short" s h e l l s ,  a major d i f f i c u l t y  develops with "long" 
s h e l l s .  I n  long s h e l l s ,  app l i ca t ion  of s e l f - e q u i l i b r a t i n g  boundary loads 
on one edge r e s u l t s  i n  very small e f f e c t s  a t  t he  opposi te  edge. The 
numerical i n t e g r a t i o n  method, i n  such "long" s h e l l s ,  gives equat ions 
which are almost s ingu la r  and t runca t ion  e r r o r s  completely o b l i t e r a t e  
the  des i red  answers. Kalnins overcomes t h i s  d i f f i c u l t y  by applying the  
numerical technique t o  a s h e l l  broken up i n t o  s h o r t  segments. 
so lu t ions  f o r  t he  s h o r t  segments are then combined s o  t h a t  t he  cont inui ty  
conditions a t  the  junctures  and the  boundary condi t ions a r e  s a t i s f i e d .  
A major advantage is t h a t  the  s i z e  of t he  mat r ix  requi red  f o r  the  f i n a l  
so lu t ions  i s  s m a l l  as compared t o  t h a t  required i n  t h e  f i n i t e  d i f f e rence  
approach; a t  t he  same time adequate accuracy can be maintained through 
cont ro l  of the  accuracy of t h e  numerical i n t eg ra t ion .  
t o  eachvar iab le  
The s h e l l  equat ions a re  then in t eg ra t ed  over the  s h e l l  
The 
While the approach used by Kalnins i s  d i f f e r e n t  than the  a n a l y t i c  
approach used by Leckie and Penny, the  bas i c  theory,  including cont inui ty  
44 
condi t ions  a t  j unc tu res ,  are t h e  same. The asymptotic i n t e g r a t i o n  used 
by Leckie and Penny might,  f o r  s m a l l  va lues  of D/T and/or  d / t ,  l ead  t o  
some d i f f e rences  between t h e  r e s u l t s .  Tables  4 ,  5, and 6 g ive  comparisons 
between Kalnins '  r e s u l t s  and CERL (Leckie-Penny) r e s u l t s  f o r  P res su re ,  
Thrust  and Moment Loading, r e s p e c t i v e l y .  The dimensional parameters were 
chosen t o  r ep resen t  t h e  extremes i n v e s t i g a t e d  i n  t h i s  Report. Table 7 
g ives  some comparisons f o r  several test models. It i s  apparent ,  from Tables  
4 through 7 ,  t h a t  Kalnins and CERL computer programs g ive  e s s e n t i a l l y  the  
same r e s u l t s  over t he  range of dimensional parameters covered. 
I n  t h e  above comparisons, Kalnins '  program i s  used as a 
I t  two-piece" s h e l l  theory--simply t o  e s t a b l i s h  i t s  cons is tency  wi th  
r e spec t  t o  t h e  CERL Code. I n  t h e  subsequent s e c t i o n  of t h i s  Report ,  
Kalnins '  program i s  used a s  a "mult ipiece" s h e l l  theory  i n  comparison 
wi th  r e s u l t s  from t h e  Seal-Shel l -2  computer program. 
Seal-Shel l -2  
0 3) 
The Seal-Shel l -2  computer program p e r m i t s  d iv id ing  an a x i s y m e t r i c  
s h e l l  i n t o  from 2 t o  100 segments. Each segment may have a curved 
middle s u r f a c e  (considered as p a r t  of an e l l i p s o i d )  o r  t h e  middle s u r f a c e  
may be s t r a i g h t  ( p a r t  of a p l a t e ,  cone, o r  cy l inde r ) .  Thick s h e l l  geo- 
metry i s  used i n  t h e  a n a l y s i s ,  with bas ic  assumptions t h a t  plane sec- 
t i o n s  remain plane and t h e  shear  stress v a r i e s  p a r a b o l i c a l l y  through t h e  
w a l l  th ickness .  
s t r a i n  energy of each segment, t he  fo rces  on each segment are determined 
i n  terms of t h e  d e f l e c t i o n s .  Inf luence  c o e f f i c i e n t s  are then  obta ined  
and t h e  condi t ions  of c o n t i n u i t y  a t  t h e  segment junc tu res  are imposed t o  
o b t a i n  a " s t i f f n e s s  matrix"; t h e  s o l u t i o n  of which g ives  t h e  f o r c e s  
connect ing t h e  s h e l l  segments; t h e  s t r a i n  energy r e l a t i o n s h i p s t h e n  g ive  
l o c a l  stresses and s t r a i n s .  
By a p p l i c a t i o n  of t h e  p r i n c i p l e  of  v i r t u a l  work t o  t h e  
Seal-Shel l -2  is  s i m i l a r  t o  CERL, B i j l a a r d  and Kalnins develop- 
ments i n  t h a t  fo rces  and moments between segments are assumed t o  ke 
t r a n s f e r r e d  a t  t h e  s h e l l  midsurfaces;  it i s  d i f f e r e n t  than  Waters' develop- 
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Seal-Shel l -2  is  s imilar  t o  Kalnins program i n  t h a t  a s h e l l  may 
be broken up i n t o  a l a r g e  number of pieces f o r  a more accu ra t e  a n a l y s i s .  
However, Seal-Shel l -2  inc ludes  th ick-wal l  e f f e c t s  which a p p e a r  t o  lead  t o  a 
more accu ra t e  s o l u t i o n  f o r  t h e  th ick-wal l  nozzle- in-sphere geometry. 
Kalnins program, t h e  midsurface i s  a l s o  t h e  n e u t r a l  su r f ace  whereas, 
i n  Sea l -Shep2 ,  t h e  midsurface i s  not  n e c e s s a r i l y  t h e  n e u t r a l  su r f ace .  
Seal-Shell-2 should be capable  i n  p r i n c i p l e ,  of d i r e c t l y  i n d i c a t i n g  t h e  
non - l i n e a r  d i s t r i b u t i o n  of stress i n  t h e  t r a n s i t i o n  zone between nozzle  
and sphere,  analogous t o  t h e  "curved-beam approximation" d iscussed  l a t e r  
he re in  i n  comparing test  d a t a  wi th  Waters' two-piece s h e l l  theory.  
Seal-Shel l -2  computer program is  l imi t ed  t o  axisymmetric loads ;  i . e . ,  i t  
i s  not  d i r e c t l y  app l i cab le  t o  a bending moment appl ied  t o  t h e  nozzle .  
I n  
The 
Table  8 shows some comparisons between Seal-Shel l -2  and Kalnins '  
computer program f o r  i n t e r n a l  pressure  loading and va r ious  amounts of 
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The Battelle Axisymmetric S t r e s s  I n t e n s i t y  Code - BASIC 
BASEC(15) i s  a computer program developed t o  apply t h e  point matching 
approach t o  determine t h e  s t r e s s e s  i n  axisymmetric bodies of a r b i t r a r y  shape 
loaded by axisymmetrically d i s t r i b u t e d  forces  o r  wi th  spec i f i ed  axisymmetric 
boundary displacements. To use the  approach, it is  f i r s t  necessary t o  set up 
a series so lu t ion  t o  t h e  problem. The series i s  t runcated a t  some f i n i t e  num- 
ber of terms. The c o e f f i c i e n t s  of t h e  series are chosen so t h a t  the  boundary 
condi t ions of t he  problem are s a t i s f i e d  ( in  the  least  squares sense) a t  some 
la rge  but f i n i t e  number of boundary points .  
The c r i t i c a l  p a r t  of t h i s  approach i s  the  choice of a series so lu t ion  
t h a t  converges s u f f i c i e n t l y  rap id ly  f o r  t he  given problem. 
so lu t ion  can be obtained by using a s t r e s s  funct ion series whose terms are 
e i t h e r  sphe r i ca l  funct ions o r  t o r o i d a l  funct ions o r  both. 
In  BASIC, the  
The sphe r i ca l  funct ions g ive  so lu t ions  with s i n g u l a r i t i e s  e i t h e r  on 
the a x i s  of r o t a t i o n  o r  a t  i n f i n i t y .  The r i n g  funct ions a re  used when t h e  
so lu t ion  has a r ing  s i n g u l a r i t y .  These l a t t e r  s i n g u l a r i t i e s  e x i s t  i n  t he  
neighborhood of s t r e s s  raisers such a s  notches o r  f i l l e t s .  
number of series of t o r o i d a l  and sphe r i ca l  funct ions,  it i s  genera l ly  possible  
t o  set  up a so lu t ion  t h a t  converges su f f i c i en t lywe l l  t o  give an accurate  
so lu t ion  t o  a given problem. 
By combining a 
A s  implied above, t h e  BASIC computer program i s  not y e t  developed 
t o  the  point  of rou t ine  appl ica t ion  t o  nozzles i n  sphe r i ca l  s h e l l s .  
The BASIC computer program w a s  used t o  compute the  stresses i n  
(25). tes t  model WN-7B 
r e s u l t s  using the  Seal-Shell-2 program f o r  t he  same test model are shown i n  
Figure 10a. The BASIC program r e s u l t s  match t h e  measured peak stresses b e t t e r  
than Seal-Shell-2.  I n  t h i s  preliminary t r i a l ,  t he  length of t h e  sphere 
sec t ion  used i n  the  ana lys i s  was too  shor t  t o  develop the  a t tenuat ion  e f f e c t s  
present i n  the  a c t u a l  test model. 
, r e s u l t s  are compared with test da t a  i n  Figure 10; 
Model WN-7B was se l ec t ed  f o r  ana lys i s  because Seal-Shell-2 did not  
agree very w e l l  with t h e  tes t  r e s u l t s ,  i n  con t r a s t  t o  a number of o ther  tes t  
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FIGURE loa .  COMPARISON OF "SEAL-SHELL-2" COMPUTER 
PROGRAM RESULTS WITH TEST MODEL WN-7B 
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models where Seal-Shell-2 was i n  good agreement with the  test r e s u l t s .  
should be noted t h a t  Seal-Shell-2 r equ i r e s  a c e r t a i n  amount of judgement i n  
s e l e c t i n g  a middle sur face  and assoc ia ted  normal th icknesses ;  t he  da ta  shown 
possibly does not represent  an optim-um use of Seal-Shell-2. 
It 
U s e  of Computer Programs 
Computer programs f o r  the  "two-piece" s h e l l  t heo r i e s  (CERL, 
Waters, 
r a t i o s  and t h e  load. 
is  very s h o r t ;  around 3 o r  4 seconds per model. Accordingly, i t  i s  r e l a t i v e l y  
easy t o  compute an extensive parametric study of nozzles i n  spheres with such 
B i j l aa rd )  r equ i r e  only s imple  input  data ,  e.g., t h ree  dimensional 
The computer t i m e ,  on a Control Data 3400 computer, 
programs. 
Both Kalnins' and Seal-Shell-2 programs r equ i r e  considerably more 
input  data.  
(or reference sur face)  and thicknesses  normal t o  t h a t  surface.  
t r a n s i t i o n  zone between nozzle and sphere,  p a r t i c u l a r l y  with a s i g n i f i c a n t  
amount of l o c a l  re inforc ing ,  t h i s  s e l e c t i o n  may be somewhat a r b i t r a r y ,  hence, 
a degree of judgement on the  p a r t  of t he  user  i s  required.  Both of these  
programs r equ i r e  boundary condi t ion in-put da ta ;  i n  some cases, these  
boundary condi t ions must be q u i t e  accura te ly  ca lcu la ted  i n  order  t o  ge t  
reasonable r e s u l t s .  
2 minutes (CD-3400 computer) f o r  t y p i c a l  models; t he  Seal-Shell-2 program 
runs about 20 minutes f o r  the  same model on the  same computer. 
Also, these  programs r equ i r e  t h e  s e l e c t i o n  of a midsurface 
I n  the 
The computer t i m e  f o r  Kalnins'program runs about 1 t o  
As  appl ied t o  re inforced  nozzles i n  spheres,  i n s u f f i c i e n t  experience 
e x i s t s  wi th  the  BASIC computer program t o  genera l ize  t h e  amount of input  da t a  
and computer t i m e  required.  For Model WN-7B i n  p a r t i c u l a r ,  t he  computer t i m e  
was about 6 minutes. 
It i s  apparent t h a t  an extensive parametric study using any of 
t he  l as t  th ree  mentioned computer programs would be r e l a t i v e l y  expensive 
However, i n  view of t h e  more accurate  r e s u l t s  which apparent ly  can be 
obtained wi th  these  programs, it may be des i r ab le  t o  inves t iga t e  one o r  
more "standardized-shapes" of nozzle re inforcing-- those shapes preferably 
being such t h a t  they would be easy t o  forge and/or machine and hence, an 
economical kind of re inforced  nozzle d e t a i l .  
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COMPAR I SON OF THEOR I ES WITH TEST DATA 
General Comments 
The tes t  d a t a  used h e r e i n  are a b s t r a c t e d  from r e p o r t s  by 
and Dally(28).  
Taylor  and Lind(24) , L e ~ e n ( * ~ ) ,  Ri ley(26) ,  Maxwell, Holland, and 
Cofer 
of ex tens ive  tests on p h o t o e l a s t i c  models, t he  las t  t h r e e  r e fe rences  g ive  
da t a  on steel  models us ing  s t r a i n  gages.  
The f i r s t  two r e fe rences  are compilat ions (27) 
The above r e fe rences  desc r ibe  i n  cons iderable  d e t a i l  t h e  test 
models and test  methods, hence t h i s  information i s  no t  included h e r e i n .  
References (24) and (25) d i scuss  t h e  accuracy of p h o t o e l a s t i c  test  
r e s u l t s .  The accuracy of s t r a i n  gage r e s u l t s  i s  w e l l  known, as w e l l  as 
t h e  d i f f i c u l t y  i n  accu ra t e ly  determining stresses wi th  such gages i n  a 
zone of r a p i d l y  varying stress. The p h o t o e l a s t i c  method is  a l s o  least 
accu ra t e  i n  zones of  r a p i d l y  varying stress. Comparison of theory wi th  
test d a t a  g ives  no reason t o  loubt  t h e  accuracy of t h e  t es t  da t a .  I n  
genera l ,  as d iscussed  i n  t h i s  s e c t i o n ,  comparisons between theory and 
test d a t a  i n d i c a t e  t h a t  as ref inements  are made t o  t h e  t h e o r i e s  so t h a t  
such t h e o r i e s  should be more app l i cab le  t o  t h e  test  models, t h e  t h e o r e t i c a l  
r e s u l t s  tend t o  ag ree  b e t t e r  wi th  the  test  r e s u l t s .  
I n  comparisons he re in ,  t h e o r e t i c a l  r e s u l t s  are based on a 
Poisson’s r a t i o  of 0.5 f o r  comparison w i t h  pho toe la s t i c  models; 0.3 
f o r  comparison wi th  s teel  models. For  some dimensional parameters, a 
d i f f e r e n c e  between Poisson’s  r a t i o  of 0.3 and 0.5 can lead t o  s i g n i f i c a n t  
d i f f e rences  i n  c a l c u l a t e d  stresses*. 
I n t e r n a l  P res su re  Loading 
Model BUShips D 
The a v a i l a b l e  test  d a t a  on stresses a t  nozz les  i n  spheres  inc ludes  
one model w i th  dimensions such t h a t  it does no t  v i o l a t e  t he  she l l - theo ry  
-k See Table 10 of Reference (35) and Appendix B of Reference ( 3 6 ) .  
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assumption t h a t  t h e  r a d i u s  of  cu rva tu re  i s  everywhere l a r g e  compared t o  
t h e  th ickness ;  t h a t  model being BUShips D shown i n  F igure  11. The stresses 
f o r  t h i s  model were c a l c u l a t e d  us ing  Kalnin 's  Computer Program, t h e  r e s u l t s  
are shown i n  F igure  l l a  a long  with t h e  t es t  da t a .  The agreement between 
theory  and test  d a t a  i s  good; d i sc repanc ie s  t h a t  e x i s t  are w e l l  w i th in  the  
range of experimental  d a t a  scatter*. This  comparison g ives  added confidence 
both i n  t h e  accuracy of t h e  p h o t o e l a s t i c  test  d a t a  and s h e l l  theory,  where 
t h e  l a t t e r  is  d i r e c t l y  app l i cab le .  
* As shown i n  F igu re  11 , t h e  th i ckness  of  BUShip D w a s  0.0615" i n  t h e  
nozzle ,  0.057" a t  t h e  junc tu re  of t o r o i d a l  s e c t i o n  t o  t h e  sphere and 
0.063'' i n  t h e  sphere .  Var i a t ion  of t h i ckness  between po in t s  i n d i c a t e d  
is n o t  known. The t h e o r e t i c a l  stress c a l c u l a t i o n s  were based on a 
cons t an t  t h i ckness  of  0.062". Thickness v a r i a t i o n s  could account f o r  
a major p a r t  o f  t h e  d i sc repanc ie s  between c a l c u l a t e d  and measured 
stresses. 
whether a 60-mil o r  12-mil s u b s l i c e  was used i n  the  p h o t o e l a s t i c  eva lua t ion .  
Also, t h e r e  w a s  some d i f f e r e n c e  i n  test d a t a  depending upon 
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I 
FIGURE 11. PHOTOELASTIC TEST MODEL BueS-D 
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UNIFORM WALL MODELS 
Dimensions and Comparison wi th  Waters' Analysis.  T e s t  d a t a  
considered a s  "Uniform Wall Models" c o n s i s t  o f :  
Pho toe la s t i c  tes ts  of 42 models, conducted a t  t he  
Univers i ty  of I l l i n o i s  (24)  and Westinghouse Electric 
Corporation . 
S t r a i n  gage tests of a s teel  model, conducted a t  ITT 
Research I n s t i t u t e  
S t r a i n  gage tests of two s t e e l m o d e l s ,  conducted a t  
the  Univers i ty  of Tennessee . 
(1) 
( 2 5 )  
( 2 )  
i 2 6 )  
(3) 
( 2 7 )  
There a re ,  of course,  continuous d i s t r i b u t i o n s  of stresses occurr ing  
i n  each of these  t e s t  models. 
re fe rences ,  i n  t he  form of "s t ress -prof i les" ,  i.e., stresses p l o t t e d  a s  
a func t ion  of l oca t ion  i n  t h e  t es t  model. I n  t h e  case of nozzles  i n  
spheres ,  because of symmetry, a plane conta in ing  the  axis of t he  nozz le  
r ep resen t s  stresses everywhere i n  the  t es t  model. The four  p r i n c i p a l  
su r f aces  stresses a re :  
The su r face  stresses are given, i n  the  above 
5 - ou t s ide  su r face  
C-T - i n s i d e  su r face  
5 .. ou t s ide  su r face  






5 i s  a stress t a n g e n t i a l  t o  a s u r f a c e  c u t  by t h a t  plane.  References (24)  t 
and ( 2 5 )  give  experimental ly  determined stress p r o f i l e s  us ing  the  above 
nomenclature. Reference ( 2 6 )  and ( 2 7 )  use d i f f e r e n t  nomenclature b u t  the  
co r re l a t ion  i s  obvious. 
is  a stress normal t o  the  plane conta in ing  t h e  nozzles  ax i s ,  n 
From an engineer ing  s tandpoin t ,  t he  maximums of t hese  fou r  s u r f a c e  
stresses a r e  of g r e a t e s t  i n t e r e s t .  
conc ise ly  present  t h e  s i g n i f i c a n t  da t a ,  only the  maximum measured va lues  
of each of t h e  four  p r i n c i p a l  su r f ace  stresses a r e  compared wi th  t h e  
maximum ca lcu la t ed  va lues  of those stresses. Calculated stresses were ob- 
Because of t h i s ,  and i n  o rde r  t o  more 
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t a ined  us ing  Waters'  a n a l y s i s ;  i n  t h i s  a n a l y s i s  two r e s u l t s  a r e  obtained f o r  
each of t hese  four  su r face  stresses, i .e.,  a t  s e c t i o n  E and E of F igure  9 .  
The ca l cu la t ed  stress, f o r  comparison wi th  t e s t  da t a ,  i s  a r b i t r a r i l y  taken 
a s  the  l a r g e r  of the  stresses a t  s e c t i o n s  and 5. 
The dimensional parameters of t he  45 "uniform wa l l  models" 
a r e  shown i n  t h e  l e f t  group of columns of Table 9. Measured stresses 
a r e  shown i n  the  next  group of f i v e  columns of Table 9 ;  B being the  
l a r g e s t  measured stress, The next  group of f i v e  columns of Table 9 shows 
ca lcu la t ed  stresses us ing  Waters' a n a l y s i s ;  B being the  l a r g e s t  ca l cu la t ed  
s t r e s s .  The column headed O/B gives  the  r a t i o  of maximum ca lcu la t ed  t o  
maximum measured stress. 
m 
m 
It i s  apparent  t h a t  t he  s i z e  of t h e  f i l l e t  r a d i u s  r i s  a 
0 
s i g n i f i c a n t  f a c t o r  i n  comparing theory wi th  tes t  da ta .  For a very smal l  
f i l l e t  r ad ius  the  theory would be expected t o  be unconservat ive because 
of the stress concen t r a t ion  a t  the  junc tu re ;  f o r  l a rge  f i l l e t  r a d i i  t h e  
theory would be expected t o  be conserva t ive  because of t h e  added th ickness  
of t he  nozz le  and sphere wa l l s  a i  t he  junc ture .  
except  f o r  Model S-lG, i f  r / t  i s  g r e a t e r  than about 0.8, t he  theory i s  
conserva t ive  wi th  r e s p e c t  t o  t h e  t e s t  r e s u l t s ;  i.e.,oc/om i s  g r e a t e r  than  
un i ty .  Where 0.5 < r / t  < 3, the  t es t  r e s u l t s  and theory agree i n  a 
q u a l i t a t i v e  sense  i n  t h a t  models such a s  I I T - S 1 ,  S - 2 A Z ,  and S-3C had 
r e l a t i v e l y  high stresses, both t h e o r e t i c a l l y  and experimental ly .  
such a s  N-2BM, N-4E, S-5AW, and S-1G t h e o r e t i c a l l y  have r e l a t i v e l y  low 
stresses; experimental ly  these  models d id  have r e l a t i v e l y  low stresses 
wi th  the  except ion  of Model S - l G ,  




I n  a more q u a n t i t a t i v e  sense ,  Table 9 shows l a r g e r  d i sc re -  
pancies  between theory and tes t  r e s u l t s  than  ind ica t ed  by the  above 
comparisons. As shown i n  Table 9, t h e r e  are s e v e r a l  models i n  which 
maximum stresses occurred e i t h e r  a t  d i f f e r e n t  su r f aces  o r  d i f f e r e n t  
d i r e c t i o n s  than ind ica t ed  by the  theory.  Also, stresses o the r  than the  
maximums a r e  o f t e n  i n  poor agreement, e.g,, model N-8G, o 
t h e  t e s t  d a t a  z ives  -0.38; theory g ives  -1.69. 
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Semi-Empirical Modif ica t ions  t o  Analysis .  There are s e v e r a l  
reasons why t h e  "two-piece" s h e l l  theory may not  g ive  accu ra t e  stresses 
f o r  the test  models. Three of t h e  more important  reasons are d iscussed  
i n  the  fol lowing,  a long  wi th  s e m i - e m p i r i c a l  modi f ica t ions  made i n  an  a t t e m p t  
t o  br ing  theory and test  d a t a  i n t o  b e t t e r  agreement. 
Il) Normal plane th ickness+ 
The f i l l e t  r a d i u s  may be considered as a l t e r i n g  t h e  th icknesses  
of t h e  s h e l l s  a t  a c r i t i ca l  loca t ion ,  i .e . ,  a t  t h e  junc tu re  between nozzle  
and sphere.  I f  it is  assumed, f o r  r e l a t i v e l y  s m a l l  amount of  r e in fo rc -  
i n g  added by t h e  f i l l e t ,  t h a t  t h e  "two-piece" s h e l l  theory  g ives  a good 
estimate of t h e  fo rces  and moments a t  and near  t he  nozzle-sphere junc ture ,  
then  the  stresses are given by the  equat ions:  
6M 
h2 
fJ = -  
where : 
0 = membrane stress, p s i  
N = normal fo rce ,  l b / i n  
CJ = bending stress, p s i  
M = bending moment, i n - l b / i n  
h = normal th i ckness  of s e c t i o n ,  i n .  
The va lue  of  h i s  not  w e l l  def ined  i n  t h e  junc tu re  zone; t h e  
rn 
b 
zone of p r i n c i p a l  i n t e r e s t  s i n c e  m a x i m u m  stresses are usua l ly  found t h e r e i n .  
The th i ckness  h i n  t h e  t r a n s i t i o n  zone has  been somewhat a r b i t r a r i l y  def ined 
as shown by Figure  12. 
from t h e  f i l l e t  r a d i u s  c e n t e r  appear t o  be s u i t a b l e  f o r  use as "normal 
planes"  i n  t h e  t r a n s i t i o n  zone. 
For  models under cons idera t ion ,  planes r a d i a t i n g  
* This  concept was o r i g i n a l l y  used by Atterbury(")in c o r r e l a t i n g  and 
i n t e r p o l a t i n g  t e s t  d a t a  on nozz les  i n  c y l i n d r i c a l  s h e l l s ,  l ead ing  t o  a 
development of r u l e s  f o r  des ign  of  such s t r u c t u r e s .  
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I 
h for section = hl 
section = h2 
I 
FIGURE 12. D E F I N I T I O N  OF NORMAL THICKNESSES AND R A D I I  
I N  THE TRANSITION SECTION 
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Using the  h-values obtained from la rge-sca le  (10 t i m e s  a c t u a l  
s i z e )  drawings of the  t r a n s i t i o n  sec t ions ,  the  "two-piece" s h e l l  theory 
was modified by the  f ac to r s :  
T/h 
(T/h ) 
f o r  membrane stress a t  sec t ions  
f o r  bending stress a t  sec t ion  2 2  2 
membrane stress a t  s e c t i o n =  
bending stress a t  s e c t i o n  5 
where : 
T = w a l l  th ickness  o f  sphe r i ca l  s h e l l  
t = w a l l  th ickness  of nozzle 
h and h are normal thicknesses  as defined by Figure 12. 
AB and 5 are sec t ions  corresponding t o  Waters' two-piece 
s h e l l  theory,  as shown by Figure 12. 
1 2 -
.The maximum ca l cu la t ed  stress 0' is  compared with test da ta  i n  
Table 10. 
t h a t  the major d i screpancies  occurr ing i n  those models with l a r g e  f i l l e t  
By comparing rows marked B with  those marked o', i t  i s  apparent 
r a d i i  are s i g n i f i c a n t l y  reduced. however, i n  general ,  t h i s  type of co r rec t ion  
by i tself  tends t o  underestimate the  stresses as compared t o  the  test da ta .  
Table 11 gives  a summary of  computed-to-measured stress r a t i o s .  
Because of t h e  assumption t h a t  the  forces  and moments are given 
by "two-piece" s h e l l  theory,  it is apparent t h a t  t he  empir ical  modifica- 
t i o n  discussed above is appl icable  only f o r  small amounts of re inforc ing .  
That is, a l a r g e  amount of r e in fo rc ing  would s i g n i f i c a n t l y  alter t h e  
forces  and moments. 
i ng  thickness  is ava i l ab le  by use o f  "multi-piece" s h e l l  t heo r i e s  such 
as those contained i n  Seal-Shell-2 o r  Kalnins '  computer programs. Even 
with these  theor ies ,  however, a r b i t r a r y  s e l e c t i o n  of a midsurface and 
normal thicknesses  i n  the  juncture  zone is required.  
t heo r i e s  wi th  t es t  da t a  i s  given later here in .  
A more d i r e c t  method of accounting f o r  l o c a l  r e in fo rc -  
Comparison of these  
(2) Curved Beam Fac tor  
From genera l  considerat ions of stress concentrat ions,  a h igh  
stress would be expected t o  develop i n  models with small f i l l e t  r a d i i .  
This e f f e c t  implies  a non-linear d i s t r i b u t i o n  of stresses through the  
wall thickness  and cannot be evaluated by t h i n - s h e l l  theory.  Taylor and 
Lind(24) show stresses through the  w a l l  th ickness  f o r  models N-lA, S-5CY 
and N-lEA, i l l u s t r a t i n g  t o  some ex ten t  the  non-linear charac te r  of stresses 
as a funct ion of pos i t ion  i n  the  w a l l .  
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TABLE 10. COMPARISON OF TEST DATA WITH WATERS' THEORY AND 
EMPIRICAL MODIFICATIONS I UNIFORM WALL MODELS 
~ 
S t r e s s  Indices  
*,Is Ot/S 
Model S t r e s s  








T e s t  Data 
* '  
0 ' 1  




o f  
* 11 I 
T e s t  Data 
01 
(5 ' 1  * I1  I 
T e s t  Data 
C J 1  
*111 
T e s t  Data 
o 1  
* I1 I 








o 1  
(5 1' * 19 I 
Test Data 
(5 
( 5 l  
Q '1 














































































































- .28 - 1.20 - .64 - -41 - .41 
- .24 - 1.21 - .05 
+ .03 - .80 
- .20 - .18 - .18 
.23 - 1.30 
- .06 - 2.69 
+ .02 
+ .02 - .95 
- .17 - 1 . 2 1  
+ .03 
+ .03 - .75 
- .34 - .52 - .37 - .23 - .43 
(1) T e s t  Data = measured stresses 
(5 
(5' = ca lcu la ted  stresses wi th  normal thickness  modif icat ion 
CJ 'I = ca lcu la ted  stresses wi th  normal thickness  and curved 
(5 I1 I 
= ca lcu la t ed  stresses, Waters' theory 
beam modif icat ions 
and thick-wall  modif icat ions.  
= ca lcu la ted  stresses wi th  normal thickness ,  curved beam 
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TAISi,E 10 (contd.)  
S t r e s s  I n d i c e s  
0 I s  Ot I s  n 
Model S t r e s s  








T e s t  Data 
(5 
( 5 l  
(5 
I 
T e s t  Data 
0 
0 1  
(5 If 
(5" I 
T e s t  Data  
(5 
0 '  
(5 
I I 1  
T e s t  Data  
(5 
CT 
(5 II I 
T e s t  Data 
(5 
(5' 
(5 I 1  I 
T e s t  Data 
(5 
(5 
( 5 l  
(5 11 
(5 1 II 




I I I  
3.10 




























































































































- 2.80 - 2.01 
- 2.01 
- .23 - 1.36 
- .43 







TABLE 10 (contd.)  
S t r e s s  I n d i c e s  
0,/S Gt /S 
Model S t r e s s  











T e s t  Data 
o 1  
( 5 1 1  
0 
1 1 1  
T e s t  Data 
0 
o 1  
0 
I I 1  
T e s t  Data  
0 
0 '  
0 ' 
0 
T e s t  Data 
(5 
0 l  
0 I t  * 1 1 1  
T e s t  Data  
0 
0 '  
0 
I 1 1  




1 1 1  
T e s t  Data 
0 
0 '  
(5 






























1 . 7 1  
2.55 
3.11 












1 . 7 1  






















































































- .77 - 1.63 
- .94 - . 7 1  - .89 
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TABLE 10 (contd.)  
S t r e s s  Ind ices  
0- I s  Ot/S n 
Model S t r e s s  

















T e s t  Data 
0 
o r  
0 
1 1 1  
T e s t  Data 
0 
0 '  
0 11 
I I 1  
T e s t  Data 
(J 
0 1  
0 
I I? 




(J 1 I t  
T e s t  Data 
0 
0 11 










































































































- .11 - .09 
.07 




.28 - .10 
- .78 - 2.01 - .94 - .72 - .96 
- .35 - 1.66 - .57 - .43 - 1.00 
- 1.05 - 1.25 - .84 - .48 - 1.25 
- .25 - 1.25 - .32 - .22 - 1.24 
- .16 - 1.69 - .15 - .11 - .89 
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TABLE 10 (contd.)  
S t r e s s  Ind ices  
On/S Ot/S 
Mo de 1 S t r e s s  
No. (1.1 Outside I n s i d e  Outside I n s i d e  
WN- 10D Test Data 1.61 1.75 1.51 - .28 
0 3.20 1.55 2.55 - 1.69 
0 1  2.19 1.41 .86 - .39 
5 2.24 1.45 .96 - .32 
2.04 2.48 .96 - .98 0 I 11 
WN-50B T e s t  Data 3.92 2.83 3.06 - 1.62 
0 4.95 1.80 4 -45 - 3.41 
0 '  3.22 1.70 2.33 - 1.60 
5 3.37 1.79 2.83 - 1.26 
3.29 3.33 2.83 - 1.34 0 1 1 1  
Bu.S-1 Test Data 2.29 2.06 1.5'6 - .31 
0 2.53 1.60 1.75 - .66 
5 1  2.22 1.42 1.46 - .48 
0 2.29 1.44 1.70 - .32 
2.22 2.11 1.68 - .80 5 I I 1  
N- 9E Test Data 4.40 1.88 4.30 - 1.03 
0 2.94 1.73 1.85 - .99 
0'  2.91 1.73 1.85 - .99 
0 ' 1  3.64 1.88 4.33 - .41 
3.62 2.87 4.33 - .88 0 1 I 1  
N- 9A 
N-9B 
Test Data 4.00 1.86 3.80 3 1.00 
0 2.95 1.73 1.88 - 1.01 
2.87 1.73 1.88 - 1.01 
5 3.32 1.86 3.30 - .51 
3.28 2.84 3.30 - .95 5111 
Test Data 3 .OO 1.81 2.74 - .96 
0 2.95 1.73 1.85 - .97 
0 '  2.72 1.72 1.77 - .94 
5 2.92 1.80 2.38 - .60 
2.86 2.68 2.38 - 1.03 * I 1 1  
N- 9C T e s t  Data 2.95 1.95 2.40 - .83 
0 2.92 1.72 1.85 - 1.00 
51 2.64 1.68 1.74 - .92 
0 2.75 1.76 2.20 - .63 
2.76 2.58 2.20 - 1.03 (5 I 1 1  
7 1  
TABLE 10 (contd.)  
S t r e s s  I n d i c e s  
0,/S Ot/S 
Model S t r e s s  
No. (1) O u t s i d e  I n s i d e  Outs ide  I n s  i d e  









0 I t  
5 1 1 1  
o f  
T e s t  Data 
0 
5 1  
0 
0 1 1 1  
T e s t  Data 
0 
0 l  
0 
0 I t I  
T e s t  Data  
0 
C J 1  
0 1' 
0 1 1 1  
T e s t  Data 
0 
0 1  
5 ' 1  
5 I I 1  
T e s t  Data 
5 
0 1  
0 
0 1 1 1  
T e s t  Data 
0 
0 '  
0 
0 1 I t  
T e s t  Data 































































































































- 1.78  - 2.55 - 1.99 - 1.42 - 1.94 
- .60 - .95 - .76 - .47 - .96 
- .41 - .15 - .13 
.05 - .46 
- .66 - 1.46 - 1 .21  - .83 - 1.31 
- .04 - 2.70 - .19 - .17 - .97 
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It has been suggested by Lind(30) t h a t  t hese  stress concentra- 
t i o n  f a c t o r s  might be approximated by analogy wi th  t h e  theory of curved 
beams. Curved beam theory  w a s  used t o  modify t h e  s h e l l  theory by equat ions  
of t h e  type  : 
For t a n g e n t i a l  stresses 
For  normal stresses 
B" = o' If: v (i - 1) 5 1 t b  n n 
where 
CT" = t a n g e n t i a l  s u r f a c e  stress wi th  modi f ica t ions  f o r  both t 
normal plane th ickness  and curved beam f a c t o r  
o f  = t a n g e n t i a l  s u r f a c e  stress with normal plane th ickness  t 
mod i f i ca t ion  
B" = normal s u r f a c e  stress wi th  modi f ica t ions  f o r  both normal n 
plane th ickness  and curved beam f a c t o r  
o f n  = normal s u r f a c e  stress wi th  modi f ica t ion  f o r  normal 
p lane t h i  cknes s 
v = Poisson ' s  r a t i o  
i = stress concen t r a t ion  f a c t o r  from curved beam theory,  
i f o r  ou t s ide  of s h e l l ,  i. f o r  i n s i d e  of s h e l l .  
0 1 
The stress concen t r a t ion  f a c t o r  i i s  used i n  the  form 
6M 
h2 
o = -  
where M =  qoment app l i ed  t o  curved beam 
h = t h i ckness  of curved beam s e c t i o n s  
From t h e  Winkler-Bach theory  f o r  curved beams: 
- io - 




As app l i ed  t o  nozzles  i n  spheres ,  i n  equat ions  (11) and (12): 
f o r  s e c t i o n  5 of F igure  12.  C ro + hl - =  a r 
0 
f o r  s e c t i o n  AB of F igure  12.  - =  C ro + h2 a r 
0 
A graph of t h e  curved beam f a c t o r s ,  i 
maximum c a l c u l a t e d  stress or', inc luding  both the  normal plane th ickness  
and curved beam f a c t o r  modi f ica t ions  i s  shown i n  Table 10 i n  the  rows 
marked 0". Some a d d i t i o n a l  improvement i n  c o r r e l a t i o n  wi th  t e s t  d a t a  is 
obta ined;  as shown i n  Table 11 the  average of  o"/om i s  c l o s e r  t o  t h e  i d e a l  
va lue  of 1.00. 
(3) Lame ' - type Fac to r  
andl i ,  i s  shown as Figure 13.  The 
0 
I n  s e v e r a l  models t h e  normal stress a t  the  i n s i d e  corner  of t he  
junc tu re  w a s  t he  maximum measured stress, e .g . ,  Model S-1G wi th  a stress 
concen t r a t ion  f a c t o r  of 2.6 and Model S-1C with  a stress concen t r a t ion  
f a c t o r  of 2.9. Nei ther  t he  s h e l l  theory nor the  two modi f ica t ions  d i s -  
cussed above p r e d i c t  t h e s e  stress concent ra t ions .  
I f  i t  i s  assumed t h a t  t h e r e  i s  a t r a n s i t i o n  i n  r a d i i  through the  
junc t ion  zone from t h e  r a d i u s  of t h e  c y l i n d r i c a l  nozzle  t o  t h e  r ad ius  of 
t he  sphere,  wi th  in te rmedia te  r a d i i  being normal t o  the  midsurface o f  t h e  
junc t ion  zone, s i g n i f i c a n t  t h i ck -wa l l - she l l  stresses can arise. With 
"normal r a d i i "  de f ined  as shown i n  F igure  12, t h e  a d d i t i o n a l  stresses 
due t o  t h e  t h i c k  w a l l  e f f e c t  w a s  approximated by equat ions  of t h e  type: 
75 
50 
I I I I I 
li 
I I I I I I 1 
I I5 2 2.5 3 3.5 4 
i0 
FIGURE 13. STRESS-CONCENTRAT-ION FACTORS, CURVED BEAM THEORY 
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Section E, normal stress, outs ide surface 






CJ ab  
T 
Di 
= normal stress at  A (Figure 9) with modifications for  
normal thickness, curved beam fac to r  and Lam; fac tor .  
= normal stress at  A with modifications f o r  normal 
thickness and curved beam fac tor .  
= midwall stress a t  sec t ion  (Figure 9) with modifica- 
t i o n  f o r  normal plane thickness.  
= w a l l  thickness of sphere. 
= ins ide  diameter of sphere. 
h2, R2 - defined by Figure 12. 
The cor rec t ion  f ac to r  i s  obtained by a truncated s e r i e s  expan- 
I 
s ion  of Lame equations f o r  spheres and cyl inders  i n  terms of the  thick- 
ness-to-radius r a t i o .  Since Waters' equations contain a cor rec t ion  of 
t h i s  type (T/2R or  t / 2 r )  the  addi t iona l  cor rec t ion  fac tor  (h2/2R2 or  
h1/2R1) is  included so t h a t  when T/D = h2/2R2 o r  t / d  = hr/2R1, Waters' 
stresses are not changed. 
Table 10 shows a'' i n  t he  rows so marked. While improved 
cor re la t ion  is  apparent i n  some models (S-1G and S-1C i n  pa r t i cu la r ) ,  
and the  average of Q " ' / Q ~  (Table 11) is  brought very close t o  the  idea l  
value of 1.00, the normal stress on the  ins ide  corner i s  grossly over- 
estimated i n  some models; s-lAB, WS-lLB, WN-10D i n  pa r t i cu la r .  
t i o n  of the  de ta i led  geanetry of these models ind ica tes  why t h i s  over- 
estimate occurs, however, a general  r u l e  f o r  accurate modifications 
appl icable  t o  a l l  test models has not been found. 
Examina- 
The series of modifications is  more productive than d i r ec t ly  
indicated i n  the  above discussion i n  the  sense t h a t  a l l  four stress 
groups are usually brought i n t o  be t t e r  agreement by these modifications. 
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Comparisons with "Thin-Shell" Theory. As pointed out earlier, 
Waters' analysis  contains a number of refinements designed t o  make thin-  
s h e l l  theory more appl icable  t o  nozzles i n  pressure vessel  heads. 
Leckie-Penny analysis  and CERL computer programs do not include these  
refinements. The "Waters-3" computer program gives r e s u l t s  e s sen t i a l ly  
the  same as the  CERL computer program ( for  i n t e rna l  pressure, external ly  
protruding nozzle), 
t he  Leckie-Penny ana lys i s  and the  test r e su l t s .  
d i r e c t l y  from the  Waters-3 ( thin-shel l )  program, along with computed 
stresses including the  modifications discussed above, a r e  shown i n  Table 
12 and are summarized i n  the  lower p a r t  of Table 11. 
The 
hence it w a s  used t o  obtain a comparison between 
Computed stresses 
I n  general, t he  th in-she l l  theory over-predicts s t r e s ses ,  a s  
compared t o  test da ta .  I n  some models, of course, i t s  r e s u l t s  a r e  
c loser  t o  test r e s u l t s  than Waters', but i n  general  Waters' ana lys i s  i s  
c loser  t o  the  test r e s u l t s .  The th in-she l l  (Waters-3, Leckie-Penny, 
CERL) analysis  has some advantage i n  t h a t  i t  is almost always conserva- 
t i v e  as compared t o  t e s t  r e s u l t s .  
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TABLE 12. COMPARISON OF TEST DATA WITH THIN-SKELL THEORY AND 
ENPIRICAL MODIFICATIONS, UNIFORM WALL MODELS 
S t r e s s  I n d i c e s  
On/S a t / S  
Model S t r e s s  
No. (1 1 Outside I n s  i d e  Outside I n s i d e  
S- 1G T e s t  Data 
5 
5 11 
(5 f I f  
5' 




5 I l l  













5 I f f  
Test  Data 
5 
G f  
5 '1 





5 1 1 1  
Te s-t Data 
0 
o f  
5 11 










































1 . 7 1  


















2 .03  












































- .30 - 2.63 - .99 - .79 - .79 
- .28 - 2.27 - 1.28 - .87 - .92 
- .24 - 2.35 - .18 - .13 
- .13 
- .20 - .20 
.06 
.23 - .98 
- .06 - 3.18 
.02 




.02 - .87 
- .34 - 2.31 
- 1.71  - I.23 
. 1.23 
(1) T e s t  Data = m easured  stresses 
0 = c a l c u l a t e d  stresses, t h i n - s h e l l  theory .  
0' = c a l c u l a t e d  stresses wi th  normal th ickness  m o d i f i c a t i o n  
off = c a l c u l a t e d  stresses with normal t h i c k n e s s  and curved 
beam m o d i f i c a t i o n s  
= c a l c u l a t e d  stresses w i t h  normal t h i c k n e s s ,  curved beam 1 I f  
and th ick-wal l  m o d i f i c a t i o n s .  
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TABLE 12 (contd)  
S t r e s s  I n d i c e s  
On/S Ot/S 
Model S t r e s s  
No. (1 1 O u t s i d e  I n s i d e  O u t s i d e  I n s i d e  
N- 8-H T e s t  Data 
(5 
( 5 1  
5 




T e s t  Data 
5 
5 1  
5 
5 I I 1  
T e s t  Data 
5 
5 1  
5 ' 1  
5 1 I 1  




0 I 1 1  




5 I I I  
N-8D 
N- 4F 




5 I 1 1  
T e s t  Data 
5 
0'  
0 1 1  










































































































- .98 - 3.42 - 2.80 - 1.79 - 1.79 
- .64 - 3.41 - 2.37 - 1.68 - 1.68 
- .37 - 3.43 - 1.40 - 1.10 - 1.10 
- .38 - 3.47 - 1.03 - .83 - .85 
- 2.10 - 5.81 - 4.02 - 2.93 - 2.93 
- .23 - 2.39 - .84 - .62 - .87 
- .14 - .75 
- .55 - .34 
- .74 
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TABLE 12 (contd.) 
S t r e s s  Ind ices  
0,Is Ot I s  
Model S t r e s s  
No. (1) Outside I n s i d e  Outside I n s i d e  
N- 1E T e s t  Data 
0 
0 If 
0- I II 
N- 1EA T e s t  Data 
0 
0' 
0 1 1  
0 I 1 1  













0- 1 II 




0- 1 I 1  














































































































- .14 - .86 - .71 - .47 - .85 
- .23 - 1.06 - .94 - .63 - .87 
- .40 - 1.64 - 1.33 - .95 - .95 
- .15 - -87 - .79 - .53 - .87 
- .30 - .95 - .85 - .57 - .87 
- .38 - 1.64 
- 1.36 - .98 - .98 
- .77 - 3.57 - 2.13 - 1.66 - 1.66 
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TABLE 12 (contd)  
S t r e s s  I n d i c e s  
0 n I s  a t / S  
Mode 1 S t r e s s  
No. (1) O u t s i d e  I n s i d e  Outs ide  I n s i d e  
N-2 T e s t  Data 
0 
0 '  
a 
0 I I t  
N- 4E T e s t  Data 
a 
0 1  
0 11 
0 I I t  
N- 1A 
N-5B 
T e s t  Data 
a 
0 1  
0 ( 1  
0 I I 1  
s-3c T e s t  Data 
0 
0' 
0 1 1  
0 I I t  
S-3CB T e s t  Data 
CT 
0 '  
0 11 
t I t  
WN- 10B T e s t  Data 
0 
0 1  
0 ( 1  
0 1 I t  
1.75 
2.24 







































































































- .11 - 1.00 - .61 - .48 - .83 
- .16 - .75 - .62 - .39 
- .76 




- 3.31 - 1.25 - 1.01 - 1.01 
- 1.05 - 1.98 - 1.37 
- .85 - .85 
- .25 - 2.00 - .59 - .41 
- .85 
- .16 - 3.63 
- .25 - .21 - .88 
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TABLE 12  (contd.) 
S t r e s s  Indices  
5 n I s  Ot/S 
Model S t r e s s  
No. (1) Outside I n s i d e  Outside I n s i d e  
WN- 10D Test Data 
0 
0 1  
0" 










0 1 1  
0 I 11 
T e s t  Data 
0 
0 '  
0 1' 
0 I I 1  
T e s t  Data 
0 
0 It 
0 I I 1  
0 '  




0 1 1 1  
T e s t  Data 
0 
0 '  
0 1 1 1  
0 
T e s t  Data 
5' 
0 
0 1 1  










































































































- .28 - 3.63 - .95 - .81 - .95 
- 1.62 - 5.44 - 2.60 - 2.08 - 2.08 
- .31 - 1.43 - 1.12 - .86 - 1.39 
- 1.03 - 2.35 - 2.35 
- 1.18 - 1.18 
- 1.00 
- 2.39 - 2.39 - 1.37 - 1.37 
- .96 - 2.31 - 2.25 
- 1.57 - 1.57 
- .83 - 2.38 - 2.20 - 1.63 - 1.63 
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TABLE 12 (contd.) 
_ _ _  
S t r e s s  Indices  
an1S (Tt I s  
Mode 1 S t r e s s  






s -5c  
w s - 5 m  




(T I I 1  
Test Data 
0 
0 1  
0 I1 





(T I l l  
T e s t  Data 
0 
0' 
0 ( I  
1 
T e s t  Data 
0 '  
0 
0 11 
(T 1 I I  
T e s t  Data 
0 
0 1  
CT 
0 1 1 1  
T e s t  Data 
0 
0 '  
CT I 1  










































































































- .46 - 1.52 - .67 - .56 - .74 
- .43 - 1.45 - 1.45 - 1.00 - 1.31 
- 1.78 - 3.24 - 3.07 - 2.29 - 2.33 
- .60 - 1.68 - 1.54 - 1.09 - 1.41 
- .41 
- .87 - .79 - .44 - .81 
- .66 - 2.72 - 2.29 - 1.69 - 1.69 
- .04 - 3.44 - .28 - .27 - 1.06 
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TABLE 12 (contd) 
Model 
No. 
S t ress  Indices 
On/S Ot I s  
Stress 
(1) Outside Inside Outside Inside 
IIT-5 1 Test Data 5.75 3.44 5 -72 - 2.02 
0 6.67 2.80 7.04 - 6.03 
0 '  5.97 2.67 5.96 - 5.04 
0 ' 1  6.08 2.75 7.22 - 4.15 
6.04 2.79 7.22 - 4.15 O I I I  
P 
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ORNL Models. The Oak Ridge National Laboratory models ORNL-5 
and ORNL-6Jr are p a r t i c u l a r  pe r t inen t  i n  comparing test  da t a  with theory 
because, by e l imina t ion  of t he  f i l l e t  radius,  t hese  test  models a r e  
geometr ical ly  t h e  same as t h e  t h e o r e t i c a l  models of two-piece s h d l  
theor ies .  
these  two models. 
computer program, however, e s s e n t i a l l y  the  same r e s u l t s  would be expected 
using t h e  CERL computer program. 
Figures 14 through 17 compare test da ta  wi th  theory f o r  
The t h e o r e t i c a l  d a t a  w a s  obtained using Kalnins 
I n  p l o t t i n g  t h e  t h e o r e t i c a l  data ,  it has been assumed t h a t  t h e  
nozzle starts (X = 0) a t  t he  ou te r  su r f ace  of t he  sphere, t h e  sphere 
starts (fJ = Bo) a t  t he  ou te r  su r f ace  of the  nozzle.  
t i o n  a t  t h e  junc ture  (a rectangle ,  with dimensions t by T) which i s  
undefined by t h e  theory. One s t r a i n  gage was placed on t h i s  sec t ion ;  
on the  i n s i d e  of t h e  nozzle  a t  t he  mid-surface of t h e  sphere. This test  
da ta  poin t  i s  a r b i t r a r i l y  shown i n  Figures 14 through 17 a t  a loca t ion  
of -t on the  sphere.  One might expect 0 from t h i s  gage would be 
comparable with the  mid-wall CT 
as can be seen i n  Figures 14 and 16, agreement does e x i s t .  The value 
of at from t h i s  gage, however, is not comparable with s h e l l  theory be- 
cause, as a poin t  on t h e  sphere 0 = 0, as a poin t  on the  nozzle t h e  t 
thickness i s  indeterminate.  
This leaves a sec- 
n 
ca l cu la t ed  a t  t he  opening i n  t h e  sphere; n 
A s  can be seen i n  Figures 14 through 17, agreement of t e s t  da t a  
with theory is good, except f o r  t h e  t angen t i a l  s t r e s s e s  on t h e  ou t s ide  
of t he  sphere**. The reason f o r  t h e  disagreement of theory and t e s t  
d a t a  f o r  t he  t angen t i a l  stress on t h e  ou t s ide  of t he  sphere i s  not known. 
Jr These a r e  two(configurat ions 5 and 6 )  of the  s i x  models included i n  
Reference 2 7 .  The other  models had i n t e r n a l l y  protruding nozzles 
which a r e  not  covered i n  t h i s  repor t .  
*Jc The same discrepancy a l s o  occurs f o r  moment o r  t h r u s t  loading. 
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Presumably t h e r e  w a s  a high loca l  stress a t  t h e  nozzle-sphere junc ture  
due t o  t h e  sharp re-entrant corner. Possibly t h i s  high loca l  stress per- 
s i s t e d  f o r  some d i s t ance  along the  sphere, leading t o  t h e  high measured 
t angen t i a l  stresses on t h e  outer  sur face  of t h e  sphere. 
Junc ture  stresses obtained from Waters' ana lys i s  a r e  a l s o  
shown on Figures 14 through 17.  
than Kalnins' r e s u l t s  with maximum measured stresses, however, s ince  
t h e  maximum measured stresses a r e  not exac t ly  a t  the  juncture,  t h e  
b e t t e r  agreement of Waters' ana lys i s  cannot be taken as meaning t h a t  
t h e  ana lys i s  is  more accurate. The discrepancy f o r  t he  t angen t i a l  s t r e s s  
These s t r e s s e s  agree somewhat c lose r  
on the  outs ide  sur face  of t he  sphere is about the  same f o r  Waters' re- 
s u l t s  as f o r  Kalnins' r e s u l t s .  
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n .- n - 
# O R N L - 5  
Loading: Pressure 
Stress Direction: Normal 
3 
X 
- 3  -2 - 1  I 2 
* 
Kalnins Waters 
Outside Theory - A 
Inside Theory -- V 
Outside Test Data 0 
Inside Test Data x 
* A t  Juncture Only 
FIGURF: 14. NORMAL STRESSES I N  MODEL ORNL 5 ,  
INTERNAL PRESSURE 
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FIGURE 15. TANGENTIAL STRESSES IN MODEL ORNL 5 ,  
INTERNAL PRESSURE 
89 
-2 - I  I 2 3 4.01 I -3  
FIGURE 16. NORMAL STRESSES IN MODEL ORNL 6, 
INTERNAL PRESSURE 
90 
FIGURF: 17. TANGENTIAL STRESSES I N  MODEL ORNL 6 ,  
INrnNAL PRESSURE 
I -  
>) 
9 1  
Ins ide  Corner Radii. A l l  of t h e  photoe las t ic  t e s t  models, as 
w e l l  as model IIT-S1,had i n s i d e  corner r a d i i  as shown i n  Table 9 as  
ri/t. The test  da t a  ind ica tes  t h a t  va r i a t ions  i n  t h e  in s ide  corner 
radius, of t he  magnitude used i n  t h e  test models, have r e l a t i v e l y  lit- 
t l e  e f f e c t  on t h e  magnitude of t h e  maximum stress. Some radius on the  
ins ide  corner i s  des i r ab le  t o  provide a smooth sur face  f o r  optimum 
fa t igue  strength,  and a very la rge  f i l l e t  radius would probably weaken 
t h e  s t r u c t u r e  because of reduction of re inforc ing  area a t  t h e  juncture.  
Between these  r a t h e r  wide bounds, however, t h e  i n s i d e  corner radius 
appears  t o  be r e l a t i v e l y  in s ign i f i can t .  
F i l l e t  Radii. The s ign i f i cance  of t he  f i l l e t  radius has been 
discussed and i l l u s t r a t e d  f o r  t h e  test models i n  t h e  preceeding, i n  
which t h e  r a t i o  r / t  has been used a s  a parameter. 
and (25), t h e  r a t i o  ro/T i s  shown. 
the f i l l e t  radius is  discussed i n  terms of r /T  and some design codes 
spec i fy  t h e  f i l l e t  radius i n  terms of T. The question a r i s e s  as t o  
whether r / t  o r  r /T i s  a more s i g n i f i c a n t  parameter. 
c a l  standpoint, e i t h e r  parameter may be more s i g n i f i c a n t  because the  
e f f e c t  depends upon the  r e l a t i v e  increase  i n  t h e  nozzle thickness as 
compared t o  the  increase  i n  t h e  sphere thickness, as w e l l  as t h e  r e l a t i v e  
I n  References (24) 
0 
I n  Reference (16), t he  e f f e c t  of 
0 
From a theo re t i -  
0 0 
stress l e v e l s  of t h e  nozzle and sphere. 
t h e  t h e o r e t i c a l  e f f e c t  of t h e  f i l l e t  radius on t h e  nozzle i s  almost 
always much more s i g n i f i c a n t  than i n  t h e  sphere, hence t h e  r a t i o  of 
r / t  appears more s i g n i f i c a n t  than r /T. 
included i n  t h e  test models), t h e  r a t i o  of r 0 / 6  o r  r o / m m a y  be 
s i g n i f i c a n t  because i f  r 
a t  t h e  edge of t he  f i l l e t  radius and be approximately the  s a m e  as given 
by t h e  theory f o r  t h e  junc ture  stress. 
For t h e  test  models considered, 
I n  some extreme cases (not 
0 0 
<< ,/ri o r  << m, t h e  maximum stress may occur 
0 
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0 I S  n r 
0" I T e s t  Waters No. t 
N-8H .40 3.21 3.14 3.10 
N-8F .72 3.13 2.66 2.66 
N-8E 1.81 3.17 1.93 2.19 
1.74 1.96 N-8G 2.53 3.18 
N-9E .13 2.94 3.62 4.40 
N-9A .25 2.95 3.28 4.00 
N-9B .61 2.95 2.86 3.00 
N-9C .85 2.92 2.76 2.95 
0 -Model 
Twoseries of t e s t  models were run i n  which e s s e n t i a l l y  t h e  
only va r i ab le  w a s  t he  s i z e  of t h e  f i l l e t  radius.  
cluded i n  Table 10; p a r t  of t h e  da t a  i s  tabulated again below: 
These models are in- 
CJ IS 
Waters 0 1 1  t 
t 
T e s t  
2.56 3.37 2.75 
2.49 2.48 1.90 
2.52 1.43 1.26 
2.54 1.08 1.29 
1.85 4.33 4.30 
1.88 3.30 3.80 
1.85 2.38 2.74 
1.85 2.20 2.40 
Maximum Stresses on Outside Surface 
Waters ana lys i s  i s  not dependent upon r hence it gives 
0' 
e s s e n t i a l l y  the  s a m e  stresses f o r  each set of models. After modifica- 
t i ons  as discussed previously, however, t h e  0"' stresses agree rea- 
sonably w e l l  with t h e  test  da t a  and paral le l  
t h e  test  data.  
she l l ,  Waters-3, Kalnins, CERZ), however, s t a r t i n g  with t h e  t h i n  s h e l l  
basic theory, t h e  modified (CJ'") stresses are high with respect t o  t h e  
test data.  
t h e  trends ind ica ted  by 
S i m i l a r  comparisons may be made from Table 11 (thin- 
F i l l e t  r a d i i  re inforc ing  is considered f u r t h e r  i n  the  sub- 
sequent s e c t i o n  on "Models with Local Reinforcing", wherein c e r t a i n  
trends of t h e  e f fec t iveness  of f i l l e t  r a d i i  re inforc ing  with respect 
t o  o ther  dimensional parameters i s  discussed. 
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MODELS WITH LOCAL REINFORCING 
The d i s t i n c t i o n  between "Uniform Wall Models" and "Models with 
Local Reinforcing" is, of course, a r b i t r a r y .  Uniform Wall Models in -  
cluded only models with re inforc ing  cons is t ing  of a f i l l e t  radius. I n  
some models t he  f i l l e t  radius w a s  q u i t e  large; these  models a r e  d i s -  
cussed again i n  t h i s  s ec t ion  of t h e  report ,  along with a general study 
of f i l l e t  radius re inforc ing .  Also, r e s u l t s  of tests on Model WN50B 
a r e  given i n  d e t a i l  along with comparison with Kalnins' computer program 
r e m  Its. 
T e s t  da ta  i s  compared with r e s u l t s  from Kalnins and Seal-Shell-2 
computer programs i n  t h e  following. Some judgement i s  required by users  
of t hese  programs i n  se l ec t ing  midsurfaces (or reference surfaces) and 
appropriate normal thicknesses. While considerable t i m e  w a s  expended 
i n  preparing input da t a  f o r  t h e  models discussed herein, f u r t h e r  re f ine-  
ments i n  input da ta  would probably g ive  c lose r  agreement between calcu- 
l a t e d  r e s u l t s  and test  r e s u l t s .  
Model WN-5OB. Figure 18 gives a comparison of test  r e s u l t s  
fo r  Model WN-50B with ca lcu la ted  r e s u l t s  using Kalnins program. 
maximum stress, which i s  t h e  0 -stress on t h e  outs ide  surface, i s  qu i t e  
c lose ly  predicted by t h e  ca lcu la t ions .  
th in-she l l  theory and therefore  does not include non-linear e f f e c t s  such 
as represented by t h e  "curved beam ef fec t"  discussed previously. 
Qualitatively,  cor rec t ions  to Kalnins' theory analogous to t he  "curved 
beam ef fec t"  would bring ca lcu la t ions  and test  da ta  i n t o  b e t t e r  agree- 
ment, except f o r  t h e  very sharp peak i n  the  measured normal stress on 
t h e  i n s i d e  sur face .  In t h i s  p a r t i c u l a r  respect, Waters' theory with 
adjustments i s  c lose r  to t h e  test  data; 3.33 ca lcu la ted  vs. 2.83 test  
(See Table 10). 
The 
n 









W-5OB. %"and 270" Sections Averaged 
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FIGURE 18. TEST DATA AND CALCULATED (KALNINS) 
RESULTS, M O E L  WN-TOB, INTERNAL 
PRESSURE 
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Comparison with Seal-Shell-2 and Kalnins, Basic dimensions 
of models with loca l  re inforc ing  are shown i n  Table 13, along with a 
general descr ip t ion  of t h e  type of re inforc ing .  The exact d e t a i l  of 
t he  re inforc ing  is, of course, important - however, t hese  are shown i n  
References (24) and (25) and hence a r e  not included herein.  A summary 
of maximum measured stresses is  given i n  Table 13 analogous t o  t h e  
summary of Table 9.  
Table 14 compares test da ta  with Seal-Shell-2 and Kalnins 
ca lcu la ted  r e s u l t s  f o r  a number of test models with l o c a l  reinforc- 
ing. I n  general, agreement between these  test  r e s u l t s  and ca lcu la ted  
r e s u l t s  i s  q u i t e  s a t i s f a c t o r y .  The number of comparisons made w a s  l imi ted  
by ava i l ab le  t i m e  and funds; a l l  models have d/D r a t i o s  of 0.20 o r  
la rger .  There a r e  t e n t a t i v e  indications,  however, t h a t  these  ca lcu la-  
t i o n  methods may be of l imi ted  
s u b s t a n t i a l  reinforcement is present; o r  a t  least considerable more 
c a r e  i n  s e t t i n g  up t h e  t h e o r e t i c a l  models w i l l  be required. 
ca l cu la t ion  of stresses a t  abrupt changes i n  w a l l  thickness (such a s  i n  
Model N-4G, i n  t h e  sphere a t  t h e  t o e  of t h e  " f i l l e t  weld") is  impossible 
with Kalnins' program and d i f f i c u l t ,  a t  best ,  with t h e  Seal-Shell-2 
program. 
a p p l i c a b i l i t y  t o  small d/D-ratios where 
Also, 
Figures 1 9  through 22 g ive  "s t ress -prof i les"  f o r  Models W-1B 
and WS-5LB, comparing both Kalnins and Seal-Shell-2 ca lcu la ted  r e s u l t s  
with t h e  t e s t  data. I n  these  comparisons, t h e  developed middle sur face  
i s  shown as t h e  abcissa, stress index as  t h e  ordinate.  A s  noted i n  d is -  
cussion of Model WN-5OB, Kalnins r e s u l t s  do not include thel'carved beam 
effect '! and some b e t t e r  agreement might be obtained by a modification of 
t h i s  type. Figure 10a gives another example of a s t r e s s - p r o f i l e  c a l -  
cu la ted  by t h e  Seal-Shell-2 program a s  compared with test  da ta .  
The Seal-Shell-2 program w a s  a l s o  used t o  c a l c u l a t e  s t r e s s e s  
f o r  a "inverted nozzle", Model WN-6BR. 
r e s u l t s  compare q u i t e  closely,  except f o r  t h e  t angen t i a l  stress i n  the  
nozzle. This systematic discrepancy appears t o  ind ica t e  e i t h e r  an e r r o r  
i n  the  input boundary conditions o r  i n  t h e  computer program. An a t t e m p t  
The ca lcu la ted  r e s u l t s  and test  
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was made t o  c a l c u l a t e  t h i s  same model using Kalnins '  program, however, 
c e r t a i n  d i f f i c u l t i e s  arise because of the  required d i r e c t i o n  of i n t eg ra t ion  
along the  s h e l l .  
program and can be overcome, i n  some cases a t  l e a s t ,  by mapping the  
a c t u a l  geometry i n t o  an imaginary plane such t h a t  the  rad ius  of curvature  
is  en tered  as a negat ive quant i ty  with appropr ia te  changes i n  sur face  forces  
and boundary condi t ions.  
"inve r t ed noz z le " pro b l e m  . 
This problem has a r i s e n  f o r  o ther  s h e l l s  using Kalnins '  
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TABLE 14: COMPARISON OF TEST DATA WITH THEORY, 
MODELS WITH LOCAL REINFORCING 
-St ress  Indices  
Mode 1 S t r e s s  5n/S o t / S  =c’*m 














Sea 1- She 11- 2 
Ka l n ins  
T e s t  Data 
Seal-She 11-2 
Kalnins 
T e s t  Data 
Seal-She 11-2 
Kalnins 
T e s t  Data 
Sea l-She 11-2 
Kalnins 
T e s t  Data 
Sea 1- She 11- 2 
Kalnins 
Test Data 
Sea 1- She 11-2 
Kalnins 
T e s t  Data 
Sea 1- She 11- 2 
Kalnins 



































































































































(1) om = maximum measured stress, cr = maximum ca lcu la ted  stress 
C 
(2) Calculated stress inco r rec t ,  possibly due t o  inaccura te  boundary conditions.  
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- - Inside --- 
-- 
Developed Middle Surf ace 
FIGURE 19. TEST DATA AND SEAL-SHELL-2 CALCULATED 
RESULTS, MODEL N-1B 
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- 
- - Imide --- 
Developed Middle Surface 
FIGURE 20. TEST DATA AND KALNINS CALCULATED 




Stresses  a t  Reinforcing Edges. Table 13 indicates  t h a t  many 
of the  maximum s t r e s s e s  a r e  associated with the  way t h a t  the reinforcing 
blends i n  with t h e  nozzle o r  sphere wal ls .  
mized by the  use of very gradual t r ans i t i ons  i n  w a l l  thickness. For 
example (see Figure 23), Model WN-6B with 65% re inforcing and gradual 
t r ans i t i ons  has a maximum s t r e s s  index of 1.30 (not a t  the reinforcing 
edge) whereas Model WN-6C with 6 5 %  re inforcing has a maximum stress 
index of 2.24. 
typ ica l  f i l l e t -welded ,  reinforced nozzle) has 25% re inforcing and a 
maximum stress index of 2.24. 
i n  the  nozzle thickness of model N-4G would s ign i f i can t ly  reduce the  
maximum s t r e s s  and might increase i t .  
These s t r e s s e s  can be mini- 
Model N-4G (which i s  qu i t e  r e a l i s t i c  i n  representing a 
It seems unl ikely t h a t  fu r the r  increase 
I n  some models (e.g., N-lB, N-5A) the  maximum s t r e s ses  a r e  
qui te  c l e a r l y  associated with the  problem of a nozzle i n  a sphere. 
For other  models (e.g., N-7A a t  the  pad-sphere intersect ion,  WSSLM,  
N A D )  t h e  s t r e s s  may be due primarily t o  the thickness change and only 
ind i r ec t ly  connected w i t h  the  problem of a nozzle i n  a spher ica l  she l l .  
For example, Model W S d L B  includes r e s u l t s  on the  in t e r sec t ion  of t he  
spher ica l  head with a cy l ind r i ca l  s h e l l  of equal diameter with an approxi- 
mation 3 : l  t r a n s i t i o n  taper; s t r e s ses  a t  t h i s  t r a n s i t i o n  were as high 





\ MODEL WN -6C 
\ MODEL N-4G 
FIGURE 23. SECTIONS ILLUSTRATING STRESSES AT 
REINFORCING EDGES 
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F i l l e t  Radius Reinforcing. It is  apparent from Table 9 that ,  
i n  c e r t a i n  dimension ranges, a r e l a t ive ly  small amount of reinforcing 
provided by a f i l l e t  radius s ign i f i can t ly  reduces the  elastic stresses, 
as compared t o  two-piece s h e l l  theory stresses. 
Model WS-5LM, for  which Waters’ theory gives a maximum e l a s t i c  stress 
index of 4.78 as compared t o  the  measured maximum stress index of 1.41. 
The area of reinforcement provided fo r  t h e  f i l l e t  radius i s  0.65 diT, 
i.e., 65% of the  area of reinforcing required by pressure vesse l  and 
piping design codes. 
An example of t h i s  i s  
I n  order t o  obtain a general indication of the effectiveness 
of f i l l e t - r a d i i  reinforcing, a parametric s t u d 9  was made using the  
Seal-Shell-2 computer program. 
i n  Table 15. 
Results of t h i s  paramet-dc study are shown 
To generalize t h i s  study i n t o  terms of area of reinforcing, 
the following steps were made. 
(1) It w a s  assumed tha t  the  maximum stress in t ens i ty  index, 
K **,would be limited t o  2.0 as  a design c r i t e r i a .  
Values of t he  stress in t ens i ty  from Table 15 were p lo t ted  
as functions of ro/t and D/T. From these graphs, it was 
found tha t  the value of r / t  required t o  obtain K2 = 2.0 




r D 3/4 
0 
-3 0 336 (T) t 
The parametric study was l imited t o  basic dimensions 
such t h a t  s/S = 1.0; accordingly, equation (17) is appli- 
cable only f o r  s/S = 1.0. 
The amount of reinforcing area, as  a r a t i o  of A’/diT, 
provided by the  f i l l e t  radius r / t  was obtained using 
equation (17) and the geometry of the models. The re- 
su l t i ng  relationship is: 
(3) 
0 
* This study is somewhat l imited i n  extent because of t he  r e l a t i v e l y  
high cos t  of using the  Seal-Shell-2 program. 
were a l s o  run using Kalnins program (See Table 8 ) .  
Stress  in t ens i ty  a t  a point i s  defined as twice the maximum shear 
stress a t  t ha t  point,  
as  t ha t  used i n  References (24) and (25). 
Some of t he  models 
?& 
The symbol K2 t o  define t h i s  quantity i s  the same 
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TABLE 15. SUMMARY OF SEAL-SHELL-2 STUDY ON FILLET 
RADIUS mIWORCING 
- 
0 -  A M a x i m u m  Stress, o / S  Maximum Stress Intensi ty ,  o / S  r - d - D 
T D t d iT 
- 
Surf ace Midwall Surf ace Midwall 
(1) (2 (2 (2) 
25 0.05 7.5 0.157 2.83 n , i  1.34 n 2.77 i 1.55 
0.05 10.0 0.272 2.69 n , i  1.25 n 2.63 i 1.46 
0.20 1.875 0.0273 1.90 n , i  1.74 n 2.22 i 1.83 
0.20 3.75 0,101 1-81 n , i  1.50 n 2.14 i 1.69 
0.50 3.75 0.079 1.71 n,o 1.63 n 1.98 i 1.72 
0.50 1.875 0.023 2.33 n,o 2.02 n 2.33 o 2.02 
100 0.05 7.5 0.042 1.99 n , i  1.71 n 2.30 i 1.90 
0.20 7.5 0.109 2.25 n,o 1.83 n 2.25 o 1.91 
0.05 10.0 0.074 2.02 n , i  1.58 n 2.30 i 1.80 
0.05 15.0 0.164 1.96 n , i  1.42 n 2.17 i 1.63 
0.20 15.0 0.404 1.49 n,o 1.34 n 1.52 o 1.38 
0.50 7.5 0.099 2.61 n,3 1.99 n 2.61 o 2.04 
0.50 15.0 0.344 1.46 n,o 1.30 n 1.46 o 1.37 
400 0.05 30.0 0.168 1.85 n,o 1.55 n 1.85 o 1.55 
0.05 40.0 0.296 1.81 n , i  1.41 n 1.81 i 1.41 
0.20 30.0 0.437 1.89 n,o 1.53 n 1.89 0 1.54 
0.50 30.0 0.406 1.77 n,o 1.53 n 1.77 o 1.57 
(1) 
(2) 
A = cross sec t iona l  reinforcing area provided by the f i l l e t  radius 
n = normal stress d i rec t ion  
i = maximum stress or  stress in tens i ty  located a t  inside surface 
o = maximum stress or stress in t ens i ty  located a t  outside surface. 
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- -  d/D A ' - 0*23  (i) (d/D + 1)4 cos (6 diT 
t 
where A /d.T i s  t h a t  p a r t i c u l a r  r a t i o  requi red  t o  o b t a i n  K = 2.0 
1 2 
Equation (18) i s  p l o t t e d  i n  F igure  24. Because d.T i s  t h e  ASME 
1 
Code replacement areal F igu re  24 i n d i c a t e s  t h a t  a f i l l e t  r ad ius  wi th  area 
much less than t h a t  r equ i r ed  by t h e  ASME Code can be used provided: (1) 
K2 = 2.0 i s  considered as an  accep tab le  s t r e s s c r i t e r i a  and (2) loadings o the r  
than i n t e r n a l  p re s su re  are n e g l i g i b l e .  
Equations (17) and (18) are based on a l imi t ed  number of t h e o r e t i c a l  
r e s u l t s ,  hence, i t  i s  p e r t i n e n t  t o  compare these  t h e o r e t i c a l  equat ions  wi th  
test  da t a .  Equation (18) i s  compared wi th  t es t  d a t a  i n  F igures  25 t h r u  29. 
I n  gene ra l ,  of course,  t h e  test d a t a  do n o t  g ive  K = 2.0, b u t  i n  some cases 
t h i s  va lue  of K2 i s  bracketed by t h e  test d a t a  o r c a n  be ex t r apo la t ed  from the  t e s t  
da t a .  To the  e x t e n t  t h a t  t h e  test d a t a  can  be i n t e r p o l a t e d  o r  ex t r apo la t ed  
2 
t o  c ros s  the  K2 = 2.0 l i n e  a t  t h e  s a m e  p l a c e  as given by Equation (18), the  
theory  and test  d a t a  are i n  agreement. For example, i n  F igure  25 a l i n e  
drawn between Models S-5A2, WS-5L0, and WS-5LM ( a l l  approximately 
0.5, D/T = 70, s/S = 1) passes  almost e x a c t l y  through the  va lue  of A'/d.T 
c a l c u l a t e d  by Equation (18). S imi l a r  agreement e x i s t s  f o r  t h e  t e s t  d a t a  
wi th  d/D = 
1 
shown in  Figure  28. This  c l o s e  agreement does n o t  e x i s t  f o r  a l l  t h e  t e s t  
d a t a ;  f o r  example, i n  F igure  26 the  series of test r e s u l t s  ( f o r  d/D = 0.38, 
D/T = 24, s/S = 1) e x t r a p o l a t e  t o  a n  At/d.T r a t i o  of about 0.05 whereas the  
va lue  of A'/d.T c a l c u l a t e d  by Equation (18) i s  about  0.1. 
1 
1 
There are two apparent  gene ra l  t rends  i n  the  combination of t e s t  
d a t a  and c a l c u l a t e d  r e s u l t s :  
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(1) A s  d/D decreases ,  t h e  e f f e c t  of i n c r e a s i n g  A/d.T becomes smaller 
(except f o r  t h e  d a t a  a t  d/D = 0.38), where A i s  now considered as a 
v a r i a b l e  amount of r e i n f o r c i n g  a rea .  
As D/T i nc reases ,  t h e  e f f e c t  of  A/d.T becomes l a r g e r .  
r e f e r s  t o  t h e  s lope  of t h e  l i n e s  shown i n  F igures  25 through 29. The 
i n t e r c e p t  of t h e  l i n e s  wi th  K 
which i n d i c a t e s  t h a t  A '  i n c r e a s e s  i n  p ropor t ion  t o  D/T. 
1 
(2) This  t r end  1 
= 2.0 i s  roughly given by Equation (18), 2 
For  d/D of 0.05 and D/T of 24 (Figure 29), t he  above t r ends  
combine such t h a t  even f o r  A =  2d.T, t h e  intended va lue  of K 
been reached. 
f i l l e t  r a d i u s  wi th  area A = 2diT reduces K 
w i l l  ex i s t  f o r  even sma l l e r  d/D r a t i o s  combined wi th  small  D/T r a t i o s ,  
i.e., i t  w i l l  r e q u i r e  a l a r g e  va lue  of A/d.T t o  reduce t h e  maximum shea r  
stress i n t e n s i t y  index t o  2.0. 
= 2.0 has  n o t  
1 2 
However, f o r  D/T = 71.5 and d/D = 0.05 (Model WS-1LM) a 
2 t o  1.93. Presumably t h i s  t rend  
1 
Figures  25 through 29 show a l l  t h e  a v a i l a b l e  p h o t o e l a s t i c  d a t a  
wi th  s / S  z l . 0 ,  along w i t h  model Bu.S-A, where s / S  = 1.92 but  where probably 
the  i n t e r s e c t i o n  stress, a s  d i s t i l - c t  from t h e  stress a t  t h e  junc tu re  of t he  
f i l l e t  w i th  the  nozz le ,  would have been about t h e  same f o r  s / S  = 1.0. 
Seve ra l  of t hese  models had "balanced reinforeements",  i .e.,  WN-6B, WN-6C, 
WS-5L0, and Bu.S-A. Three of t h e  models f a l l  reasonably w e l l  i n  l i n e  wi th  
models w i th  e x t e r n a l  r e i n f o r c i n g  only.  
t a n g e n t i a l  stress on the  o u t s i d e  s u r f a c e  a t  t h e  f i l l e t .  The f i l l e t  r a d i u s  
was only 0.326t '  ( th ickness  of nozz le  a t  base)  o r  0.29811. With a f i l l e t  
r a d i u s  of t '  i n s t e a d  of  0.326t1,  model WN-6C might f a l l  i n  l i n e  wi th  t h e  
o t h e r  t e s t  da t a .  These somewhat s c a n t  a v a i l a b l e  d a t a  do n o t  d i r e c t l y  
i n d i c a t e  any l a r g e  d i f f e r e n c e  i n  the  e f f i c i e n c y  of compact i n s i d e  r e i n -  
f o r c i n g  as compared w i t h  compact o u t s i d e  r e i n f o r c i n g .  However, t he  tes t  
models wi th  i n s i d e  r e i n f o r c i n g  had about an equal  area of r e i n f o r c i n g  
i n s i d e  and ou t s ide .  
The fou r th ,  WN-6C, had a h igh  
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Mershon (35) discusses the r e l a t i v e  e f fec t iveness  of reinforc- 
ing e n t i r e l y  i n s i d e  as compared t o  e n t i r e l y  outside.  
re inforc ing  e n t i r e l y  i n s i d e  may be less e f fec t ive ,  i n  reducing maximum 
stresses, than an equal amount of re inforc ing  placed e n t i r e l y  on the  
outside.  
f o r  models with re inforc ing  e n t i r e l y  outs ide  t o  obta in  stresses f o r  de- 
s igns  with re inforc ing  e n t i r e l y  ins ide .  
It appears t h a t  
Accordingly, caution should be used i n  ex t rapola t ing  test d a t a  
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A'= fillet radius reinforcing area for K2=2.0 
d/D 
FIGURE 24. REINFORCING AFUSA R E W I R E D  FOR REINFORCIIE 
PROVIDED BY A FILLET, % = 2.0 
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MOMENT OR THRUST LOADING 
Experimental d a t a  on nozzles i n  spheres with monent o r  t h r u s t  
loading i s  r e l a t i v e l y  l imited.  
r e s u l t s  f o r  14 tests i n  which moment loading was applied t o  the  nozzle; 9 
tests i n  which t h r u s t  loading was applied t o  the  nozzle. Dimensions a r e  
given i n  the  l e f t  group of columns of Table 16. 
i nd ica t e s  the type of loading applied t o  the  nozzle. Measured stresses a r e  
shown i n  the  next group of f i v e  columns, om being the  l a r g e s t  measured 
stress. 
e i t h e r  the  CERL, Bi j laard  o r  Kalnins 
ca lcu la ted  stress. The column headed oc/om gives the  r a t i o  of maximum 
ca lcu la ted  t o  maximum measured stress. Table 16 i s  similar t o  Table 9 
( in t e rna l  pressure loading) and gives the same kind of stress comparisons. 
For the  s i x  models t e s t ed  by Dally(28), s t r e s s e s  i n  the sphere and i n  the 
nozzle a re  shown separa te ly  s ince  they i l l u s t r a t e  c e r t a i n  aspects of the 
tests discussed later. 
Table 16 summarizes the  dimensions and t e s t  
The column headed "Load" 
The next group of f i v e  columns shows calculated stresses using 
ana lys i s ;  o,being the  l a r g e s t  
The test  d a t a  i s  conveniently c l a s s i f i e d  i n t o  three  groups f o r  
d i  scussion : 
(1) The f i v e  photoe las t ic  models and IIT-S1, a l l  of which contain a 
r e l a t i v e l y  small f i l l e t  radius. 
The two ORNL models with e s s e n t i a l l y  no f i l l e t  radius.  
The s i x  fabr ica ted  test  models with s i g n i f i c a n t  l o c a l  reinforcing. 
(2) 
(3) 
These three  groups of tests a r e  discussed separa te ly  i n  the 
following. 
Models with Small F i l l e t  Radius 
Table 16, i n  the  column labeled oc/om, ind ica t e s  t h a t  calculated 
stresses are higher than measured stresses. 
loading, t h i s  discrepancy appears t o  be r e l a t e d  t o  the  f i l l e t  rad ius  re- 
inforc ing  and the  "curved-beam" type of stress in t ens i f i ca t ion .  
shows ca lcu la ted  stresses with adjustments f o r  (1) normal thickness a t  
juncture, indicated by of, and (2) normal thickness and curved beam fac- 
t o r s ,  ind ica ted  by oil. 
As i n  t he  case of pressure 
Table 1 7  
These adjustments are i d e n t i c a l  t o  those discussed 
1 1 7  
previously i n  connection with i n t e r n a l  pressure loading. Agreement between 
test  da t a  and adjusted ca lcu la ted  r e s u l t s  i s  f a i r l y  good, except f o r  models 
WN-50C and WN-50D. 
almost a t  t he  s t a r t  of the  f i l l e t  radius .  
t o  the  r e s u l t s  of the two-piece s h e l l  theory along the  nozzle a l so  ind ica t e  
t h a t  the  maximum stress occurs a t  about t h i s  loca t ion ,  
p l o t  of t angen t i a l  stresses f o r  model WN-50D along with the  test  data .  It 
is  apparent i n  Figure 30 t h a t  the  adjusted theory i s  i n  adequate agreement 
with the  t e s t  data.  
However, i n  these two models t he  maximum s t r e s s  occurred 
Application of the  same adjustment 
Figure 30 gives a 
The normal thickness  adjustments can be d i r e c t l y  introduced i n t o  
a t h e o r e t i c a l  model using Kalnins '  program. 
r e s u l t s  of such ca l cu la t ions  along with the  t e s t  data .  
the maximum s t r e s s e s  obtained from the  ca lcu la t ions .  
qu i t e  wel l .  
apparent i n  Figures 31 through 35 occur a t  the  i n s i d e  corners.  Kalnins' 
program i s  s t r i c t l y  a t h in - she l l  theory, hence i t  does not  r e f l e c t  stresses 
analogous t o  the  "curved beam ef fec t" .  
Kalnins' r e s u l t s  of t h i s  type would produce b e t t e r  agreement, p a r t i c u l a r l y  
on the  i n s i d e  surface.  
Figures  31 through 35 show the  
Table 1 7  includes 
Maximum s t r e s s e s  agree 
The p r inc ipa l  d i screpancies  between test d a t a  and theory 
Q u a l i t a t i v e l y ,  adjustments t o  
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TABLE 17.  COMPARISON OF TEST DATA W I T H  TWO-PIECE, THIN-SHELL THEORY 
AND MODIFICATIONS THEREOF, MODELS WITH MOMENT OR THRUST 
LOAD 
J 
S t r e s s  Ind ices  (2)  
*c - 
Model S t r e s s  On/S Ot/S CJ m 
No. (1) Outside I n s i d e  Outside I n s i d e  (3 1 
WN- 5 OAl 
WN-5OA2 
WN- 5 OB 
WN- 50C 
WN- 5 OD 
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TABLE 1 7 .  (contd.)  
- - 
( 2 )  S t r e s s  Ind ices  
ff 
C 
U,/S Ot/S - 
Model S t r e s s  om 
NO (1) Outside I n s i d e  Outside I n s i d e  (3) 
IIT-S 1 T e s t  Data 10.4 3.80 12.9 -3.80 -_ 
(Thrust  U 10.2 2.33 13.9 -11.9 1.08 
Load) f f '  8.95 2.45 11.7 -9.91 .91 
U" 9.73 2.98 14.3 -8.15 1.11 
Kalnins 10.1 2.31 13.9 -11.8 1.08 
(1) cr = two-piece t h i n - s h e l l  theory ca l cu la t ed  stress. 
o' = theory wi th  modi f ica t ion  f o r  normal thickness .  
cr" = theory wi th  modi f ica t ions  f o r  normal th ickness  and curved beam 
Kalnins = stress ca l cu la t ed  us ing  Kalnins computer program as a 
e f  f e e t .  
mult i -piece s h e l l  theory.  
2 (2) S = M/nr t f o r  moment loading.  
S = L/2nrt f o r  t h r u s t  loading. 
(3) o = maximum ca lcu la t ed  s t r e s s .  
C 





5 85 WN - 5 0 A l  -- Calculated Stresses,Gi/birom.  Ca Icu la t ed Stresses, WGOIII. 
+ + -- Toncjentiol stress rotio: QI /%om -Hoop stress rotio: %/unonom 
(from 8 mil surfoce subslice) 
5 0 9 Hoop stress rotio (from 16 mil surfoce 
subslice) 
Section in Plow of Bending Moment, M. 
d,/Di = 0 500, D,/T = 50.00; di/i 40.70; 
r,/T = 1.00, r,/T = 0 280 
unom = - . 







I ,Deformed Shope I 
FIGURE 31. TEST DATA AND CALCULATED (KALNINS 
RESULTS FOR MODEL WN-5OA1, 
MOMENT LOADING 
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FIGUfiE 32. TEST DATA AND CALCULATED (KALNINS) RESULTS 







0. Section in PIone of Bending MomcnI M 
d,/O, *0.270; D,/T = 50.12 
d,/c 27.27; d ~ a 0 . 8 0 ;  r,/~mo.23 j 
WN-SOB: O*Se~tion 
---o Tonqentiol Stress Rotio: .;/on, - WD Stress Rotlo: VU- - Golculuted Stresses, 
(from 8 mil subslie) 
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FIGURE 33. TEST DATA AND CALCULATED (KALNINS) BESULTS 
FOR MODEL WN-5OB 
12 6 
101 p 
--Calculated Stresses, ..--L.M 
*--a WN - 50C: Merdion 0' Seclm Stress Rotio: u,/u-  ctrcumterentd stress ~ ~ t i o :  c+,, -Calculated Stresses, W G o m .  ~, 
(from 8 mil wbrlie) W G o m  
A* Sec1m 
0.94 t- 




FIGURE 34. TEST DATA AND CALCULATED (KALNINS) RESULTS 
FOR MODEL WN-50C 
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--Calculated Stresses, 








o-s Meridiin Stress Rotio: q/Sm - Circumferetid Stress Rotlo: %/a,, 
Mc 4M(dl/t+2) 
(fm 8 mil subslice) 
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Models Without a F i l l e t  Radius 
The values of ac/crm shown i n  Table 16 f o r  the  two ORNL models 
i s  informative mainly i n  i l l u s t r a t i n g  t h a t  using very s m a l l  s t r a i n  gages 
placed very c lose  t o  points  of maximum theore t i ca l  stress s t i l l  may give 
measured stresses s ign i f i can t ly  less than the theo re t i ca l  (and probably 
actual)  maximum stress. 
Stress- locat ion p ro f i l e s  are shown i n  Figures 36 through 43 
f o r  these two models. 
program; presumably e i t h e r  Bi j laard ' s  analysis  o r  the CERL program would 
give e s sen t i a l ly  the same resu l t s .  
p lo t t i ng  t h i s  da ta  as were made and discussed previously i n  connection 
with i n t e r n a l  pressure loading on these same two models. 
of pressure loading, the r e s u l t s  from the  s t r a i n  gage placed on the 
ins ide  of the nozzle a t  the mid-surface of the sphere agree wel l  with 
the calculated on a t  the mid-wall of the sphere. 
of pressure loading, a l l  o ther  test r e s u l t s  agree qu i t e  wel l  with the 
theory except f o r  the tangent ia l  stress on the outs ide surface of the 
sphere. 
The theore t ica l  da ta  was computed using Kalnins' 
The same assumptions were made i n  
A s  i n  the case 
Also, as i n  the case 
-3 -2 - I  U / S  I 2 3 
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Loading : Moment 
Stress Direction: Tangential 
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FIGURE 37. TANGENTIAL,STRESSES IN MODEL ORNL-5, 
MOMENT LOADING 
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FIGURE 39. TANGENTIAL STRESSES IN MODEL ORNL-5, 
THRUST LOADING 
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-3  -2 - I  
ORNL- 6 
Loading : Moment 
Stress Direction: Normal 
I NOZZLE 
I 2 3 
FIGURF: b. NORMAL STRESSES I N  MODEL ORNL-6, 
MOMENT LOADING 
J M s=-=im- 





g 3  
P- 
8 





- - I  
I 2 3 
ORNL-6- 
Loading: Moment 
Stress Direction : Tangential 
FIGURE 41. TANGENTIAL STRESSES IN MODEZ o~m-6, 
MOMEXP LOADING 
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FIGURE 42. NORMAL STRESSES I N  MODEL ORNL-6, 
THRUST LOADING 
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FIGURE 43. TANGENTIAL STRESSES I N  MODEL ORNL-6, 
THRUST LOADING 
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- Fabricated Models wi th  Local Reinforcing 
The six models t e s t ed  are described i n  d e t a i l  i n  Reference (28). 
The models are general ly  described i n  the  following tabulat ion.  
Model No. Type of Model 
1 Hemispherical head; 36" rad ius ,  0.90" wall. 
Nozzle; 3.39" radius ,  0.77" wall. 
Flanged and Dished Head; 35" rad ius  i n  center, 0.77" w a l l .  
Nozzle; 3.39" rad ius ,  0.78" wall. 
Flanged and Dished Head; 30" rad ius  i n  center ,  0.77" wall. 
Nozzle; 3.50" radius ,  0.55" wall. 
Flanged and Dished Head; 35" rad ius  i n  center ,  0.77" wall. 
Nozzle; 3.64" radius ,  0.27" wall. 
Flanged and Dished Head; 30" rad ius  i n  center ;  1.63" wall. 
Nozzle; 3.38" radius ,  0.77" wall. 
This model was made by c u t t i n g  out  the  c e n t r a l  p a r t  of 
Model Number 5 a t  about 15" diameter and i n s e r t i n g  i t  
i n t o  the  outer  por t ion  of Model Number 4. 
of the  two pieces  were al igned and apparent ly  a l i n e a r  
taper  was formed on the  ou te r  .~1.4'~ of periphery of t h e  







A s i n g l e  nozzle  was welded t o  the  center  of each head wi th  a 
f i l l e t  weld i n s i d e  and out. 
nozzle protruded inward approximately 1" i n s i d e  the  i n s i d e  s u r f  ace of the  
heads . 
Legs of t he  f i l l e t  weld were 3/4". The 
These tests are p a r t i c u l a r l y  valuable  i n  t h a t  they represent  the  
only tests i n  which nozzle  were t e s t e d  i n  o ther  than hemispherical  heads. 
It has been assumed t h a t  the  theory and test d a t a  f o r  nozzles  i n  spheres 
can be appl ied t o  nozzles  i n  heads provided only t h a t  t he  l o c a l  r ad ius  of 
curvature  i s  e s s e n t i a l l y  constant  near  t h e  nozzle, i.e., f o r  a d is tance  
of about fi from t h e  nozzle. These tests on flanged and dished heads 
g ive  some experimental  confirmation of t h i s  assumption. 
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S t r e s s e s  i n  the  Heads. The tes ts  by Dally(28)were run ,  i n  p a r t ,  
f o r  comparison wi th  BLjlarrd's computed r e s u l t s .  
d i r e c t e d  towards stresses i n  t h e  heads.  Da l ly  shows d e t a i l e d  comparisons 
of test  r e s u l t s  w i t h  theory  f o r  stresses i n  the  heads. A s  i nd ica t ed  ear l ie r ,  
Bijlaard's a n a l y s i s ,  t he  CERL computer program, and Kalnins '  computer program 
(as a two p iece  s h e l l  theory)  a l l  g ive  p r a c t i c a l l y  the  same r e s u l t s  f o r  
e x t e r n a l l y  pro t ruding  nozzles .  Accordingly, d e t a i l e d  comparisons of r e s u l t s  
f o r  stresses i n  the  heads are not  repea ted  he re in ,  except  f o r  Model Number 6 .  
Table 16 shows t h a t  the  r a t i o s  of maximum c a l c u l a t e d  t o  measured stresses 
i n  t h e  heads range from 1.5 t o  2.8. The reasons t h a t  t h e s e  r a t i o s  are 
s i g n i f i c a n t l y  g r e a t e r  than  u n i t y  are: 
(1) 
A t  t h a t  t i m e ,  i n t e r e s t  was 
The f i l l e t  welds and inward p r o t r u b e r a n c e  of t h e  nozzles  provided a 
s u b s t a n t i a l  amount of r e i n f o r c i n g  as shown by the  column i n  Table 1 6  
headed "Aa/diT". 
The s t r a i n  gage on t h e  head su r face  c l o s e s t  t o  t h e  nozzle  (at  which t h e  
maximum measured stress occurred)  w a s  1" away from the  nozzle .  
(2) 
Away from t h e  nozzle-head junc tu re ,  however, f a i r l y  good c o r r e l a t i o n  between 
theory and tes t  d a t a  w a s  obtained,  as d iscussed  by Dal ly .  
Model Number 6 inc ludes  r e s u l t s  f o r  stresses a t  the  t r a n s i t i o n  
As d i scussed  previous ly ,  j unc tu re  d e t a i l s  between t h e  pad and t h e  head. 
between r e i n f o r c i n g  and the  nozzle  o r  head i s  important s i n c e  maximum stresses 
may occur a t  t h e  r e in fo rc ing  junc ture .  I n  Model Number 6 ,  maximum 
measured stresses i n  the  head d i d  occur a t  the  pad-head t r a n s i t i o n  f o r  both 
moment and t h r u s t  loading.  Details  of the  t r a n s i t i o n  are not  known, however, 
appa ren t ly  i t  cons i s t ed  of a l i n e a r  t ape r  between t h e  pad th ickness  of 1.63 
t o  the  head th ickness  of 0 . 7 7 " ,  s t a r t i n g  a t  a r ad ius  of about 5.9" and extend- 
ing  t o  a r ad ius  of about 7.3". Calcula ted  stresses f o r  t h i s  model, using 
Kaln in ' s  program, are shown i n  F igures  44 t h r u  4 7 ,  along wi th  measured 
stresses. Calcu la ted  stresses are d i f f e r e n t  than Da l ly ' s  ca l cu la t ed  r e s u l t s  
i n  t h a t  t he  tapered t r a n s i t i o n  s e c t i o n s  are ca l cu la t ed  as such us ing  Kalnins 
program, r a t h e r  than  as a s t e p  change i n  th ickness  as assumed by Dal ly .  Far 
moment loading,  comparison of test d a t a  w i t h  theory  i s  about as expec ted , i . e . ,  
a s u p p r e s s i m  ofnormal  stresses near  t he  junc tu re  because of t h e  l o c a l  re- 
in fo rc ing  and some i n c r e a s e  i n  bending because the  l o c a l  r e in fo rc ing  c o n s t r a i n s  
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most of t he  bending t o  take  p l ace  i n  the  sphere.  The same gene ra l  t rends  
occur f o r  t h r u s t  loading,  however, the  increased  t a n g e n t i a l  bending i s  
s i g n i f i c a n t l y  h igher  than theory;  t h e  measured t a n g e n t i a l  mean stress i s  
about t h a t  g iven  by theory.  It should be  noted t h a t  t h e  foundat ion length  
of the  head (-G) is  - 7.3" f o r  t he  pad s e c t i o n ,  - 5" f o r  t h e  o u t e r  
s ec t ion .  Accordingly, t he  pad and t r a n s i t i o n  s e c t i o n  are w e l l  w i th in  the  
reg ion  inf luenced by the  nozzle-head junc tu re  d e t a i l s .  The measured stresses 
may have been inf luenced  by t h e  head r ad ius  change a t  t h e  t r a n s i t i o n  sec t ion ;  
i n  the pad s e c t i o n  t h e  r ad ius  w a s  30",  i n  t he  ou te r  s e c t i o n  t h e  r ad ius  w a s  
35"; 32.5" r ad ius  w a s  used i n  the  c a l c u l a t i o n s .  I n c i d e n t a l l y ,  t he  t r a n s i t i o n  
shown i n  F igure  44 would no t  be acceptab le  i n  ASME pressure  v e s s e l  designs 
because t h e  t r a n s i t i o n  length  i s  cons iderably  less than four  t i m e s  t he  change 
i n  th ickness .  
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Distance along sphere from center of opening ,inches 
F I G W  47. TANGENTIAL STRESSES ON HEAD, DALLY MODITL 6 ,  
B THRUST LOADING 
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St re s ses  i n  Nozzles. Table 16 shows t h a t  the r a t i o  of maximum 
ca lcu la ted  t o  measured stresses i n  the  nozzle range from 3 . 4  t o  7.9. 
Theowica l ly ,  maximum stresses occur i n  the  nozzle f o r  a l l  models except 
Number 2. 
nozzle f o r  Models 1, 2,and 3 and about t he  same f o r  Models 4 ,  5 ,  and 6 .  
The reasons f o r  the  calculated-to-measured stress r a t i o  being g r e a t e r  than 
un i ty  include those discussed previously wi th  regard t o  stresses i n  the 
head. I n  addi t ion ,  and more important,  the  outs ide  f i l l e t  weld covers a 
s u b s t a n t i a l  p a r t  of the  foundation length of the nozzles.  S t r e s ses  were 
measured a t  t he  outs ide  f i l l e t  weld only on Model Number 1; f o r  which model 
these  stresses were the  h ighes t  measured stresses on the  nozzle. 
reasonably c e r t a i n  that stresses on the  outs ide  f i l l e t  weld would have a l s o  
been the h ighes t  stress on the  nozzle f o r  a l l  the  o ther  models. Also,  t he  
nozzles used i n  these tests were r e l a t i v e l y  sho r t ,  the  flanges on the nozzles 
may have reduced the  magnitude of the  stresses as compared t o  o t h e m l s e  
equal  bu t  longer nozzles.  
Measured stresses, however, were l a rge r  i n  the  head then i n  the  
It seems 
Figures  48 t h ru  51 show ca lcu la ted  measured stresses i n  the 
nozzles of models 1 a n d 2  which are typ ica l  of a l l  6 models. Agreement 
between theory and test da t a  i s  s i m i l a r  t o  t h a t  obtained i n  the heads, i . e . ,  
the  tes t  d a t a  roughly confirm the  v a l i d i t y  of the theory a t  loca t ions  away 
from the  ( s i g n i f i c a n t l y  re inforced)  nozzle-to-head in t e r sec t ion .  
It is  pe r t inen t  t o  note  t h a t  a l l  s i x  models had nozzles with w a l l  
N 
thickness from 2 t o  5 t i m e s  t h a t  required f o r  pressure;  i . e .  , s /S = 0.5 t o  
0.2. Nevertheless,  the  stresses a t  the  junc ture  of t he  nozzle wi th  the 
f i l l e t  weld might be s u f f i c i e n t  t o  cause f a t igue  f a i l u r e  i n  the  nozzle 
r a t h e r  than i n  the  head i f  these  models were subjected t o  cyc l i c  ex te rna l  
loads t o  produce f a t igue  f a i l u r e s .  
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t= ,775"  
Theory Test 
Normal Stresses Outside --- 0 
DOIIY Model NO. I Inside e 
FIGURF: 48. NORMAL STRESSES ON NOZZLE, DAP;LY MOIEL 1, MOMENT 
AND THRUST LOADING 
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I I 
- I  -2 -3 
Theory Test 
Daily Model No. I inside 0 
0 Tangential Stresses Outside - - - 
FIGURE 49. TANGENTIAL STRESSES ON NOZZLE, DALLY 
MODEL 1, MOMENT AND THRUST LOADING 
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Theory Test 
Normal Stresses Outside --- 0 
Dally Model No. 2 Inside  e 
FIGURE 50. NORMAL STRESSES ON NOZZLE, DALLY MODEL 2, 
MOMENT AND THRUST LOADING 
Theory Test 
Tangential Stresses Outside --- 0 
Dally Model No. 2 Inside 0 
FIGURE 51. TANGENTIAL STRESSES ON NOZZLE, DALLY KIDEL 2, 
MOMFAT AND THRUST LOADING 
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DISCUSSION OF RESULTS IN RELATIONSHIP 
TO PRESENT CODES AND PRACTICES 
Pressure  Loading 
diT Replacement Area, 
Present  p re s su re  v e s s e l  and p ip ing  des ign  codes r e q u i r e  t h a t  t h e  
material c u t  ou t  of t h e  p re s su re  v e s s e l  s h e l l  o r  p ipe  by an opening must be 
replaced by added material around t h e  opening wi th in  a s p e c i f i e d  zone. 
Whether t hese  des ign  r u l e s  are adequate,  from t h e  s tandpoin t  of e l a s t i c  
stresses, depends upon the  s e l e c t e d  des ign  stress l i m i t .  Reference (12), 
us ing  a stress i n t e n s i t y  index l i m i t  of 3.0, concludes i n  genera l  t h a t  
p re sen t  des ign  r u l e s  are conse rva t ive  f o r  compact r e i n f o r c i n g  and f o r  r e in fo re -  
i n g  placed on the  nozzle  wi th in  t h e  code zone l i m i t s ;  however, f o r  r e in fo rc ing  
placed on the  head, t h e  p re sen t  code r u l e s  (except ASME Sec t ion  111) may be 
unconservat ive f o r  l a r g e  d/D-rat ios  combined wi th  l a r g e  D/T-values. 
ASME Sec t ion  111 S t r e s s  Ind ices  
The ASME Boi le r  and Pressure  Vessel Code, Sec t ion  111, Nuclear 
Vessels, i n  Paragraph I-612(a) g ives  stress ind ices  f o r  nozzles  i n  s p h e r i c a l  
s h e l l s  and formed heads when subjec ted  t o  p re s su re  loading.  The ind ices  
apply i f :  
(1) The nozz le  i s  normal t o  t h e  v e s s e l  w a l l  
(2) The nozzle  i s  i s o l a t e d  from o the r  nozz les  
(3) The dimensional r a t i o s  are no t  g r e a t e r  than D/T = 100, 
d/D = 0.5 
( 4 )  The nozzles  are designed i n  accordance wi th  t h e  app l i cab le  
r u l e s  of N-450 t o  N-467 
(5) The i n s i d e  corner  r a d i i  and ou t s ide  f i l l e t  r a d i i  m e e t  t h e  
requirements of the  Nuclear Code, F igure  1-613. 
The requirements of Par N-450 t o  €4-467 r e q u i r e  t h a t  t h e  c r o s s  
s e c t i o n a l  area c u t  ou t  by the  nozzle  opening be rep laced  i n  a zone c l o s e  t o  
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the  opening. This requirement can be m e t ,  within the scope of two-piece 
s h e l l  theory, by e i t h e r  a uniform-wall, i n t e g r a l  pad on the sphere; by a 
heavy-wall nozzle, o r  by a combination thereof. 
ind ices  obtained from CERL program r e s u l t s  along with the  Nuclear Code 
stress indices  f o r  re inforc ing  e n t i r e l y  on the sphere. This requi res  an 
i n t e g r a l  pad thickness, T I ,  equal t o  two times the  nominal sphere thickness 
T with nozzle thickness t such t h a t  Pd/2t = PD/4T, i.e., t he re  i s  no excess 
thickness i n  the  nozzle. Table 19* shows the s t r e s s  ind ices  f o r  reinforc- 
i n g  e n t i r e l y  on the  nozzle. 
by the  equation: 
Table 18 shows the stress 
The nozzle wall  thickness t '  was determined 
diT Y r m t  ' - =  (t' - t) -2 2 
= i n s ide  diameter of t he  nozzle 
di 
T = sphere wal l  thickness 
where 
r = mean rad ius  of t h e  nozzle m 
t = nominal wall  thickness of nozzle such t h a t  Pd/2t = PD/4T 
t '  = required wal l  thickness of nozzle t o  provide required 
a rea  replacement, d.T/2 on each side.  
1 
Tables 18 and 19 ind ica t e  t h a t  two-piece s h e l l  theory agrees with 
the  Nuclear Vessel Code, Par. I-612(a), i n  t h a t  the  computed s t r e s s e s  a re  
usually not higher than those given by the  Code, Considering the  applicable 
outside f i l l e t  r a d i i  requirement of the  Code, i.e., r 
T ' /2 ,  f o r  re inforc ing  on the nozzle (Table 19) i t  i s  probably t h a t  the  f i l l e t  
r a d i i  w i l l  reduce stresses t o  not more than the  Code values throughout t he  
range of parameters covered. For re inforc ing  on the  sphere, however, a t  
l a rge  D/T and d/D, it appears t h a t  s t r e s s e s  w i l l  be higher than the Code 
values. Figure 52 i s  a sketch of the  juncture d e t a i l  of a nozzle i n  a 
sphere with D/T = 100, D/T' = 50, d/D = 0.5, ro = T'/2.  Also shown i n  
Figure 52 are ca lcu la ted  stress values using Kalnins' program and taking 
i n t o  account the  f i l l e t  radius.  It is apparent t h a t  the  f i l l e t  rad ius  i s  
not  s u f f i c i e n t  t o  bring the  stresses down t o  the Code values, i.e., 2.8 from 
the ca l cu la t ions  is  somewhat higher than the  2.0 index given by the  Code. 
> l a rge r  of t ' / 2  o r  
0 -  
* The ca l cu la t ions  of Table 19 were limited t o  D/T and d/D combinations 
such t h a t  t ' / T  < 3. 
i n  designs of nozzles i n  pressure vessels.  
Larger values of t ' / T  a r e  not o rd ina r i ly  used 
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TABLE 18. COMPAXCSON OF NUCLEAR VESSEL CODE STRESS INDICES W I T H  
CERL CALCULATED STRESSES, REINFORCING ON THE SPHERE 
1 
d - D(l) - 
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_ _ _ _  - ~ 
(1) D/T' = 0.5 (D/T) where T '  = thickness of i n t e g r a l  pad re inforc-  
(2) 
i n g  on the  sphere 
S = PD/4T, not PD/4T'. 
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TABU 19. COMPARISON OF NUCLEAR VESSEL CODE STRESS INDICES WITH 
CElU CALCULATED STRESSES, REINFORCING ON THE NOZZLE 
On/S ot/S 
t I ( 1 )  - d - D 
T D T 
- 
P a r t  Ins ide  Outside Ins ide  Outside 
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(1) t '  = wal l  thickness of nozzle t o  provide required re inforc ing  area of diT. 
Calculations a re  l imi ted  t o  D/T and d/D combinations such t h a t  t ' / T  < 3.  
Larger values of t ' / T  a r e  not o rd ina r i ly  used i n  designs of nozzles i n  




FIGURE 52. CALCULATED (KALNINS) STRESSES I N  A CODE- 
REINFORCED NOZZLE, INCLUDING FILLET 
RADIUS EFFECT 
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Moment Loading, Comparison with ASA B31.1 
The computed stress intensification factors for nozzles in spheres 
due to moment loading become quife high for some combinations of dimensions. 
It is significant, from a design standpoint, to compare these computed factors 
with these given in the ASA Code for Pressure Piping('), 
of course, include factors for nozzles in heads. However, the factors given 
for elbows and for tees are pertinent with respect to the general design 
problem of nozzles in heads. The computed stress intensification factors for 
nozzle in heads are based on elastic theory and hence are not directly 
comparable with the "fatigue-test" derived factors given in the ASA Code. 
However, an indication of the relationship of the elastic stress intensification 
factors to the fatigue-test factors may be obtained from the factors for 
elbows, The theoretical elastic stress intensification factor for elbows is 
approximately twice the fatigue-test factors given in the ASA Code. While 
the theoretical factor would be reduced somewhat by end effects (i.e., the 
influence of the pipe welded to thr elbows), this would be a relatively 
small effect for in-plane bending for the elbows used in the fatigue tests. 
Accordingly, the fatigue-test factors for elbows may be multiplied by a factor 
of two for comparison with elastic stress factors. 
for the theoretical elastic stress concentration factor for tees, presumably 
the relationship of 2:l for elastic-to-fatigue factors would roughly also 
hold for tees. 
The ASA Code does not, 
While no theory exists 
Figure 53 shows the maximum computed stress intensification factors 
for nozzles in spheres plotted against r/t for the nozzle, in which s/S = 1.0; 
d/D = 0.01, 0.05, 0.25, and 0.50. For comparison, Figure 53 also shows the 
stress concentration factors for MA B16.9 welding elbows (Bend radius is 
approximately three times the cross sections radius, in the graph this ratio 
has been taken as exactly three). The stress concentration factor for 
the elbows is twice the factor given in ASA B31.1.* Figures 54 and 55 are 
Jc The theoretical stress concentration factor for in-plane bending of an 
elbow as given by Rodabaughand Ge~rge(~l)for r/t > 10, zero internal 
pressure, is about 4% higher than twice the factor given in ASA B31.1. 
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s imilar  t o  F igure  53 except  t h a t  they a r e  f o r  nozz les  i n  spheres  wi th  s / S  = 
2.0 and 0.5, r e spec t ive ly .  
A r a t i o  of s/S = 2.0 could be obtained by l o c a l  th ickening  of t he  
sphere  around t h e  nozz le  t o  2T, thereby meeting t h e  usua l  r u l e s  f o r  re in-  
fo rc ing  an opening by area replacement. With such r e in fo rc ing ,  t h e  stress 
f a c t o r s  f o r  nozz les  i n  spheres ,  f o r  d/D up t o  0.25, are no h igher  than  f o r  
ASA B16.9 long r a d i u s  elbows. I n  many p ip ing  systems, t he re fo re ,  t he  con- 
t r o l l i n g  component i n  r e s t r i c t i n g  load magnitudes might be an elbow r a t h e r  
than  a nozz le  i n  a head. Also, t h e  ca l cu la t ed  m a x i m u m  stresses f o r  nozzle  
i n  spheres  wi th  d/D_< 0.25 are t a n g e n t i a l  stresses i n  the  nozzle ,  a f i l l e t  
r ad ius  would serve t o  s u b s t a n t i a l l y  reduce t h e  stress l eve l s .  
- 
A r a t i o  of s/S = 0.5 r e p r e s e n t s  a nozzle  twice as t h i c k  as re- 
qui red  f o r  i n t e r n a l  pressure  i n  t h e  nozz le  considered as a pipe. This  
would not ,  i n  genera l ,  meet the  usua l  r u l e s  f o r  area replacement. However, 
for small d/D, doubl ing t h e  nozzle  th i ckness  i s  q u i t e  e f f e c t i v e  i n  reducing 
stress l eve l s .  
t h e  nozzle  w a l l  th ickness  does l i t t l e  t o  reduce t h e  stress l e v e l s  and i n  
some cases inc reases  them, 
occurs  i n  the  sphere;  i nc reas ing  t h e  nozz le  th ickness  may i n c r e a s e  t h i s  
stress or  decrease  i t  only s l i g h t l y .  
ment loading such l a r g e  nozzles  should be r e in fo rced  on the  sphere r a t h e r  
than on the  nozzle.  
For l a r g e  d/D, d/D = 0.5 i n  p a r t i c u l a r ,  doubling o r  t r i p l i n g  
This  i s  because t h e  maximum stress f o r  l a r g e  d/D, 
It i s  apparent ,  t he re fo re ,  t h a t  f o r  mom- 
F igure  56 compares ca l cu la t ed  m a x i m u m  stresses f o r  nozz les  i n  
spheres  wi th  twice ASA B31.1 Code f a c t o r s  f o r  f a b r i c a t e d  tees. For reducing 
tees, t h e  Code f a c t o r s  are given i n  ASA B31,  Code Case 53, Ju ly ,  1963. 
F igure  57 i s  similar except  i t  shows Code f a c t o r s  f o r  manufactured tees t o  
ASA B16.9. 
t he  canparison i s  made wi th  nozz les  i n  spheres  wi th  s/S = 2.0, which may 
a l s o  be considered as f u l l y  r e in fo rced  by present  codes f o r  p re s su re  loading. 
Since ASA B16.9 tees are f u l l y  r e in fo rced  f o r  pressure  loading, 
I n  comparing the  curves on F igures  56 and 57, t h e  s i g n i f i c a n t  
d i f f e r e n c e  between nozz les  i n  spheres  and nozz les  i n  c y l i n d e r s  (tees) should 
be kept  i n  mind. Two of t h e s e  are:  
(1) For tees, a v a i l a b l e  d a t a  i n d i c a t e s  t h a t  maximum e l a s t i c  
stresses may be s i g n i f i c a n t l y  h ighe r  f o r  out-of-plane 
bending as compared t o  in-plane bending. F igures  55 and 
56 g ive  code f a c t o r s  f o r  out-of-plane bending. For 
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nozz les  i n  spheres ,  of course,  t h e r e  i s  no 
d i s t i n c t  i on ,  
For  nozzles  i n  spheres ,  wi th  pressure ,  moment o r  
t h r u s t  loading, t he  maximum stress as a func t ion  
of d/D gene ra l ly  reaches a peak somewhere between 
d/D = 0.2 and 0.5. 
peak must exis t  s i n c e  f o r  d/D = 1.0, a nozzle  
i n  a sphere  becomes a s t r a i g h t  p i p e  of  t h e  nozzle  
dimensions For nozzles  i n  cy l inde r s  (tees), 
however, a v a i l a b l e  d a t a  i n d i c a t e  t h a t  probably t h e  
maximum stress inc reases  cont inuously wi th  inc reas ing  
d/D up t o  d/D = 1.0. 
(2) 
It is  apparent  t h a t  such a 
I n  a broad s e n s e  t h e  k ind  of agreement between c a l c u l a t e d  elastic 
stress f a c t o r s  and f a t i g u e - t e s t  der ived  f a c t o r s  shown by Figure  57 seems 
reasonably c o n s i s t e n t .  The gene ra l  tendency f o r  t he  s lope  of t h e  c a l c u l a t e d  
stress f a c t o r s  l i n e s  (d/D> 0.05) t o  agree  wi th  t h e  f a t i g u e - t e s t  d a t a  (which 
s lope ,  i n  tu rn ,  is  de r ivab le  from elbow theory)  i s  i n t e r e s t i n g  and perhaps 
b a s i c a l l y  s i g n i f i c a n t .  
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sb=  - Where: M=applied Z moment 
Z=nr*t 
I 1 I I 
FIGURE 53. STRESS INTENSIFICATION FACTORS (MOMENT 
LOADING) FOR NOZZLES IN SPHERES WITH 






- 8  
- 6  
- 4  
- 3  




- M  
Z sb--  
Where; M =  applied moment 
Z = w r * t  
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FIG= 54. STRESS INTENSIF’ICATION FACTORS (MOMENT 
JXIADING) FOR NOZZLES IN SPHERES WITH 










sb= M , Where Z=nr* t  2 
t'= thickness of nozzle near nozzle-sphere juncture 
t =thickness of nozzle away from nozzle - 
t = 0.5 t' 
- Nozzles in spheres , s/S=O.5 
-- ASA 616.9 Welding Elbows 
sphere juncture 
r/t 
) 40 60 
FIGURE 55. STRESS I N T E N S I F I C A T I O N  FA(;*I"S (MOMENT 
LOADING) FOR NOZZLES I N  SPHERES WITH 
s / S  = 0.5 AND FOR ASA s16.9 WEIBING 
ELBOWS 
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Where: MI: applied moment 
z=Trr*t T 
FIGURE 56. STRESS INTENSIFICATION FACTORS (MOMENT 
LOADING) FOR NOZZLES I N  SPHERES WITH 
s / S  = 1.0 AND FOR FABRICATED TEES 













Where: M =applied moment 
2 =nr2t 




FIGURE 57. STRESS WTENSJTICATION FACTORS (MOMENT 
LOADING) FOR NOZZLES I N  SPHERES WITH 
s / S  = 2.0 AND FOR ASA ~16.9 TEES 
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Combined Pressure and Moment Loading 
Nozzles i n  pressure vessels  attached t o  piping systems w i l l ,  
i n  general, be subjected t o  both i n t e r n a l  pressure and t o  loads applied 
t o  the nozzle by the attached piping. These two kinds of loads are, of 
course, independent i n  magnitude and t i m e  his tory.  A fa t igue  analysis  
of such a nozzle becomes qu i t e  complicated because of the  independence 
of the two loads and the locat ion of c r i t i c a l l y  s t ressed  points f o r  each 
of the loads. Where the  cycles of load i s  limited t o  a r e l a t ive ly  s m a l l  
number, i t  may be possible t o  s a t i s f y  design requirements by showing t h a t  
the  maximum stress (or s t r e s s  i n t ens i ty )  does not exceed a prescribed 
value when the  nozzle is  subjected t o  the  combination of maximum design 
pressure and maximum design loads imposed by the piping on the nozzle. 
This aspect of design i s  discussed i n  the following. 
Two questions a r i s e  fo r  which pos i t ive  answers would be des i rab le  
f o r  s impl i f ica t ion  of design work, i.e., 
(1) Are stresses due t o  i n t e r n a l  pressure and those due t o  
ex terna l  loads l i n e a r i l y  superposable? 
(2) Is the  locat ion of the  maximum stress (or stress 
in tens i ty)  the same f o r  pressure loading as fo r  
ex terna l  loads? 
These questions a re  b r i e f l y  discussed i n  the following two sub-sections. 
- Linear Superposition of Stresses 
The usual assumption of l i nea r  superposit ion of stresses f o r  
combinations of loads on thin-wall s h e l l s  i s  sometimes inva l id  (See f o r  
example, Reference 31). 
example f o r  combined th rus t  load and i n t e r n a l  pressure applied t o  a 
"plug" nozzle i n  a spher ica l  she l l .  
R/T = 100, stress i n  the sphere due t o  i n t e r n a l  pressure = 13,000 p s i ,  
E = 30,000,000 ps i ,  v = 0.3 and U = 1.815 (r/R)(R/T)1'2 = 0.1. 
t h i s  example, Bi j laard f inds  t h a t  maximum def lec t ions  a re  reduced 4 t o  5% 
by the i n t e r n a l  pressure as compared t o  zero in t e rna l  pressure;  s t r e s s e s  
are reduced by 2%. 
Bijlaard' l)  develops the  theory and gives an 
The example i s  f o r  a sphere with 
For 
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Experimental d a t a  on Configuration No. 1, Reference 27, (D/T = 
81, d/D = .08) a l s o  ind ica ted  t h a t  superpos i t ion  of stresses for noz- 
z l e s  i n  spheres i s  usua l ly  q u i t e  accurate.  A combined test load was run 
with p = 400 p s i ,  corresponding t o  S I= pD/4T = 8130 ps i ,  combined with a 
t h r u s t  load on the  nozzle of 6000 lb. The average r e s u l t s  f o r  24 s t r a i n  
gages ind ica ted  t h a t  l i n e a r  superposi t ion overpredicted a c t u a l  s t r e s s e s  
under combined loading by around 2%. 
I n  view of the sonewhat l imi ted  da ta  on spheres,  a study was 
made of superpos i t ion  tests on tees run by Hardenbergh(37), Riley (26) , 
and Cranch (38). 
the  spheres o r  cy l inders ,  i nd ica t e s  t h a t  l i n e a r  superpos i t ion  would be 
conservative.  Hardenbergh's tests (D/T = 19) i n d i c a t e  l i n e a r  superpos i t ion  
D i s  not  more than 1% conservat ive;  Ri ley ' s  t e s t  (T = 240), no t  more than 5%; 
Cranch's t e s t s  (D/T = 78), no t  more than 22% conservative.  
All of these  tests, a s  w e l l  as  the  theory f o r  nozzles i n  
The review of the  ava i l ab le  t h e o r e t i c a l  and experimental  da t a  
led t o  the  following conclusions. 
(1) The i n t e r a c t i o n  between pressure and ex te rna l  loads f o r  
nozzles i n  spheres appears t o  be neg l ig ib l e  (less than 5%) 
f o r  any D/T up t o  50 and f o r  d/D up t o  0.5 and probably 
i s  small  (less than 25%) f o r  D/T up t o  100 when the  nominal 
s t r e s s  due t o  i n t e r n a l  pressure i s  around 15,000 p s i  or  
l e s s .  
The i n t e r a c t i o n  e f f e c t s  are probably smaller  f o r  moment 
loading than f o r  t h r u s t  loading. 
(2) 
(3) Use of l i n e a r  superpos i t ion  f o r  c a l c u l a t i n g  stresses under 
combined loads i s  apparently always conservative.  
- Location of Maximum S t re s ses  
T e s t  d a t a  i s  ava i l ab le  on 4 models which were t e s t ed  under both 
i n t e r n a l  pressure and moment loads. These a r e  models WN-50B*, IIT-S1 
* W-50B was ac tua l ly  two photoe las t ic  models, one t e s t ed  with i n t e r n a l  
pressure,  the  o ther  with a moment on the  nozzle. 
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O R N E 5  and ORNL-6. 
i n  e s s e n t i a l l y  the  same place f o r  both pressure and moment loading (and 
t h r u s t  loading f o r  IIT-Sl), i.e., a t angen t i a l  stress on the  outside surface 
i n  the  f i l l e t  radius. 
loca t ion  i s  a t  the  same location. The maximum measured stresses i n  Models 
ORNL-5 and 0-6 were not  a t  t h e  same locations: 
I n  models WN-50B and IIT-SI, the  maximum stress occurred 
Also, f o r  both models the  maximum stress i n t e n s i t y  
Model Pressure Moment Thrust 
ORNE-5 n,o, sphere n,o, nozzle t,o, nozzle 
O W - 6  n,o, nozzle t,o, nozzle t,o, nozzle 
where n s i g n i f i e s  a normal stress, t t angen t i a l  stress and o the outs ide  
surface.  (Actually, i n  these  two models, because of the "zero" f i l l e t  radius,  
the  maximum stress probably occurred i n  the  sharp corner f o r  a l l  loadings.) 
The maximum stress loca t ion  i s  a function of d/D, D/T, and s/S. The 
degree of conservatism introduced by assuming the same maximum s t r e s s  loca- 
t i ons  f o r  various loads depends upon these  dimensional r a t i o s ,  as wel l  as  
the r e l a t i v e  magnitude of the loads. The graphs given i n  the  Appendix can 
be used t o  obta in  maximum stresses and locations f o r  any desired combina- 
t i o n  of pressure ,  moment o r  t h r u s t  loading f o r  an extensive range of the 
dimensional r a t i o s :  d/D, D/T, and s/S (or t / T ) .  
Relative Magnitude of Stresses from Pressure o r  Moment Loading 
The magnitude of the  i n t e r n a l  pressure, i n  r e l a t ionsh ip  t o  the  
dimensions of a nozzle, is  r e l a t i v e l y  w e l l  e s tab l i shed  i n  the ea r ly  design 
stage.  That is, the  designer may assume t h a t  the design pressure i s  such 
t h a t  S = PD/OT, where S is some es tab l i shed  stress l i m i t  depending upon the  
ma te r i a l  and operating temperature. The magnitude of the loads applied by 
a piping system t o  the nozzle, however, is  generally not known a t  the  ea r ly  
design stage. 
layout i s  not y e t  established, hence forces  from t h e  piping cannot be 
calculated.  
This problem arises because q u i t e  o f t en  the  de t a i l ed  piping 
a 
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An ult raconservat ive approach, i n  the ea r ly  design stages,  
cons is t s  of assuming t h a t  the nozzle must withstand whatever moment the 
attached pipe is capable of applying t o  it. 
the l i m i t  load of the  pipe i n  bending, i.e.: 
This might be assumed t o  be 
P 
Mmax = 1.3 So Z 
= maximum moment applied t o  nozzle by attached piping 
= y i e l d  s t rength  of the pipe mater ia l  






The s ignif icance of t h i s  assumption f o r  the maximum moment can be i l l u s -  
t ra ted ,  f o r  some s p e c i f i c  cases, with the  addi t iona l  assumptions: 
(1) The pipe, nozzle, and sphere o r  head are made of the 
same material. 
Reinforcing cons is t s  of an increase i n  thickness of the 
sphere i n  an area around the nozzle such t h a t  s/S = 2.0, 
i.e., the loca l  thickness T’ is  twice the  bas ic  sphere 
thickness, T. 
(2) 
Because Sb, from the maximum moment assumption, i s  equal t o  
1.3 So and usually S 
S /S 
maximum stress due t o  moment load w i l l  be considerably la rger  than the 
max imum stress due t o  pressure. For example, a t  d/D = 0.25, r / t  * 50, 
from Figure 58: 
would be l imited t o  2/3 of So or less, the  r a t i o  of 
P 
would be 1.95 o r  greater .  It is, therefore,  possible  t h a t  the 
b P  
Several  comments concerning the above comparison are : 
(1) The comparison is  purely theore t ica l ,  based on the CEKL 
colnputer program parametric study. 
f i l l e t  radius  a t  the  juncture of the nozzle and sphere 









Nozzles in spheres with s/S = R *r - - T' - 2.0 t 
, T '=2T  M , sp=-  PD 
4T 
sb= - 
m e t  
( &ax.)b = maximum stress , moment loading 
( Omax.),, = maximum stress , pressure loading 
I I I I I 
Moment Loading 
Pressure Loading --- I I  
3 4 6 0 10 20 30 40 
r/ t 
FIGURE 58. MAGNITUDE OF MAXIMUM STRESSES FROM MOMENT LOADIPJG 
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would reduce stresses by a s i g n i f i c a n t  amount. 
t h e  r a t i o  of stresses ( 0  ) /(o ) might n o t  be g r e a t l y  
changed by t h e  f i l l e t  r ad ius .  
For small  d/D nozzles ,  t he  stress due t o  the  moment could 
be d r a s t i c a l l y  reduced by us ing  a nozzle  with th ickness  
of say 4 t o  10 t i m e s  t h a t  requi red  f o r  pressure  only,  
cons ider ing  t h e  nozzle  as a pipe. Tnis  would be more o r  
less t y p i c a l  of small d/D nozz les  as customari ly  designed 
f o r  pressure  v e s s e l s .  For l a r g e  d/D nozzles ,  s i m i l a r  
nozzle  thickening might lead  t o  unreasonably heavy forg ings  
and a l s o  an i n e f f i c i e n t  r e i n f o r c i n g  f o r  thin-wal l  spheres ,  
s i n c e  the  maximum stress occurs  i n  the  sphere.  
It i s  apparent  t h a t  t he  design assumption Mmax = 1.3 So Z 
However, 
max b max p 
(2) 
l eads ,  
i n  some cases ,  t o  requirements f o r  a l a r g e  amount of r e i n f o r c i n g  t o  support  
t he  assumed moment load. To t h e  e x t e n t  t h a t  t he  assumption i s  overcon- 
s e r v a t i v e ,  p e n a l t i e s  are occurred i n  unnecessary f a b r i c a t i o n  c o s t s  and, 
possibly, t o  increased  problem? wi th  stresses due t o  thermal grad ien ts .  
There are a number of reasons why the  assumption t h a t  M 
is, i n  most cases, unnecessar i ly  conserva t ive .  
i n  the  fol lowing.  
P 
P 
= 1.3 So Z max 
These a r e  d iscussed  b r i e f l y  
(1) I n  a c r i t i ca l  p i p e l i n e  i t  would seem reasonable  t o  restrict  
the maximum stress (or  stress i n t e n s i t y )  t o  t h e  same l e v e l  
as the maximum stress i n  t h e  nozzle .  With t h i s  r e s t r i c t i o n  \* 
t he  r a t i o  of (amax)b/(omax)p, f o r  the examples shown i n  
F igure  58, ranges from 1.2 f o r  small  d/D, thin-wal l  spheres  
t o  about 2 .1  f o r  l a r g e  d/D, thin-wal l  spheres .  
\, 
(2)  I n  most present-day c r i t i c a l  p ip ing  systems, one o r  more 
ASA B16.9 elbows are usua l ly  i n  the  system. Assuming t h a t  
t h e  maximum stress i n  the  elbow i s  t o  be r e s t r i c t e d  t o  the  
same maximum stress permit ted f o r  t h e  nozzle ,  t hese  elbows 
p o t e n t i a l l y  provide a l i m i t  t o  t h e  maximum moment t h a t  can 
be appl ied  t o  a nozzle  i n  a pressure  ves se l .  
m,ment a t  the  elbow o r  elbows w i l l  no t ,  i n  genera l ,  be t h e  
Of course,  t h e  
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same as  a t  the  nozzle. 
i t  would seem reasonable t o  base the  nozzle  design on the  
assumption t h a t  i t  w i l l  need t o  car ry  no more moment than 
can be t ransmit ted by an elbow i n  the  p i p e  l i ne .  
54, and 55 i l l u s t r a t e  the  s ign i f i cance  of t h i s  assumption. 
Figure 54, i n  p a r t i c u l a r ,  shows t h a t  i f  the  assumed 
moment i s  r e s t r i c t e d  by a spec i f i ed  maximum stress i n  
an elbow, nozzles  with s /S  = 2.0 and d/D < 0.25 would 
automatical ly  be r e s t r i c t e d  t o  the  same o r  lower maximum 
stress l e v e l s  i n so fa r  as moment loading i s  concerned. 
Equipment a t tached t o  the p ipe l ine  may a l s o  c o n s t i t u t e  
a l i m i t  f o r  moments t h a t  can be to l e ra t ed  i n  the  p ipe l ine  
and thus provide some e a r l y  design guide f o r  moments 
However, i n  the  ea r ly  design s tage ,  
Figures 53, 
(3) 
a p p l i e d  on nozzles.  NEMA Standard No. SM 20-1958 (32 > 
gives limits on allowable forces  and moments ac t ing  on 
the  steam i n l e t ,  ex t r ac t ion  o r  exhaust connections of 
steam turbines .  
one of which s t a t e s :  
%is standard gives  seve ra l  l imi t a t ions ,  
The t o t a l  r e s u l t a n t  force  and t o t a l  r e s u l t a n t  
moment imposed on the turb ine  a t  any connection must no t  
exceed the  following: 
d 500 e - M 
3 F =  
F = r e s u l t a n t  force,  l b s  
M = r e s u l t a n t  moment, f t  l b s  
de = p i p e  s i z e  of the  connection i n  s i z e s  up t o  8" diameter 
=(16 + I,P.S.)/3 f o r  s i z e s  l a r g e r  than 8" diameter. 
Assuming t h a t  the  r e s u l t a n t  force  i s  negl ig ib le ,  Equation 
(19) gives:  
= 6000 de (in.-lbs) Mmax 
(4) Rossheim and Mark1(33), from a review of a l a rge  number 
of piping system ca lcu la t ions  involving p ipe l ine  Connections 
t o  pumps, gave the  following averages for the  end reac t ions :  
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Vertical  t h r u s t  ( inc luding  weight loads) 3.25 (d  + 3)3 
Later a 1 t h r u s t  1.50 (d  + 3)3 
Moment 60.00 (d  + 3)3 
where d = ou t s ide  diameter  of pipe.  
F igure  59 summarizes a l l  f i v e  of t h e  l i m i t s  t o  maximum moment 
above f o r  a p a r t i c u l a r  case where P = 600 ps i ,  S = 20,000 p s i  = d i scusse  
0.667 So, and t = Pr/S.  The equat ions become: 
(1) Moment l i m i t  by l i m i t  load of p i p e :  
3 P  M 1.3 S Z = 1.95 S rrr2 t = 1.95 S nr  - 
UEIX O P  S 
(2) Moment l i m i t  by S- l imi t  on p ipe :  
M = s nr3 
max S 
(3) Moment l i m i t  by S - l imi t  on elbows: 
s nr3 P M = - . -  
max i S 
r 2 /3  213 . 1.8 
1 = 2/3 = 1.8 (5) = 0.866 (F) 
h 
( 4 )  Moment l i m i t  by NEMA Standard SM 20-1958, permiss ib le  
moment on steam t u r b i n e  p ipe  connections: 
M = 6000 de 
UEIX 
d = 2 r  f o r  r T 4 e 
de = ( 2 r  + 16)/3 f o r  r > = 4 
(5) Average moment, Rossheim and Markl: 
3 M = 60 ( 2 r  + 3) 
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I n  t h e  above equations, and Figure 59, it should be noted t h a t  
while the  assumption t = Pr/S s impl i f i e s  t h e  comparisons, f o r  s m a l l  nozzles 
the  thickness  i s  u n r e a l i s t i c .  
t = 0.030". This 
explains why t h e  Rossheim-Mark1 average moment i s  higher  than t h e  l i m i t  
load moment f o r  s m a l l  nozzles i n  Figure 59. For l a rge  nozzles, t h e  NEMA 
steam turb ine  l i m i t  i s  a small f r a c t i o n  of t he  o ther  l i m i t s ;  a t  r = l G ' I ,  
t he  NEMA l i m i t  i s  about two percent  of the l i m i t  load moment; 34 percent 
of t he  elbow stress l i m i t .  
For example, a t  r = 1, P = 600, S = 20,000: 
A 2" s tandard weight pipe has a thickness  of 0.154". 
I n  summary, t he  r e l a t i v e  s ign i f i cance  of stresses from i n t e r n a l  
pressure  a s  compared t o  t h e  s t r e s s e s  due t o  moment loading depends, of 
course, on t h e  r e l a t i v e  magnitude of t he  pressure and moment loads.  The 
moment load, i n  t h e  absence of s p e c i f i c  information, may be estimated i n  
seve ra l  ways; t he  most conservat ive of these  est imates  leads t o  high s t r e s s e s  
due t o  moment as compared t o  those due t o  pressure.  
Mark1 
Nozzle Radius , r 
I 1.5 2 3 4 5 6  8 IO 15 
F I G U R E  59. COMPARISON O F  L I M I T A T I O N S  ON BENDING 
MOMENTS A P P L I E D  TO NOZZLES 
172 
Stresses i n  Phase I Designs 
Phase I Report, "Proposed Reinforceaent Design Procedures f o r  
Radial Nozzles i n  Spherical  She l l s  with I n t e r n a l  Pressure fl(12) gives 
reinforc ing  dimensions (as a function of d/D and D/T) such t h a t  the nozzles 
with such re inforc ing  meet two design c r i t e r i a :  (1) the p l a s t i c  co l lapse  
o r  p l a s t i c  l i m i t  pressure i s  a t  least 1.5 t i m e s  the design pressure, and 
(2) the maximum stress i n t e n s i t y  is not more than 3.0 S, where S = PD/4T. 
Because the  p l a s t i c  co l lapse  pressure i s  the  con t ro l l i ng  cr i ter ia  f o r  almost 
a l l  values of d/D and D/T, t he  maximum stress i n t e n s i t y  (T) is  generally 
less than 3.0 S. I f  a maximum s t r e s s  index of 3.0 i s  used f o r  cozbined 
loadings, t he  Phase I designs have sme capacity f o r  o the r  loadings such 
as moment, t h r u s t  o r  t o r s iona l  loads on the  nozzle, o r  f o r  thermally 
induced s t r e s s e s .  
For Phase I nozzles with re inforc ing  cons is t ing  of a uniform 
increase i n  wal l  thickness of nozzle o r  sphere, f o r  a d is tance  from the 
juncture such t h a t  t he  increased thickness may be considered as e f f e c t i v e l y  
i n f i n i t e ,  the  stresses can be ca lcu la ted  by Waters' ana lys i s ,  f o r  i n t e r n a l  
pressure. Figure 60 shows the Phase I designs, Figure 61 and 62 show the  
maximum s t r e s s  i n t e n s i t i e s  due t o  i n t e r n a l  pressure f o r  these designs. 
As noted i n  Reference (12), and is  apparent i n  Figures 61 and 62, f o r  
small  values of g = t ' / t  or  h = T' /T  a t  s m a l l  d/D r a t i o s ,  the  design cri- 
t e r i a  of 
however, 0 i s  less than 3.0 S by amounts which can be determined from 
Figures 61 and 62. 
s igns  t o  Phase I (Figure 60) requirements, a given value of D/T and d/D 
es t ab l i shes  a value of g o r  h. 
Appendix. 
5 3.0 S i s  s l i g h t l y  exceeded. For o ther  dimensional parameters, - - 
It should be noted tha t ,  f o r  uniform w a l l  nozzle de- 
More general  design da ta  i s  given i n  the  
For nozzles attached t o  piping systems, the major ex te rna l  load- 
i n g  i s  usually the  applied moment. 
prepared using B i j l aa rd ' s  ana lys i s  t o  compute the  maximum stress i n t e n s i t y  
( g )  due t o  a moment applied t o  the nozzle. 
stress i n t e n s i t i e s  from these two loads occurs a t  the same loca t ion  (which 
i n  some dimensional ranges i s  theo re t i ca l ly  cor rec t ;  i n  o thers  the  
Accordingly, Figures 63 and 64 were 
By making the  assumption t h a t  
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assumption may be appreciably conserva t ive)  t h e  mome3t capac i ty  of any 
nozzle  designed t o  F igure  60 can be obtained from Figures  61 o r  62 along 
wi th  F igures  63 and 64. 
examples i n  t h e  following. 
Example 1. 
Assumed b a s i c  dimensions: 
Nozzle i s  t o  be r e in fo rced  wi th  an increased  w a l l  th ickness  of the  sphere 
around the  opening. From Figure 60b, f o r  such r e in fo rc ing :  
The use of t h e s e  graphs i s  i l l u s t r a t e d  by s e v e r a l  
d/D = .13, D/T = 100. 
h = T ' / T  = 2.0 ,  T '  i s  t h e  requi red  l o c a l  th ickness  of 
r e i n f o r c i n  on t h e  spSere f o r  a 
d i s t a n c e  ?pDhT from the  nozzle.  
From Figure  61 f o r  d/D = 0.13, h = 2 . 0  : ?/S = 2.76 
From Figure  63 f o r  d/D = 0.13, h = 2 . 0  : a / S b  = 3.90 
With t h e  f u r t h e r  assumptions : 
(1) 
al lowable stress f o r  the  nozzle  m a t e r i a l  and s e r v i c e  condi t ions .  
(2) (r f = 3.0  S i s  the  design c r i t e r i a .  
- 
P ( i n t e r n a l  pressure)  i s  such t h a t  S = PD/4T = Sa where Sa i s  the  
- 
a 
i s  then 'ba' The al lowable bending stress, 
- 0024 X S = 0.0615 Sa - 3.0 - Z/S %a -'T-'a - m~ a 
The mDment capac i ty  of the  nozzle  i s  S = 0.0615 Sa, o r  ba 
Ma = 0.0615 S 
i s  the  s e c t i o n  modulus of the  nozzle  (nr t). I n  t h i s  example the  moment 
capac i ty  i s  low. For comparison, an ASA B16.9 elbow i n  t h e  p ip ing  a t tached  
t o  the  nozz le  would be l imi t ed  t o  a moment such t h a t  S 
assuming t h e  same des ign  c r i t e r i a  (E f 0 = 3.0  S ) f o r  the elbow as f o r  
t he  nozzle  and a stress due t o  p re s su re  o f ?  = 1.0 S 
Example 2. 
D 0.03, r = 30. Assumed b a s i c  dimensions: - = 
Nozzle i s  t o  be r e in fo rced  with an increased  w a l l  th ickness  of  the  nozzle  
near  the  junc ture .  From Figure  60 a, f o r  such r e in fo rc ing :  
Zn, where M a a i s  the  a l lo i lab le  moment a t  t h e  nozzle,  Z n 2 





g = t ' / t  = 4 .0 ,  t '  i s  the  requi red  l o c a l  th ickness  of 
t he  r e in fo rced  s e c t i o n  of the  nozzle ,  
f o r  a d i s t a n c e  @ from the  junc ture .  
From F igure  62 f o r  d/D = 0.03,  g = 4 . 0  : a/S = 1.67 
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From Figure  64 f o r  d/D = 0.03, g = 4.0 : z/Sb = 0.53 
With the  f u r t h e r  assumptions: 
'a, a (1) 
al lowable stress f o r  t he  nozz le  material  and s e r v i c e  condi t ions .  
(2) '. + = 3.0 S i s  t h e  des ign  c r i te r ia .  
where S i s  t h e  P ( i n t e r n a l  pressure)  i s  such t h a t  S = PD/4T = 
a 
The al lowable bending stress, Sba, is  then: 
- -- x Sa = 2.50 Sa =-e+ x sa 3.0 - Z/S 0.53 Sba o / s b  
It should be noted t h a t  t he  r e fe rence  stress i n  F igure  64 i s  
with r e s p e c t  t o  p ipe  a t tached  t o  a l o c a l l y  thickened ( t '  = g t )  nozzle ,  t he  
a t tached  pipe i s  assumed t o  be such t h a t  s/S= 1.0. 
is  such t h a t  s / S  = 2dT/Dgt= 0.25, then t h e  al lowable bending stress f o r  
t h a t  p ipe  (t = g t )  is: 
I f  t h e  p ip ing  i t s e l f  
P 
e- 2i50 Sa = 0.625 Sa " ba 
I n  t h i s  case,  the  pipe a t tached  t o  the  nozz le  would be d e f i n i t e l y  "thick- 
w a l l " ,  d / t  being 3.75. An ASA B16.9 elbow of t h i s  w a l l .  th ickness  r a t i o  
would have an al lowable bending stress, Sba = 2.0 Sa; assuming the  same 
design c r i t e r i a  (;r i- 
stress due t o  pressure  o f ?  = 1.0 Sa. 
The above example, a long wi th  F igures  60 through 64, i n d i c a t e  
t h a t  t he  mment capac i ty  of Phase I des igns  i s  h ighly  v a r i a b l e ,  ranging  
from none up t o  t h e  maximum moment capac i ty  of p ip ing  a t tached  t o  t h e  
nozzle.  
= 3.0 S ) f o r  t he  elbow as f o r  t he  nozzle  and a a 
The e f f e c t  of the  assumption t h a t  maximum shear  stresses due 
t o  pressure  and moment load are a d d i t i v e  can be i l l u s t r a t e d  by a more 
d e t a i l e d  cons ide ra t ion  of Example 1. The stress i n d i c e s  f o r  t h i s  example 
(d/D = .13, D/T = 100, T ' /T  = 2.0) are t abu la t ed  below. 
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Outside Ins ide  
P a r t  g / S  Bt/S On/S Bt/S 
- 
Pressure Stresses, S = PD/4T 
Sphere 1.78 1.10 .96 - .08 
Nozzle 2.42 2.33 1.39 -1.37 
2 Moment S t resses ,  S = f M/nr t 
Sphere 1.32 * 09 - .53 - .01 
Nozzle 1.56 3.90 - .19 -1.90 
I n  order  t o  obta in  the  maximum shear  stress f o r  pressure and 
moment loading, i t  i s  necessary t o  esamine 32 combinations of the  s t r e s s e s  
l i s t e d  above. F i r s t ,  consider ing the  stress normal t o  the  su r face  as 
e s s e n t i a l l y  zero, t he re  a r e  16 combinations of the  type [ (o/S f O/Sb) - 0.1. 
Then, consider ing shear  s t r e s s e s  from (0 
16 combinations of the  type: [(on/S f On/Sb) - (ot/S k St/Sb)]. 
present  example, where S = PD/OT i s  assumed t o  equal S 
t he  l imi t ing  combination i s  t h a t  which a r i s e s  from the  (a - 0 ) combination 
on the i n s i d e  of the  nozzle,  i.e. 
- at), the re  a r e  an add i t iona l  
For the  
11 
- 
and 5 + 8 = 3 .0  Sa, a 
n t 
(1.39 S - .19 Sb) - (-1.37 S - 1.90 Sb) 2.76 S + 1.81 Sb 
from which 
Simple addi t ion  of the  ind iv idua l  maximum shear  stresses gave 
= 0.061 Sba, hence i n  t h i s  p a r t i c u l a r  example t h i s  approach i s  'ba 
conservat ive by a f a c t o r  of about two .  
The graphs i n  the  Appendix give da t a  f o r  evaluat ion of both maxi- 
mum stresses and maximum shear  stresses for an ex tens ive  range of d/D, 
D/T and s / S  (or t / T ) ,  wi th  any des i red  combination of pressure,  monent 
o r  t h r u s t  load, a t  the  midwall as w e l l  as a t  the  sur faces .  
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It should be noted t h a t  the  pa r t i cu la r  c a b i n a t i o n  (of the  32 
possible combinations) t h a t  w i l l  give the  con t ro l l i ng  maximum shear stress 
depends upon the  r e l a t i v e  magnitudes of the  loads. I n  the  above example, 
f o r  r e l a t i v e l y  la rge  stresses due t o  pressure, t h e  combination given w i l l  
be cont ro l l ing .  
compared t o  those due t o  pressure, then the  con t ro l l i ng  combination 
would be the  t angen t i a l  stresses a t  the i n s i d e  of the  nozzle, i.e., 
(2.33 S i- 3.90 Sb). 















































8 - m a x .  stress intensity S= PD/4T, h =  T'/T 
d/D 
FIGURE 61. PHASE I DESIGNS, INTERNAL PRESSURE REINFORCING ON 
SPIIERE, MAXIMUM STRESS INTENSITY, WATERS ANALYSIS 
I 
179 
-& = = 1.0 
- 
max. stress intensity, S = PD/4T , g t'/t 
FIGURE 62. PHASE I DESIGNS, INTERNAL PRESSURE, REINFORCING ON 
NOZZLE, MAXIMUM S T R E S S  INTENSITY, WATERS ANALYSIS 
180 
- r 2 t ,  h=T'/T 
FIGURE 63. PHASE I DESIGNS, MOMENT LOADING, 
REINFORCING ON SPHERE, MAXIMUM STRESS 
INTENSITY, B m  AN ALYS IS 
i 
i 18 1 
s 2dT-  - =  --1.o s Dt 
d/D 
B I-ANALYS IS 
FIGURE 64. PHASE I DESIGNS, MObIEWI' LOADING, REINFORCING 
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f o r  I n t e r n a l  Pressure, t / T  - > 0.1 %0 
I$0 f o r  I n t e r n a l  Pressure, t / T  5 0.1 
K f o r  I n t e r n a l  Pressure 
Kne f o r  Moment Loading 
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f o r  Moment Loading 
fo r  Moment Loading, t / T  2 0.1 
KbQ f o r  Moment Loading, t / T  5 0.1 
K f o r  Moment Loading 
Kne f o r  Thrust Loading 
%e f o r  Thrust Loading 
f o r  Thrust Loading 
Kn$ 
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DEVELOPMENT OF DESIGN GRAPHS 
Parametric Study 
The design information presented here in  i s  based on a parametric 
study* conducted a t  Oak Ridge Nat ional  Laboratory us ing  the  CERL I1 com- 
puter  program . A Poisson's r a t i o  of 0.3 was used. The nomenclature 
and s ign  conventions are shown i n  Figure A-1, page A-2. 
( 3 4 )  
The parametric study covered the  following: 
1. Sphere diameter t o  thickness r a t i o ,  D/T 
- =  I) 10, 25, 50, 100, 250, 750, 1000. T 
2. Nozzle diameter t o  sphere diameter r a t i o ,  d/D 
d jj = -01, .025, ,05, .1, .25, .3, - 4 ,  .5 . 
3 .  Nozzle thickness  t o  sphere thickness  r a t i o ,  t / T  
t - = -01, .0133, .02, .04, .lo, .25, .3, .4, .5, - 6 ,  .8, 1.0, 1.5, 2.0, 3.0. T 
4 .  Loadings 
I n t e r n a l  pressure,  moment applied t o  nozzle, t h r u s t  appl ied 
t o  nozzle. 
S t r e s s  Indices  
It i s  obvious that, i n  order  f o r  the  design d a t a  t o  be general ly  
appl icable ,  dimensions must be presented as dimensionless r a t i o s ,  e, go,  
* The authors wish t o  acknowledge the  e f f o r t s  of So E,  Moore, who was 




FIGURE A I .  NOMENCLATURE ILLUSTRATION 
a 
J A- 3 
D/T. 
r a t i o s ,  o r  "stress indices".  
would be most in format ive  t o  the  u s e r  of t h e  des ign  da ta ,  
loading, t h e  des igner  w i l l  normally know the  nominal stress i n  the  sphere 
o r  sphere segment and w i l l  be i n t e r e s t e d  i n  the  stresses i n  t h e  v i c i n i t y  
of t h e  nozz le  r e l a t i v e  t o  t h e  nominal stress i n  t h e  sphere. For moment 
o r  t h r u s t  loading, t h e  designer  w i l l  gene ra l ly  know t h e  e x t e r n a l  loads 
as suppl ied,  f o r  example, by a p ip ing  system f l e x i b i l i t y  analysis*,  and 
w i l l  be i n t e r e s t e d  i n  the  stresses i n  the  v i c i n i t y  of t he  nozz le  rela- 
t i v e  t o  the  nominal stress i n  the  nozzle ,  i.e,, stress i n t e n s i f i c a t i o n  
It i s  then  necessary t o  a l s o  p re sen t  the stresses as dimensionless 
A ques t ion  arises as t o  what stress i n d i c e s  
For  p re s su re  
f a c t o r s  analogous t o  those  p re sen t ly  used f o r  p ip ing  system components (18) . 
This reasoning  leads  t o  the  stress i n d i c e s  : 
Pressure  Loading 
= G;i 





Thrus t  Loading 
= P-i 
% j  L n d t  
where: 
= stress index corresponding t o  o Ki j  i j  
P = i n t e r n a l  pressure,  p s i  
M 
L = t h r u s t  appl ied  t o  nozzle ,  l b  
D = sphere mean diameter,  inches  
T = sphere w a l l  th ickness ,  inches 
d = nozzlemean diameter,  inches  
t = nozzle  th ickness ,  inches  
= moment appl ied t o  nozzle,  i n - lb  
* The f l e x i b i l i t y  of t h e  nozzle  must be known f o r  t h e  p ip ing  system 
ana lys i s .  This  a spec t  of nozz les  i n  spheres  w i l l  be covered i n  a 
subsequent r epor t .  
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Juncture S t resses  





s =  
s =  
s =  
S =  
v =  
For 
by the  f ac to r  
d T  T 2  
CT = S (5 t k (T) %@) f o r  pressure-loading (A7a) 
X 
T 2  
CT = S (-1 f (7) %e) f o r  moment or  t h r u s t  
loading (A7b) 
X 
nominal stress, p s i  
PD/4T f o r  pressure loading 
4Mhd t f o r  moment loading 
L h d t  fo r  t h r u s t  loading 
Poisson’s r a t i o  = . 3  
2 
moment loading, equations ( A 4 )  through (A7) a re  mul t ip l ied  
(cos e), where 0 i s  the  angle from the  plane of the  applied 
moment, as shown on Figure Al.  
The d i r ec t ions  of CT oQ, ax, and CT a re  shown i n  Figure A l .  
Y 
The normal s t r e s s  a re  oe and CT * t angen t i a l  stresses are CT and CT . Y’ e X 
A t e n s i l e  stress i s  defined as pos i t ive ;  a compressive stress 
as  negative. 
the  - p a r t  of t he  k s igns  appl ies  t o  the outs ide  surface. For the  midwall 
The 4- p a r t  of the f s igns  appl ies  t o  the  in s ide  surface,  
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(average) stress, t h e  bending component (%e, KbO) i s  taken as zero. 
i n  t he  d i r e c t i o n s  shown i n  F igure  A l .  
a l l  s i g n s  are r eve r sedo  
absence of i n s t a b i l i t y ) ,  M as -M o r  L a s  -Lo 
s igns  of  t h e  stresses are f o r  t h a t  s e c t i o n  where the  moment produces 
nominal compressive stresses i n  the  nozzle ,  Sec t ion  A of F igure  A l .  
These stresses are propor t iona l  t o  cos 8 (Figure A l ) ,  hence t h e i r  s i g n s  
are reversed  a t  8 = 180'. 
The s igns  of  t he  stress components are f o r  t h e  loadings appl ied  
For reversed  loading  d i r e c t i o n s ,  
One may, f o r  such loads,  d e f i n e  P as -P ( i n  the  
For moment loading, the  
Design Graphs f o r  S t r e s s  Indices  a t  Junc ture  
The va lues  of t h e  f i v e  stress ind ices  requi red  i n  Equations 
A4 through A7 ( I $e ,  Kno, KbO, and K ) are presented i n :  
nY 
Pressure  Loading Figures  A2 through A6 
Moment Lo ad ing  F igures  A7 through A l l  
Thrus t  Loading Figures  A12 through A 1 6 .  
A d i scuss ion  of t h e  dimensional v a r i a b l e s ,  dimensional l i m i t s  and 
accuracy i s  given below. 
Combinations of Var iab les  
It i s  apparent  t h a t  t he  geometric d e s c r i p t i o n  of a nozzle  i n  
a sphere r e q u i r e s  four  independent dimensions, i .eo,  D, T, d, and to  
The stress i n d i c e s  a r e  n e c e s s a r i l y  func t ions  of t h r e e  dimensional 
r a t i o s ;  f o r  t he  des ign  graphs the  r a t i o s  D/T, d/D, and t / T  were se l ec t ed .  
I f  t hese  r a t i o s  are n o t  i n  some way interdependent ,  wi th  r e spec t  t o  
the  stress ind ices ,  then  concise  g raph ica l  p re sen ta t ion  of des ign  d a t a  
becomes d i f f i c u l t  s i n c e  f o r  each stress index and loading, a double 
family of curves  i s  required.  Leckie and Penny''), however, noted t h a t  
t he  maximum stresses i n  the  sphere could be presented as a func t ion  of 
two independent v a r i a b l e s ;  (d/D) v z  and t /T ,  wi th  r e l a t i v e l y  l i t t l e  
e f f e c t  o f  t he  D/T v a r i a b l e  by i t s e l f .  This  r educ t ion  of independent 
v a r i a b l e s  from t h r e e  t o  two is ,  of course,  a major advantage i n  
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presenta t ion  of t he  design d a t a  s ince  only a s i n g l e  family of curves i s  
required f o r  any p a r t i c u l a r  dependent va r i ab le  . 
Further i nves t iga t ion  of t he  two independent va r i ab le s  (d/D)-\IDITT 
and t / T  shows tha t ,  f o r  pressure loading, t he  m a x i m u m  stress index is  
defined here in  as meaning t h a t  the  stress index p lo t t ed  aga ins t  (d/D) >/xT, 
for  a given t/T-value, may be represented by a s i n g l e  l i n e  f o r  10 < D/T < 250 
with an accuracy, as compared t o  the computed stress, of k 20%. 
ind iv idua l  stress indices,  except KbO and K 
var iab les  [ ( d / D ) d x ,  t / T ]  work equally w e l l  i n  reducing the  independent 
va r i ab le s  from th ree  t o  two.  For elimination of t he  D/T-variable 
occurs only a t  t/T-values of 1 and l a rge r ;  fo r  K 
(.l t o  1 , O )  values of t /T .  
"p rac t i ca l ly  independent" of D/T. The term "prac t ica l ly  independent" i s  
For the  
these same two independent 
nY' 
only f o r  midrange 
nY' 
I n  the  case of moment or  t h r u s t  loading ( the  design graphs 
a r e  qu i t e  similar fo r  these two loadings), t he  same two independent 
va r i ab le s  [(d/D) d z  and t / T  1 almost eliminate the  D/T-variable 
(+ 20% accuracy) f o r  Kne and 
with s m a l l  values of t / T ,  D/T i s  a s i g n i f i c a n t  variable.  
f o r  moment o r  t h r u s t  loading, i t  is  necessary t o  d iv ide  the  s t r e s s  index 
by s u i t a b l e  dimensional r a t i o s  i n  order t o  eliminate the D/T-variable. 
It i s  unfortunate t h a t  t h i s  d iv is ion  i s  necessary, s ince  the  s ign i f icance  
of the  s t r e s s  index, i n  r e l a t i o n  t o  nominal s t r e s s e s ,  i s  not  d i r e c t l y  
apparent from the  design graphs. For the  s t r e s s  ind ices  K and K 
the  parameter ( d / D ) d x  does not e l imina te  the D/T-variable nor does 
there  appear t o  be any o ther  combination of dimensions which, over t he  
parameter range covered, i s  successfu l  i n  eliminating the  D/T-variable. 
The independent va r i ab le s  d / t  and t / T  have been used f o r  p l o t t i n g  K 
These va r i ab le s  e l imina te  the D/T=variable fo r  s m a l l  values of t / T  
c< .04) and p a r t i a l l y  eliminates the D/T-variable f o r  l a rge r  values of 
t /T. 
as w e l l  as fo r  KbO with t / T  2 .15. 
Also, For %Or 
nO nY ' 
nYw 
Dimensional L i m i t s  
The design graphs encompass the following dimensional ranges 
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10 < D/T < 250 
.Ol<d/D < .5 
.Ol<t/T < 3 
Probably a l a rge  majority of pressure vessel nozzles w i l l  be 
included i n  these l i m i t s .  The lower l i m i t  of D/T is  based on the  
a p p l i c a b i l i t y  of thin-she11 theory. 
values of D/T up t o  1,000; however, t he  method f o r  reducing the  design 
char t s  t o  two independent va r i ab le s  does not hold f o r  la rge  D/T and are 
not included i n  t h i s  report .  The upper l i m i t  of d/D was es tab l i shed  i n  
conformance wi th  the ASME, Boiler and Pressure Vessel Code, Section V I I I ,  
which suggest t h a t  f o r  openings i n  heads with d/D l a rge r  than 0.5, the  
cpening should be designed as  a reversed curve section. 
The parametric study included 
There are two areas wi th in  the  parametric study f o r  which the 
design graphs a re  of l imi ted  significance.  F i r s t ,  f o r  c e r t a i n  combina- 
t ions  of D/T, d/D, and t / T  t he  value of d / t  i s  too s m a l l  t o  be within 
the range of th in-she l l  theory. For example, the  combination of 
d/D = .01, t / T  = 0.1 and D/T 
models with d / t  < 2.5 have been excluded from the design graphs. 
Secondly, f o r  combinations of small t / T  with la rge  d/D, t h e  nozzles are 
inadequate from the  standpoint of nominal stresses due t o  pressure 
loading. This a rea  can be examined i n  terms of the parameter 
10 gives d / t  3 1.0. The r e s u l t s  from 
s 2d/D s = -3 
where s = nominal stress i n  nozzle due t o  pressure loading 
s = Pd/2t 
S = nominal stress i n  sphere due t o  pressure loading 
S = PD/4T 
For a combination of d/D = .5, t / T  = .01, the  value of s/S i s  100. 
Models with such la rge  values of s/S are not used i n  pressure vesse ls .  
However, where the sphere wal l  thickness i s  increased, l oca l ly  o r  gen- 
e ra l ly ,  as  a means of re inforc ing  the  opening, t he  designer may be 
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i n t e re s t ed  i n  models with s/S > 1; reference (12) i nd ica t e s  s / S  values 
up t o  around 5 as po ten t i a l ly  of i n t e r e s t ,  
of 5 gives the  following l i m i t s  t o  t / T  and d/D combinations, 
Limiting s/S t o  a maximum 








05 . 10 
25 . 50 
A s  an a id  i n  in t e rpo la t ion ,  combinations of t / T  and d/D giving 
s/S l a r g e r  then 5 are shown on the  design graphs, except where t h e i r  
presence would d e t r a c t  from the  r e a d i b i l i t y  of the  graphs. 
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APPLICATION OF DESIGN GRAPHS 
The stresses a t  the juncture between nozzle and sphere a re  
nY 
These 
determined by s u b s t i t u t i n g  the  values of Kne, Kn$J \$J and 
from Figures A2 through A16 i n t o  Equations (A4) through (A7). 
f i gu res  are based on the  assumption t h a t  Poisson's r a t i o  of the  ma te r i a l  
used i s  equal t o  0.3 and t h a t  the nozzle and sphere ma te r i a l s  have the  
same modulus of e l a s t i c i t y ;  o thers ide  the proper t ies  of the ma te r i a l s  
do not e n t e r  i n t o  the  s t r e s s  ca lcu la t ions .  
Application of the  procedure for  obtaining stresses from the  
design graphs i s  i l l u s t r a t e d  i n  the following by seve ra l  examples. 
Example 1 
A 6'' standard weight (6.625" O.D. x .280" nominal wal l  thick- 
ness, .245" minimum wal l  thickness) pipe nozzle i s  welded t o  a sphe r i ca l  
head with 50'' mean diameter, 0.500" nominal (.490" minimum) wal l  thick- 
ness. An i n t e r n a l  pressure of 784 p s i  i s  the  only loading. Stresses 
a t  the  nozzle-sphere junc ture  are determined as follows. 
Step 1: Calculate the r a t i o s :  
d 6.625.280 = .127 
1) 50 
- =  
05 -=A= t 245 T .490 
Step 2: 
Enter Figures A2 through A6 with ( d / D ) v  D/2T = .90 t o  i n t e r -  
s ec t ion  with t / T  = 0.5 and D/T = 100: 
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c 
from Figure A2: 
from Figure A3: 
from Figure A4: 
Kne = 2.45 
%e = 0.53 
KnO = .30 
from Figure A5: = -1.1 
from Figure A6: K = 2.45 
nY 
Step 3: Calculate  stresses using Equations (A4) through (A7) 
Stresses i n  the  sphere: 
PD 784 x 50 s = -  = 4T 4 x .49 = 20,000 p s i  
On i n s i d e  surface:  oe = 20,000 (1.92) = 38,400 p s i  
On outs ide  surface: o8 = 20,000 (2.98) = 59,600 p s i  
= 20,000 (2.45) = 49,000 p s i  A t  midwall cs 8 
m0 = 20,000 (.30 st: -1.1) 
On i n s i d e  surface:  
On outs ide  surface:  o0 = 20,000 (1.40) = 28,000 p s i  
A t  midwal: 
S t r e s ses  i n  the  nozzle 
a0 = 20,000 (0.80) = -16,000 p s i  
a0 = 20,000 (.30) = 6,000 p s i  
l 2  CJ 20,000 t2.45 5 0.3 x (3) x (-1.1)] 
Y 
= 20,000 (2.45 k -1.32) 
On i n s i d e  surface:  a = 20,000 (1.13) = 22,600 p s i  
On outs ide  surface:  CJ = 20,000 (3.77) = 75,400 p s i  




= 20,000 (025 k -4.40) 
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On i n s i d e  surface: CT = 20,000 (-4.15) = -83,000 p s i  
On outs ide  surface: CT = 20,000 (4.65) = 93,OOOpsi 





The same nozzle and head as i n  Example 1, but the  loading con- 
2 
sists of a moment applied t o  the  nozzle such t h a t  the  nominal stress 
i n  the nozzle is  20,000 ps i ,  i.eo, 4M/nd t = 20,000. 
Step 1: 
i n  addition; 
Calculate t he  dimensional r a t i o s  as i n  Step 1 of Example 1 and, 
d 6.345 2589 
t . 245 - = - =  
Step 2: 
and A l l  with d / t  = 25.9. 
100 . 
Enter Figures A7, A8, and A10 with (d/D) d z  = .90, Figures A9 
Proceed t o  i n t e r s e c t i o n  with t / T  = 0.5, D/T = 
from Figure A7: Kne = -.06 (D/T)'l2 (D/d) 1/4 
Figure A8: %e = .28 (D/T) 1/2 
Figure A9: Kng = -,51 
Figure A10: K = .17 (D/T)'l2 (D/d)1'4 
Figure A l l :  K = -1.45 
bQ 
nY 
Step 3: Calculate values of K ne, $0, 'n$, Kbg.1 Kny: 
1 /4 1 
x (x) = .06 x 10 x 1.67 = -1.0 1 /2  Kne = .06 x (100) 






K , g  = 017 x 10 x 1.67 2.84 
K =  - 1,45 
nY 
S t e p  4: Calculate stresses using Equations (A4) through (A7). 
Stresses  i n  sphere a t  0 = 0 
2 It was assumed tha t  S = 4Mhd t = 20,000, hence 
0 = 20,000 (-1.0 k 2,80) e 
On inside surface 
On outside surface: 
A t  midwall : 
: o0 = 20,000 (1.80) = 36,000 p s i  
ae = 20,000 (-3.80) = -76,000 
oe = 20,000 ( - l * O )  = -20,000 
OS 20,000 (m.51 k 2,84) 
On inside surface 
On outside surface : o8 = 20,000 (-3.35) = -67,000 
A t  midwall: ~g 20,000 (-.51) - -10,200 
: cr@ = 20,000 (2.33) = 46,600 p s i  
Stresses i n  nozzle a t  8 = 0 
= 20,000 [-1.45 k 3-41] 
On inside surface 
On outside surface : B = 20,000 (-4.86) = -97,200 
: cr = 20,000 (1.96) = 39,200 p s i  Y 
Y 
Y A t  midwall: o = 20,000 (-1.45) = -29,000 
l 2  
B X = 20,000 [(el) k (-) .5 x (2.84)] 
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On ins ide  sur face  : CT 
On outside sur face  : CT 
= 20,000 (10.36) = +207,000 p s i  




A t  midwall: CT = 20,000 (-*l) = -20,000 
Step 5: S t r e s ses  a t  e # 0. 
Multiply stresses obtained i n  Step 4 by cos 8. 
Example 3 
The same nozzle and head as i n  Example 1, except t h a t  an 
in t eg ra l ,  uniform wal l  thickness pad around t h e  opening i s  used t o  rein- 
force the  opening. The thickness of t h i s  pad i s  T I  and i s  equal t o  2T. 
The length of the pad is  assumed t o  be g rea t e r  than YDT' hence, the  de- 
s i g n  graphs a re  applicable. 
question i s  what moment can be applied t o  the nozzle as l imited by a 
maximum midwall stress i n t e n s i t y  of 30,000 p s i ;  maximum sur face  stress 
i n t e n s i t y  of 60,000 psi .  
With an i n t e r n a l  pressure of 784 p s i ,  the 
Step 1: Calculate the  r a t i o s  
- -  D 50 
T '  1 
- - =  50 
- =  .127 
D 
- =  .25 T' 
'fl D = .127 x fi = .64 
- e  25.9 
t 
Step 2: Calculate the  s t r e s s e s  due t o  pressure as i n  Example 1. 
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CT = 10,000 (2.5 k 0.78) = 17,200 p s i  ins ide 0 
132,800 p s i  outside 
25,000 p s i  midwall 
oQ = 10,000 (.13 k 9.30) = -1,700 p s i  inside 
= 4,300 ps i  outside 
= 1,300 p s i  midwall 
1 2  o = 10,000 c2.6 k (.3) (-) ( - . 3 0 ) ]  = 11,600 p s i  ins ide  Y .25 
= 40,400 p s i  outside 
2 = 26,000 p s i  midwall 
1 
0 X 10,000 c.51 k (-) a25 (-.30)] = -42,900 p s i  ins ide  
= 53,000 p s i  outside 
= 5,100 ps i  midwall 
Step 3: 
S = 4M/nd t i s  retained as a factor ,  
Calculate s t r e s ses  due t o  moment as i n  Example 3, except tha t  
2 
O8 = S(-,32 5 1.56) = 1.24 S inside a t  8 = 0 
= -1.88 S outside 
- -   .32 S midwall 
CT = S(0.62 k 1.58) = .96 S ins ide  
Y 
= -2.20 S outside 
= 0.62 S midwall 
B = S (-1. f 5.28) = 4.28 S inside 
X 
= -6.28 S outside 
+ -1.0 S midwall 
Step 4: Determine stress i n t e n s i t i e s  due t o  pressure plus moment 
k= 15 
Stress i n t e n s i t i e s  are  defined by the quant i t ies :  
The r ad ia l  stress i s  equal t o  -P on the inside surface, zero on the out- 
s i d e  surface and, as  an approximation, - P / 2  a t  the midwall. 
s t resses  due t o  the moment vary with 0, t h i s  var ia t ion  must be considered. 
However, only the values a t  0 = 0 and 0 = 180 are  s ign i f icant  i n  t h i s  
example; intermediate values of 0 w i l l  give intermediate values of the 
stress in t ens i t i e s .  
Since the 
From Steps 2 and 3:  
Inside Outside Midwa 11 
18,000 + 1.24 S 4 32,800 + 1.88 S * 25,400 + .32 S * 
Gg Gr - 900 .19 s * 4,300 + .47 S * 1,700 + .14 S * 
% - +18,900 + 1.05 S 4 +28,500 + 1.41 S * +23,700 + .18 S * 
G0 - G r 
G - G  12,400 + .96 S 4 40,400 + 2.20 S * 26,400 + .62 S * 
Y r  
X r -42,100 - 4.28 S * 53,000 + 6.28 S * 5,500 + 1.0 S * G - 0  
+54,500 + 3.32 S * -12,600 - 4.08 S * f20,900 + .38 S 4 
Y X  
(5 - 0  
4 a t  0 = 0' 
* a t  0 = 180' 
I n  the above tabulation, the s t r e s ses  due t o  the moment have 
been taken a t  0 = 0 o r  0 = 180 so tha t . they  add t o  the stress in t ens i ty  
due t o  pressure and hence ind ica te  the m a x i m u m  absolute value of the 
stress in tens i ty  around the nozzle. 
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Step 5: Determine m a x i m u m  value of S (=4M/.rrd 2 t). 
(a) Midwall stress i n t e n s i t y  l imited t o  30,000 psi.  
Each of the  s i x  stress i n t e n s i t y  values l i s t e d  under "Midwall" 
are equated t o  30,000 and solved f o r  S; t he  smallest va lue  of S must be 
used. The con t ro l l i ng  stress i n t e n s i t y  i s  cr - cr , giving: 
Y r  
26,400 + -62 S = 30,000 
30,000 - 26,400 e 5,800 psi s =  . 62 
(b) Surface stress i n t e n s i t y  l imi ted  t o  60,000 psi.  
Each of the  twelve s t r e s s  i n t e n s i t y  l i s t e d  under "Inside" and 
"Outside" are equated t o  60,000 p s i  and solved f o r  S; the  smal les t  value 
of S must be used. The con t ro l l i ng  stress i n t e n s i t y  i s  cr on the outs ide  
sur face  (ac tua l ly  cr - cr where cr = 0), giving: X 
X r' r 
53,000 + 6.28 S = 60,000 
60,000 - 53,000 = l,llo psi 
6.28 s =  
S t e p  6 :  Determine maximum permissible moment. 
The value of S must be l imited t o  1,110 p s i  i n  order t o  l i m i t  
t he  maximum stress i n t e n s i t y  on the sur face  t o  60,000 psi. 
of S w i l l  a l s o  insure  t h a t  the maximum midwall stress i n t e n s i t y  i s  less 




2 nd t 
s = - =  
L 1.110 nd't - 1.110 x IT x (6.345) x .280 e: 9,800 in-lb, 
4 
- 
4 M =  
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Accordingly, t he  maximum moment t h a t  can be applied t o  t h e  
nozzle, wi th in  the  prescribed stress l i m i t s ,  i s  9,800 in-lb, 
moment load capacity i s  desired,  an obvious next s t e p  would be t o  make 
the nozzle of heavier pipe, e,g., 6" Sch 80, a t  least f o r  a d is tance  
of f l t  from the juncture. 






T -I$,q are at - = 1.0) (Max values of 









FIGURE A-loa, KbS FOR MOMENT LOADING (continued) 
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Underlined numbers are values of t / T .  
Single line indicates applicable for 10 5 D/T 5 250. 
Branched or multiple lines are for D/T as indicated. 





A- 33 Underlined numbers are values of  t / T  . 
FIGURE A-15a. J$@ FOR THRUST LOADING (continued) 
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Underlined numbers are values of t / T .  
Single l ine  indicates applicable for 10 5 D/T 5 250. 
Branched or multiple l ines  are for D/T as indicated. 
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INTRODUCTION 
I n  many c r i t i c a l  p ip ing  systems, one of t h e  des ign  problems 
c o n s i s t s  of t h e  de te rmina t ion  of  t h e  f o r c e s  and moments i n  t h e  system 
when the  p ip ing  undergoes thermal  expansion o r  c o n t r a c t i o n  o r ,  i n  some 
cases ,  due t o  weight,  wind load, shock, o r  v i b r a t i o n .  The s o l u t i o n  o f  
the gene ra l  problem of  a three-dimensional p ip ing  system wi th  two o r  more 
anchor po in t s ,  whi le  b a s i c a l l y  simple,  involves  a l a r g e  amount of compu- 
t a t i o n s .  
mate and thereby s i m p l i f i e d  s o l u t i o n s  . 
accura t e  c h a r a c t e r i s t i c s  of t h e  p ip ing  components were not  p a r t i c u l a r l y  
use fu l  s i n c e  t h e  methods w e r e  approximate,  The advent  of  high-speed 
d i g i t a l  computers, however, has  made i t  poss ib l e  t o  quick ly  and economi- 
c a l l y  o b t a i n  "exact" s o l u t i o n s  f o r  moments and f o r c e s  a c t i n g  on p ip ing  
systems. 
P r i o r  to  about  1950, cons iderable  e f f o r t  was devoted t o  approxi- 
With such approximate methods, 
The a d j e c t i v e  "exact" i n  the  above paragraph is used t o  dis-  
t i n g u i s h  between t h e  approxir-ate methods and the  computer methods,, The 
computer s o l u t i o n s  are, of  course,  l i m i t e d  i n  accuracy by t h e  a v a i l a b l e  
knowledge of  t h e  c h a r a c t e r i s t i c s  of components used i n  t h e  a c t u a l  p ip ing  
systems. One such source of inaccuracy i s  t h e  l o c a l  deformation of a 
nozzle  i n  a pressure  v e s s e l  head. I n  most p re sen t  ana lyses  of p ip ing  
systems a t t a c h e d  a t  one end t o  such a nozzle ,  it is assumed t h a t  t h e  
nozzle  c o n s t i t u t e s  a r i g i d  anchor. 
conserva t ive  s i n c e  fo rces  w i l l  be  overest imated.  The degree of conserva- 
t i s m  i n  some p ip ing  systems may be excess ive  and l ead  t o  unnecessary ex- 
pense i n  cons t ruc t ion  of t h e  p ip ing  system. 
The "anchor" assumption i s  usual ly* 
* The "anchor" assumption may be unconservat ive f o r  shock o r  o the r  
dynamic loading.  
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Design graphs are presented  by means of which t h e  f l e x i b i l i t y  
can be determined f o r  nozzles  i n  s p h e r i c a l  heads, o r  i n  heads which are 
l o c a l l y  s p h e r i c a l  i n  t h e  v i c i n i t y  of  t h e  nozzle .  Graphs are app l i cab le  
f o r  10 5 D/T 5 250, d/D 5 0.5, and t / T  5 3.0. Both t h e  nozzle  and sphere 
are assumed t o  have cons tan t  w a l l  th ickness  i n  t h e  v i c i n i t y  of t h e  
nozzle  and t h e  nozzle  pro t rudes  e x t e r n a l l y  only. Graphs f o r  f l e x i b i l i t y  
are given f o r  both moment and t h r u s t  loadings app l i ed  t o  t h e  nozzles.  
B i  j l aard( l )* .  
wi th  %on-shallow s h e l l "  t h e o r i e s  show t h a t  B i  j l a a r d ' s  r e l a t i v e l y  simple 
theory g ives  s u f f i c i e n t l y  accu ra t e  r e s u l t s  f o r  t he  dimensional ranges 
covered he re in .  
theory are given.  
The design graphs are based on t h e  t h e o r e t i c a l  development by 
Numerical comparisons of B i j l a a r d ' s  "shallow s h e l l "  theory 
Comparisons between Da l ly ' s (2 )  t es t  r e s u l t s  and B i  j l a a r d ' s  
F l e x i b i l i t y  f a c t o r s  f o r  mment loading are g iven  f o r  t h e  designs 
of t h e  r e p o r t ,  "Proposed Reinforcement Design Procedure f o r  Radial  Nozzles 
i n  Sphe r i ca l  S h e l l s  w i t h  I n t e r n a l  Pressure".  This  r epor t (3 )  c o n s t i t u t e s  
t h e  f i r s t  phase r e p o r t  on nozzles  i n  p re s su re  v e s s e l s  and g ives  s p e c i f i c  
r e i n f o r c i n g  dimensions f o r  nozzles  i n  spheres  such t h a t  t he  r e in fo rced  
nozzles  m e e t  s p e c i f i e d  design c r i t e r i a .  The f l e x i b i l i t y  f a c t o r s  of 
Phase 1 designs do no t  exceed a va lue  of 10 and usua l ly  are i n  t h e  range 
of 1 t o  8. 
The s i g n i f i c a n c e  of  the  f l e x i b i l i t y  of nozzles  i n  heads, as a 
p a r t  of a p ip ing  system, i s  i l l u s t r a t e d  by c a l c u l a t i o n  of fo rces  and 
moments i n  a number of  s imple p ip ing  systems wi th  (a) t h e  usual  assump- 
t i o n  of t h e  nozzle  as an anchor and (b) wi th  the  nozz le  f l e x i b i l i t y  
included.  
ranges from 2.5 t o  6, i.e., t h e  moDent a t  t h e  nozzle  i s  overest imated by 
f a c t o r s  of 2.5 t o  6 by us ing  t h e  "anchor" assumption. 
were s e l e c t e d  t o  show where the  nozzle  f l e x i b i l i t y  f a c t o r  can be 
s i g n i f i c a n t ;  i n  many p ip ing  systems the  e f f e c t  of t h e  nozzle  f l e x i b i l i t y  
w i l l  be i n s i g n i f i c a n t .  
For  t h i s  p a r t i c u l a r  s e t  of examples, t h e  r a t i o  (M ) /@n)K 
n o  
These examples 
* References on page 32 
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NaMENCLATURE 
(See Figure 1) 
Dimensions 
D = mean diameter of sphere, inches 
d = mean diameter of nozzle, inches 
R = mean rad ius  of sphere,  inches 
r = mean rad ius  of nozzle, inches 
T '  , t' are used €or l o c a l l y  increased 
thickness  near t h e  nozzle-sphere juncture  
3 
4 
T = w a l l  th ickness  of sphere,  inches 
t = wall  thickness  of nozzle, inches 
= n r  t ( sec t ion  modulus of nozzle), in .  'n 
I = nr t (moment of i n e r t i a  of nozzle),  in.  n 






8 = l a t i t u d e  angle  on sphere 
p = R s i n  cp, inches 
= meridional angle  on sphere 
Loads 
P = i n t e r n a l  pressure,  p s i  
M = moment appl ied t o  nozzle, in.-lb 
L = t h r u s t  load appl ied t o  nozzle, l b  
-
D is p 1 acements 
w = r a d i a l  displacement a t  p = r (e = 0 f o r  moment loading) 
cy = w / r  ( r o t a t i o n  of ax i s  of nozzle, moment loading) 
F l e x i b i l i t y  Factors  
Ka = a/(Md/EIn) - moment loading 
= w/ (Ld/EAn) - t h r u s t  loading 
KW 
Material Proper t ies  
E = modulus of e l a s t i c i t y ,  p s i  
v = Poisson's r a t i o  
4 
t L  
FIGURE 1 e NOMENCLATURE ILLUSTRATION 
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There are s e v e r a l  t h e o r e t i c a l  developments, a v a i l a b l e  i n  the  
form of  d i g i t a l  computer programs, which can be used t o  determine l o c a l  
deformations o f  nozzles  i n  s p h e r i c a l  s h e l l s  o r  i n  heads which are 
s p h e r i c a l  i n  the  neighborhood of  t he  nozzle.  Three of t hese  developments 
(1, 4 , &  5) were compared wi th  each o the r  i n  Reference (7)  wi th  respect t o  
stresses due t o  t h r u s t  o r  moment loading app l i ed  t o  the  nozzle .  Refer- 
ences ( 4 )  and (5) are based on %on-shallow" s h e l l  theory whereas t h e  
f i r s t  r e f e rence ,  by B i j l a a r d ,  is based on "shallow" s h e l l  theory.  It 
was found t h a t  t he  d i f f e rences  i n  stresses f o r  d/D up t o  0.5, D/T up t o  
250 were small. 
Radial  displacements c a l c u l a t e d  us ing  B i j l a a r d  ' s  a n a l y s i s  are 
compared wi th  those c a l c u l a t e d  by Kalnins' computer program(5) i n  
Table 1. 
For moment loading, B i j l a a r d  and Kalnins '  a n a l y s i s  g ive  almost t he  same 
r e s u l t s  except  f o r  a cos cp f a c t o r .  
t h e  two methods g ive  t h e  same d e f l e c t i o n s  wi th in  1 percent .  For d/D = 
0.5 (cos cp10.866), Kalnins gives  a displacement of 0.866 t i m e s  t h a t  
given by B i j l aa rd ,  w i th in  a few percent .  For t h r u s t  loading,  a t  small  
D/T va lues ,  t h e r e  i s  a s m a l l  a d d i t i o n a l  discrepancy between Kalnins and 
B i j l a a r d  r e s u l t s .  Th i s  apparent ly  arises because, f o r  t h r u s t  loading, 
t h e  displacements of  t h e  s p h e r i c a l  s h e l l  remote from the  nozzle  can be 
s i g n i f i c a n t ;  t h e  s h a l l o w s h e l l  theory is  not  accu ra t e  a t  l a r g e  va lues  of 
cp, e.g., cp = n/2.  
Kalnins '  computer program, were made f o r  a hemispherical  head wi th  the  
edges of t h e  hemisphere a t  cp = n/2 assumed f ixed .  
o r  s p h e r i c a l  s h e l l s  (e.g., a t o r i - s p h e r i c a l  head) would l e a d  t o  s l i g h t l y  
d i f f e r e n t  displacements.  
Kalnins '  a n a l y s i s  does not  use t h e  "shallow-shell" assumption. 
That i s ,  f o r  d/D = 0.1, (cos cp,,S 1.00) 
The comparisons shown i n  Table 1, wi th  r e s p e c t  t o  
Other types of  heads 
While t h e r e  are some d iscrepancies  between B i j l a a r d ' s  "shallow- 
s h e l l "  a n a l y s i s  and t h e  t h e o r e t i c a l l y  more accu ra t e  "non-shallow-shell" 
ana lys i s ,  t hese  d i f f e rences  are s m a l l  i n  an  engineer ing  sense  and, s i n c e  
B i j l a a r d ' s  a n a l y s i s  i s  much s impler  and more economical t o  use  than  
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TABLE 1. COMPARISON OF CALCULATED RADIAL 
DISPLACEMENTS, BIJLAARD AND KALNINS 
~- 
w/ (2r%/EIn) - Moment Loading 
Bi j laard  X cos Kalnins 
D - d - t B i  i laard(a) 


















































0.148 0.147 0.147 
0.828 0 825 0.825 
0.996 0.865 0.840 
1.76 1.52 1.53 
7.37 7.35 7.30 
25.28 25.2 25.1 
3.97 3.44 3,28 
12.63 10 . 97 10.40 
w / ( 2 r L / E A  ) - Thrust Loading 
Bi j laard  “ a i l a a r d \ a )  Kalnins 


















(a) B i j l a a r d  ana lys i s  r e s u l t s  mul t ip l ied  by cos 8, 
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Kalnins '  computer program, design information g iven  h e r e i n  was  developed 
us ing  B i j l a a r d ' s  a n a l y s i s .  Theore t i ca l ly ,  increased  accuracy i s  obta ined  
by mul t ip ly ing  t h e  r e s u l t s  from B i j l a a r d ' s  a n a l y s i s  by cos $@, however, 
i n  t h i s  r e p o r t  t h e  maximum value  of d/D i s  l i m i t e d  t o  0.5, heace tile 
c o r r e c t i o n  f a c t o r  of cos go i s  n o t  g r e a t e r  than  0.866. 
For  t h r u s t  loading, t h e  s i g n i f i c a n t  displacement i s  given by 
the  r a d i a l  displacement,  W. For  moment loading, t h e  s i g n i f i c a n t  d i s -  
placement i s  t h e  r o t a t i o n  of  t h e  nozzle  g iven  by 
The va lue  of cy could, o f  course,  be used d i r e c t l y  i n  a p ip ing  
system a n a l y s i s  t o  account f o r  t h e  f l e x i b i l i t y  of a nozzle  i n  a s p h e r i c a l  
. s h e l l .  However, a more informat ive  parameter i s  obta ined  by de f in ing  a 
f l e x i b i l i t y  f a c t o r ,  K, by t h e  equat ion:  
K =  
cy 
The q u a n t i t y  (Md/EIn) i n  Equat ion 
of one-diameter length ,  sub jec t ed  
(2) is simply t h e  r o t a t i o n  i n  a nozzle  
t o  a moment, M. The u t i l i t y  of a 
f l e x i b i l i t y  f a c t o r  as def ined  by Equat ion (2) arises from two cons idera t ions :  
(1) The Kay f o r  a given nozzle  and p ip ing  system, immediately 
i n d i c a t e s  whether t h e  f l e x i b i l i t y  of t h e  nozzle i s  s i g n i f i -  
cant .  For example, i f  Kcy = 2 and t h e  l eng th  of t he  p ipe  
a t t ached  t o  t h e  nozzle  i s  50d, t hen  is l o c a l  f l e x i b i l i t y  
of t h e  nozzle  w i l l  have only a small e f f e c t  on t h e  f l e x i -  
b i l i t y  of t he  p ip ing  system. I f ,  on t h e  o the r  hand, K = 
10 and the  l eng th  of t h e  pipe a t t ached  t o  t h e  nozzle  i s  2d, 
then  t h e  l o c a l  f l e x i b i l i t y  of  t he  nozzle  may have a very  
s i g n i f i c a n t  e f f e c t  on t h e  f l e x i b i l i t y  of t he  p ip ing  system. 
The use  of a f l e x i b i l i t y  f a c t o r  as de f ined  by Equat ion (2) 
i s  analogous t o  t h e  f l e x i b i l i t y  f a c t o r  f o r  elbows o r  




Piping(6) and gene ra l ly  used i n  p ip ing  f l e x i b i l i t y  
analyses,’<. 
The f l e x i b i l i t y  of a nozzle  under t h r u s t  loading  i s  usua l ly  not  
s i g n i f i c a n t  i n  p ip ing  systems; i n  most p ip ing  f l e x i b i l i t y  ana lyses  t h e  
axial  displacements due t o  axial loads  are not  included.  I n  unusual 
p ip ing  systems, i n  which a p ipe  extends from a nozzle  t o  a n  anchor wi th  
l i t t l e  o r  no o f f s e t ,  t h e  f l e x i b i l i t y  of a nozzle  due t o  t h r u s t  load could  
be s i g n i f i c a n t .  Also, i n  a p p l i c a t i o n s  such as nozzles  f o r  control-rod 
i n s e r t i o n  i n  nuc lear  p re s su re  ves se l s ,  t h e  dispacement f o r  t h r u s t  loading 
may be s i g n i f i c a n t .  I n  analogy t o  t h e  f l e x i b i l i t y  f a c t o r  f o r  moment 
loading, a f l e x i b i l i t y  f a c t o r  f o r  t h r u s t  loading has been def ined as: 
The quan t i ty  (Ld/EAn) i s  t h e  a x i a l  displacement i n  the  nozzle  of 
one-diameter length ,  sub jec t ed  t o  t h e  a x i a l  load, L. 
* The analogy, however, i s  imposed by d e f i n i t i o n  r a t h e r  than  inherent .  The 
f l e x i b i l i t y  of a nozzle  i n  a sphere  i s  i n h e r e n t l y  a lumped parameter where 
as t h e  f l e x i b i l i t y  of  an elbow o r  curved p ipe  i s  inhe ren t ly  a d i s t r i b u t e d  
parameter a s s o c i a t e d  wi th  a u n i t  l eng th  and, f o r  an  exac t  so lu t ion ,  an 
i n t e g r a t i o n  over t h e  elbow l eng th  must be c a r r i e d  out .  
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CCMPARISON OF TEST DATA WITH THEORY 
T e s t  d a t a  on t h e  f l e x i b i l i t y  of nozz les  i n  heads is q u i t e  l imi ted .  
The only d a t a  known to  t h e  au thors  i s  t h a t  g iven  by Dal ly(2) ,  who r e p o r t s  
tests on s ix  f a b r i c a t e d  s teel  test  models b r i e f l y  descr ibed  i n  the  follow- 









Type of Model* 
Hemispherical  head, 36-inch r ad ius ,  0.90-inch w a l l .  
Nozzle; 3.39-inch rad ius ,  0.77-inch w a l l .  
ASME Flanged and Dished Head, 35-inch crown r a d i u s ,  0.77-inch w a l l .  
Nozzle; 3.39-inch r ad ius ,  0.78-inch w a l l .  
ASME Flanged and Dished Head, 35-inch crown rad ius ,  0.77-inch wall. 
Nozzle; 3.50-inch r ad ius ,  0.55-inch w a l l ,  
ASME Flanged and Dished Head, 35-inch crown rad ius ,  0.77-inch w a l l .  
Nozzle; 3.64-inch rad ius ,  0.27-inch wall. 
ASME Flanged and Dished Head, 30-inch crown rad ius ,  1.63-inch w a l l .  
Nozzle; 3.39-inch r ad ius ,  0.77-inch w a l l .  
See F igure  2. 
* Radi i  are average of  midwall r a d i i ;  w a l l  th icknesses  
measured t h i  cknes s es . 
A s i n g l e  nozzle  was welded i n t o  t h e  c e n t e r  of  
are average of 
each head, wi th  a 
f i l l e t  weld i n s i d e  and out. Legs of t he  f i l l e t  welds were 314 inch.  The 
nozzles  pro t ruded  inward approximately 1 inch  i n s i d e  t h e  i n s i d e  su r face  
o f  the  heads.  
Tests cons i s t ed  of  apply ing  e i t h e r  a t h r u s t  load  o r  a moment t o  
S t r e s s e s  were measured by means of r e s i s t a n c e  s t r a i n  gages, t h e  nozzle.  
r a d i a l  displacements  of t h e  head were measured (presumably wi th  d i a l  gages).  
The r a d i a l  displacements  of  t h e  head are s i g n i f i c a n t  wi th  r e s p e c t  t o  t h e  
f l e x i b i l i t y  of a nozzle  i n  a head. 
r a d i a l  d i s t ances  from t h e  cen te r  of t h e  nozzle,  s t a r t i n g  a t  a r ad ius ,  p ,  
Measurements were taken a t  va r ious  
10 
FIGURE 2. CROSS-SECTION OF DALLY(2) MODEL NO. 6 
of 5 inches.  These measured r a d i a l  displacements are then  compared 
wi th  B i  j l a a r d ' s  t h e o r e t i c a l  r a d i a l  displacements.  I n  a l l  tests the  
l a r g e s t  displacement occurred a t  t h e  r a d i a l  l o c a t i o n  c l o s e s t  t o  t h e  
nozzle. A summary of t he  r a t i o s  of t h e o r e t i c a l  t o  measured displacements 
a t  p = 5 inches i s  g iven  i n  Table 2. 
Model No. 6 i s  b a s i c a l l y  d i f f e r e n t  than  Models 1 through 5; 
t h e  r e s u l t s  f o r  i t  are d iscussed  s e p a r a t e l y  l a te r  he re in .  For Models 1 
t h r o u g h  5, Table 2 shows t h e  r a t i o s  of t h e o r e t i c a l  t o  experimental  r a d i a l  
d e f l e c t i o n s ,  wt/wx, c o n s i s t e n t l y  l a r g e r  than  uni ty .  The theory s l i g h t l y  
over -predic t s  r a d i a l  displacements f o r  t h r u s t  loading, and s i g n i f i c a n t l y  
over-predicts  r a d i a l  displacements f o r  manent loading. Considering t h e  
s i g n i f i c a n t  r e i n f o r c i n g  provided by t h e  f i l l e t  welds and inwardly pro- 
t rud ing  p o r t i o n  of t h e  nozzles ,  which as shown i n  Table 2 g ives  an area 
reinforcement  of 30 t o  60 percent  of t he  cut-out  area (diT), t h a t  t h e  
theory  over -predic t s  r a d i a l  displacements f o r  moment loading i s  not  un- 
expected. The r e l a t i v e l y  good agreement between tes t  and theory f o r  
t h r u s t  loading is  somewhat unexpected. 
For moment loading, Table 2 i n d i c a t e s  a rough p a r a l l e l  between 
r e i n f o r c i n g  (as measured by A /d .T)  and agreement wi th  theory;  i .e. ,  as 
(Aa/diT) decreases ,  w / w  becomes c l o s e r  t o  1.0; t he re fo re ,  r e s u l t s  from t x  
Models 1 through 5 i n d i c a t e  t h a t  B i j l a a r d ' s  theory i s  s u f f i c i e n t l y  ac- 
cu ra t e ,  i n  an  engineer ing  sense,  f o r  c a l c u l a t i n g  f l e x i b i l i t y  f a c t o r s  f o r  
nozzles  i n  heads i n  the  absence of a l a r g e  amount of l o c a l  r e i n f o r c i n g  
a t  the  nozzle-head junc ture .  
a i  
As shown i n  F igure  2,  t e s t  Model No. 6 i s  d i f f e r e n t  than  Models 
1 through 5 i n  t h a t  t h e  th ickness  of t h e  head is  not  cons tan t .  
a n a l y s i s ,  as used by Dal ly  f o r  comparison with experimental  r e s u l t s ,  i s  
no t  app l i cab le  t o  t h e  tes t  model i n  t h a t :  
B i j l a a r d ' s  
(a) The theory used by Dally f o r  Model 6 assumes t h a t  t h e  nozzle  
i s  a s o l i d  p lug  of 7.5-inch ou t s ide  diameter.  
The theory assumed a s t e p  change i n  th ickness  from 1.63 t o  
0.77 inches a t  p = 7.5 inches whereas t h e  a c t u a l  model had a 
l i n e a r  taper s t a r t i n g  a t  about p = 5.9 inches and ending a t  
about p = 7.3 inches (see Figure  2) .  
(b) 
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TABLE 2. SUMMARY OF CCMPARISONS, DALLY TEST 
DATA WITH BIJLAARI) THEORY 
(1) (2 1 
D - t - Aa - Wt - d Model - 
N o  . D T T d iT Loading W 
X 
_ _  
1 0.094 80 0.86 0.5 Thrus t  1.09 
Moment 1.48 
2 0.097 91 1.01 0.6 Thr us t 1.05 
Moment 1.54 
3 0.10 91 0.72 0.45 Thrust  1.09 
Moment 1.40 
4 0.104 91 0.36 0.3 Thrus t  1.08 
Moment 1.31 
5 0.113 9 1  0.47 0.3 Thrus t  1.05 
Moment 1.22 
6 0 104 40 0.47 --- Thrus t  0.61 
85(3) l.OO(3) 1.7 Moment 0.71 
? . . .- 
(1) Aa = r e i n f o r c i n g  provided by f i l l e t  welds and inwardly 
(2) w = t h e o r e t i c a l  (B i j l aa rd )  r a d i a l  displacement a t  p = 5 i n .  
p ro t ruding  nozzle .  
t 
w = measured (Dally) r a d i a l  displacement a t  p = 5 in .  
X 
(The ou t s ide  r ad ius  of t h e  nozzles  i n  these  tests was 
3.75 in . )  
(3) F i r s t  l i n e  i s  f o r  pad th ickness  (T ' = 1.63"); second l i n e  
i s  f o r  sphere  th ickness  (T = .77"). 
13 
(c) The s p h e r i c a l  r a d i u s  of t h e  pad s e c t i o n  was  30 inches;  t h e  
s p h e r i c a l  r a d i u s  of t h e  o u t e r  s e c t i o n  (near t h e  pad) w a s  
35 inches.  The c a l c u l a t e d  r e s u l t s  g iven  by Dal ly  are based 
on R = 32.5 inches.  
I n  common w i t h  Models 1 through 5,  s i g n i f i c a n t  l o c a l  re in-  
fo rc ing  w a s  provided by f i l l e t  welds and i n  inwardly pro- 
t rud ing  nozzle  s tub .  
(d) 
F igu re  3 gives  test  r e s u l t s  f o r  Model No. 6, a long w i t h  dis-  
placements c a l c u l a t e d  us ing  Kalnins '  computer prograq. I n  t h i s  a n a l y s i s :  
The t h e o r e t i c a l  model has  a nozzle  wi th  r = 3.385 inches,  
t = 0.766 inch.  
The l i n e a r  t a p e r  i s  included i n  t h e  t h e o r e t i c a l  model. 
The t h e o r e t i c a l  model uses  R = 30 inches t o  t h e  OD of t h e  
taper ,  R = 35 inches t o  t h e  beginning of  t he  knuckle; a 
t o r i d a l  segment r ep resen t ing  t h e  f langed and dished-head 
knuckle, and a c y l i n d r i c a l  s e c t i o n  r e p r e s e n t i n g  t h e  
f l ange  on t h e  head. 
The l o c a l  r e i n f o r c i n g  i s  included i n  t h e  t h e o r e t i c a l  model 
as an  increased  head th ickness  near  t h e  nozzle.  
It i s  apparent  from Figure  3 t h a t  t h e  more complete a n a l y s i s  
descr ibed above agrees  much b e t t e r  wi th  the  test d a t a  than  does B i j l a a r d ' s  
ana lys i s .  This  b e t t e r  agreement arises p r imar i ly  from inc lus ion  of con- 
s t r u c t i o n  d e t a i l s  no t  i n  B i j l a a r d ' s  a n a l y s i s  and no t  from inaccurac i e s  i n  
B i j l a a r d ' s  a n a l y s i s  f o r  cons t ruc t ion  d e t a i l s  f o r  which it  i s  d i r e c t l y  
appl icable .  
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Distance from Nozzle Axis , p inches 
* In these parameters I Rz32.5 ,  T=.77, E = 3X1O7 
Theory Kalnins 




Distance from Nozzle Axis inches 
FIGZTRF. 3.  COMPARISON OF MEASURED AND THEORETICAL DISPLACEMENTS, 
DALLY MODEL NO. 6 
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FLEXIBILITY OF PHASE 1 DESIGNS 
Phase 1 r e p o r t ,  "Proposed Reinforcement Design Procedures f o r  
Radial  Nozzles i n  Sphe r i ca l  S h e l l s  wi th  I n t e r n a l  Pressure  1 1 " )  gives  r e in -  
fo rc ing  dimensions (as a func t ion  of d/D and D/T) such t h a t  t h e  nozzles  
wi th  such r e i n f o r c i n g  m e e t  two design c r i t e r i a :  (1) t h e  p l a s t i c  co l l apse  
o r  l i m i t  p r e s su re  i s  a t  least 1.5 t i m e s  t h e  design pressure ,  and (2) t he  
maximum stress i n t e n s i t y  i s  not  more than  3.0S, where S = PD/4T. 
Report No. 2 ,  "Stresses  a t  Nozzles i n  Spher ica l  S h e l l s  Loaded wi th  Pres- 
sure ,  Moment o r  Thrus t  "(') gives t h e  s tress i n t e n s i t i e s ,  w i th  i n t e r n a l  
pressure  o r  moment loading,  f o r  Phase 1 designs i n  which r e i n f o r c i n g  
c o n s i s t s  of a uniform inc rease  i n  w a l l  th ickness  of  nozzle  o r  sphere.  
F igure  4 gives  the  requi red  r e i n f o r c i n g  dimensions of Phase 1 designs.  
F igure  5 g ives  t h e  ca l cu la t ed  f l e x i b i l i t y  f a c t o r s  f o r  Phase 1 designs.  
It should be noted t h a t ,  f o r  uniform w a l l  r e i n f o r c e d  nozz les  t o  Phase 1 
design requirements,  a given -7alue of D/T and d/D e s t a b l i s h e s  a va lue  of 
g = t ' / t  o r  h = T ' / T ,  
g iven i n  t h e  subsequent s ec t ion ,  "Design Graphs f o r  F l e x i b i l i t y  Factors".  
Phase 
More genera l  d a t a  on f l e x i b i l i t y  f a c t o r s  i s  
I n  Figure 5, KW is  def ined  as w/(Md/EIn). For  r e i n f o r c i n g  on 
t h e  nozzle  (g = t ' / t ) ,  i t  i s  assumed t h a t  t h e  nozzle  i s  of increased  
thickness t '  near  t h e  nozzle-sphere junc ture ,  but the  p ipe  th ickness  i s  
I f  t h e  e n t i r e  p ipe  i s  of th ickness  t ' ,  t h e  f l e x i b i l i t y  f a c t o r  wi th  t. 
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FIGURE 5. FLEXIBILITY FACTORS OF PHASE 1 DESIGN NOZZLES I N  
SPHERICAL SHELLS, MOMENT LOADING 
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SIGNIFICANCE OF FLEXIBILITY OF NOZZLES 
Forces and moments i n  a p ip ing  system w i l l  be decreased by t h e  
f l e x i b i l i t y  of a nozzle  a t t ached  t o  t h e  p ip ing  system. 
t o  ignore t h e  f l e x i b i l i t y  of t he  nozzle  under s ta t ic  loading condi t ions ;  
whether ignor ing  t h e  f l e x i b i l i t y  of a nozzle  (or nozzles)  r e s u l t s  i n  
excess ive  conservat ism depends upon t h e  p a r t i c u l a r  p ip ing  system. 
viously,  i f  t he  lengths  of t h e  s t r a i g h t  p ipe  s e c t i o n s  are many times t h a t  
of  t h e  nozzle  f l e x i b i l i t y  f a c t o r  t i m e s  t h e  pipe diameter (1 > > Kd), then  
the  nozzle  f l e x i b i l i t y  w i l l  have l i t t l e  e f f e c t  on t h e  fo rces  and manents. 
For " t i g h t "  systems, however, where t h e  pipe lengths  and t o t a l  p ip ing  
system l eng th  i s  not  l a r g e  compared t o  Kd, ignor ing  t h e  nozzle  f l e x i -  
b i l i t y  f a c t o r  can r e s u l t  i n  gross  over-est imates  of fo rces  and moments. 
It i s  conserva t ive  
Ob- 
To i l l u s t r a t e  how the  nozzle  f l e x i b i l i t y  f a c t o r  in f luences  end 
r eac t ions ,  c a l c u l a t i o n s  were made f o r  t h e  simple p ip ing  system shown i n  
F igure  6. The assumed lengths  of s t r a i g h t  pipe have been va r i ed  as 
shown i n  Table  3, a long  wi th  the  r e s u l t i n g  forces  and moments. 
t h e  s tandpoin t  of des ign  of t h e  nozzle,  t h e  moment a t  t h e  nozzle  i s  of 
p a r t i c u l a r  s i g n i f i c a n c e .  A s  shown by t h e  last  column i n  Table 3, t h e  
moment a t  t h e  nozzle  may be overest imated by f a c t o r s  of 2.5 t o  6.5 i f  
the f l e x i b i l i t y  of t h e  nozzle  i s  ignored; i.e., K taken as zero.  
From 
Q! 
Assumptions f o r  Calcu la t ions  Shown i n  Table 3 
(1) 
( 2 )  Pipe i s  4" s t d .  w t .  (4.5" O.D. x .237" w a l l )  
( 3 )  
Vessel Head i s  to r i - sphe r i ca l ,  wi th  a crown mean-radius of 25",  
w a l l  th ickness  o f  0.500". 
Pipe inc reases  i n  length  due t o  temperature inc rease ,  the  inc rease  
i n  length  i s  (eAT)L, where EAT was taken as l oD4  i n / i n  
{fh!)k,o/(cM)kzk i s  not dependent upon t h e  va lue  of SAT.) 
e = u n i t  expansion of pipe material. (The r a t i o  of 
F l e x i b i l i t y  Fac to r  of Nozzle i n  Head 
For t h i s  example: D/T = 50/ .5  = 100 
t/T = .237/.5 = .474 
d/D = 4.263/50 = .085 
From Figure 10, f o r  t hese  r a t i o s ,  Ka 7 .  
FIGURE 6 .  SlMpLE PIPE SYSTEM USED TO ILLUSTRATE THE EFFECT OF 
INCLUSION OF THE FLEXIBILITY OF A NOZZLE ON THE 
CALCULATED FORCES I N  THE SYSTEM 
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TABLE 3. FORCES AND MQMENTS FOR THE PIPING 
SYSTEM SHOWN I N  FIGURE 6 
I 
FiPure 6 cM,> Ka=O 






























































































2 1  
DESIGN GRAPHS FOR FLEXIBILITY FACTORS 
Based upon t h e  reasoning and assumptions presented  earlier,  
f l e x i b i l i t y  f a c t o r s  f o r  des ign  purposes can be obta ined  from B i j l a a r d ' s  (1) 
a n a l y s i s .  
i n  t h i s  s e c t i o n  of t h e  r e p o r t .  
A series of design graphs have been prepared and are presented  
Calcula t ions  are based on a Poisson 's  r a t i o  of 0.3 and i t  was 
assumed t h a t  t h e  materials i n  t h e  nozz le  and sphere  have t h e  same modulus 
of  e l a s t i c i t y ;  otherwise the  p r o p e r t i e s  of t h e  materials do not  e n t e r  
i n t o  t h e  f l e x i b i l i t y  f ac to r s .  F igures  7 through 11 give  f l e x i b i l i t y  
f a c t o r s  f o r  moaent loading. F igures  12 through 16 g ive  f l e x i b i l i t y  
f a c t o r s  f o r  t h r u s t  loading. The graphs are a p p l i c a b l e  t o  nozzles  i n  
s p h e r i c a l  s h e l l s  o r  s h e l l s  which are s p h e r i c a l  i n  t h e  r eg ion  of t h e  nozzle,  
e.g,, a t o r i - s p h e r i c a l  head w i t h  the  nozz le  i n  t h e  cen te r .  
are  a p p l i c a b l e  t o  nozzles  w i t h  l o c a l  r e i n f o r c i n g  as provided by a heavy- 
w a l l  nozzle ,  and/or  a n  i n t e g r a l  pad on t h e  s p h e r i c a l  s h e l l ,  provided t h e  
r e i n f o r c i n g  lengths ,  measured from t h e  nozzle-sphere junc ture ,  
less than  
The graphs 
along t h e  nozzle  a x i s  ; .7 e a long  t h e  sphere  su r face .  
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FIGURE 7. FLEXIBJLITY FACTORS, MCMENT LOAD, D/T = 10 
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FIGURE 8. n E X I B I L I T Y  FACTORS, MaMENT LOAD, D/T = 25 
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FIGURE 9. F L E X I B I L I T Y  FACTORS, MOMENT LOAD, D/T = 50 
"i 





t /  T 
1.0 3.0 




Kc’ Md/EI ,  
. I  
t / T  






FIGURE 11. F L E X I B I L I T Y  FACTORS, MOMENT. LOAD, D/T  = 250 
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W 
K w  = Ld/E An 
FIGURE 12. F L E X I B I L I T Y  FACXORS, THRUST LOAD, D/T = 10 
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FIGURE 14. F L E X I B I L I T Y  FACTORS, THRUST LOAD, D / T  = 50 
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FIGURE 15. F L E X I B I L I T Y  FACTORS, THRUST LOAD, D/T = 100 
.01 
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FIGURE 16. FLEXIBILITY FACTORS, THRUST LOAD, D/T = 250 
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PROPOSED REINFORCEMENT DESIGN PROCEDURE 
FOR RADIAL NOZZLES I N  CYLINDRICAL 
SHELLS W I T K  INTERNAL PRESSURE 
INTRODUCTION 
Phase Report No. 1, "Proposed Reinforcement Design Procedure f o r  
Radial Nozzles i n  Spherical  She l l s  With In t e rna l  Pressure" covers one aspect 
of t h e  general  subjec t  of reinforced openings i n  pressure  vesse ls .  
Report No. 4 gives analogous information f o r  nozzles i n  c y l i n d r i c a l  p ressure  
vesse ls .  The design procedure i s  intended t o  def ine  acceptable re inforc ing  
d e t a i l s  f o r  r a d i a l  nozzles i n  cy l ind r i ca l  s h e l l s  based on the  criteria: 
This Phase 
The maximum ca lcu la ted  stress i n t e n s i t y  i n  t h e  cy l ind r i ca l  s h e l l  is  
l imi ted  t o  3S, where S is  t h e  nominal stress due t o  pressure  i n  t h e  
unperforated cy l inder  
The ca lcu la ted  l i m i t  pressure of t he  nozzle-cylinder i s  e s s e n t i a l l y  
equal t o  t h e  y i e l d  pressure  of t h e  unperforated cylinder.  
The "Design Procedure", i n  a b r i e f  form s u i t a b l e  f o r  use  i n  design 
work, i s  presented i n  t h e  sec t ion  following the  "Nomenclature". 
of t h e  repor t  provides t h e  background and bas i s  of t h e  design procedure along 
with comparisons with o ther  design procedures. 
The remainder 
It is  emphasized t h a t  t h i s  design procedure covers i n t e r n a l  pressure  
loading only, and t h a t  modifications may be necessary t o  accommodate o ther  
superimposed loadings; p a r t i c u l a r l y  ex terna l  loadings from t h e  attached piping 
system and thermally induced stresses. The e l a s t i c  stress c r i t e r i o n  chosen 
(maximum stress i n t e n s i t y  S 3s) i s  t h e  l i m i t  which, under t h e  r u l e s  of t h e  
ASME Nuclear Vessel Code('), appl ies  t o  t h e  sum of t h e  primary and secondary 
2 
stresses, including pressure, thermal and ex terna l  loading e f f ec t s .  Since 
t h e  l i m i t  ana lys i s  c r i t e r i o n  cont ro ls  almost throughout t h e  dimensional range 
covered herein, t h e  design procedure inherent ly  contains a t  l e a s t  a small 
margin t o  accommodate stresses from add i t iona l  sources*. 
*For nozzles i n  spher ica l  she l l s ,  Phase Report No. 2 gives graphical da t a  from 
which t h e  stresses due t o  moment o r  t h r u s t  loading can be obtained. 
nozzles i n  c y l i n d r i c a l  she l l s ,  Phase Report No. 5 gives empirical da ta  and 
Bijlaard's theory from which estimates of stresses due t o  moment o r  t h r u s t  
loads can be obtained. 
nozzles i n  c y l i n d r i c a l  s h e l l s  t o  include moment and t h r u s t  loadings on the  
nozzle. 
For 











FIGURE 1. NOMENCLATURE ILLUSTRATION 
D = i n s ide  diameter of she l l ,  inches 
d = i n s i d e  diameter of nozzle, inches 
T = bas ic  thickness of she l l ,  inches 
= required thickness of t h e  she l l ,  as an unperforated cylinder,  
f o r  t h e  design pressure 
t = bas ic  thickness of t h e  nozzle, inches 
(It is  assumed t h a t  D, T, d, and t a r e  r e l a t e d  by t h e  equation 
D/T = d / t  
T '  = reinforced thickness of t h e  she l l ,  inches 
t '  = reinforced thickness of t h e  nozzle, inches 
h = T'/T 
g = t'/t 
4 
S = nominal stress in shell, psi 
= PD/2T 
s = nominal stress in nozzle, psi 
= Pd/2t  
p = internal pressure, psi 
(5 = maximum stress intensity, psi 
Stress intensity = 2x(shear stress) 
cp = location angle, see sketch above. 
A = reinforcing area (in excess of basic configuration) on 
- 
each side of nozzle centerline, sq in. 
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LIMITATIONS 
The design procedure is  limited, as indicated by t h e  t i t le ,  t o  
i n t e r n a l  pressure  loading only. Other l imi t a t ions  are l i s t e d  below. 
(1) Small nozzles as defined by: 
These l imi t a t ions  a r e  on the e l a s t i c  ana lys i s  used as  a bas i s  herein.  
The lirnlt pressure ana lys i s  does not have any inherent ( d / D ) m  
l imi t a t ion  and i s  considered v a l i d  (as  judged by comparison w i t h  
test  da t a )  up t o  a d/D of 0.5. 
Nozzles are cy l ind r i ca l ,  mounted r a d i a l l y  t o  t h e  s h e l l  cy l inder  (2) 
sur face  and i so l a t ed  irom other nozzles o r  from any o ther  s i g n i f i c a n t  
l o c a l  stress d iscont inui ty .  
(3) Any reinforcement must be i n t e g r a l  with t h e  she l l s ,  as contrasted 60 
"welded-on" pads o r  saddles. 
( 4 )  Since l i m i t  ana lys i s  is used t o  e s t a b l i s h  the  design procedure, an 
implied assumption i s  t h a t  t h e  material of t h e  s h e l l s  and t h e  weld 
metal i s  duc t i l e ;  e.g., i s  capable of withstanding severa l  percent 
of l o c a l  s t r a i n  i n  a complex stress f i e l d  a t  a l l  temperatures a t  
which t h e  ves se l  may be loaded. 
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DESIGN PROCEDURE FOR RADIAL NOZZLES I N  
CYLINDRICAL SHELLS UNDER INTERNAL PRESSURE 
1. Nozzles may be r e in fo rced  by inc reas ing  the th ickness  of t he  nozzle  and/or s h e l l  
near  t he  nozz le- to-she l l  j unc tu re  according t o  Par.  3, o r  by applying extra 
material around t h e  nozzle- to-shel l  j unc tu re  according t o  Par.  4. The r e in fo rc -  
i n g  requirements apply t o  a l l  planes pass ing  through the  axis of  t h e  nozzle.  
These r u l e s  apply t o  i s o l a t e d  nozz les  i n  which t h e  edge of t he  opening i s  a t  
least a d i s t a n c e  equal  t o  2.5 d z  from the  n e a r e s t  edge of any o t h e r  l o c a l  
stress d i scon t inu i ty .  
Dimension T i s  t h e  required* th ickness  of t h e  unper fora ted  s h e l l  f o r  t he  des ign  
pressure ;  t i s  t h e  required* th ickness  of t he  nozz le  (as a c y l i n d r i c a l  s h e l l )  
f o r  t he  des ign  pressure.  
i n g  t e x t  and Figure  2. A l l  dimensions s h a l l  be taken i n  t h e  "corroded" condi- 
t i o n .  
and reinforcement  s e c t i o n  ( i f  any) are of equal  s t r e n g t h ,  
2. 
Other  dimensions and symbols are def ined  i n  the  follow- 
It i s  assumed t h a t  t h e  materials used i n  the  s h e l l ,  nozzle ,  weld m e t a l  
3. (a) Uniformly thickened nozz le  w a l l ,  F igure  2a 
t '  2 g t ,  4 2+z, g obtained from Figure  3a. 
T '  > hT, L) +E, h obtained from Figure  3b. 
(b) Uniformly thickened s h e l l  w a l l ,  F igure  2b 
-
(c) Uniformly thickened nozz le  and s h e l l  w a l l ,  F igure  2c 
g ' - l k h ' - l -  Determine g'  and h '  according t o  g -  1' h -  1 - 1  
g and h obtained from Figures  3a and 3b, r e spec t ive ly .  
t '  2 g ' t ,  4 - > Y T i  
T '  - > h'T, L - > VDh'T 
4. Compact re inforcements ,  F igures  2d, 2e, 2f 
Ar = r equ i r ed  c r o s s  s e c t i o n a l  area of re inforcement  i n  any plane 
con ta in ing  the  nozzle  ax i s .  
A = a c t u a l  r e i n f o r c i n g  c ross  s e c t i o n a l  area on each s i d e  of t h e  
nozz le  c e n t e r l i n e .  Only t h e  area wi th in  the  c i r c l e  def ined  
by t h e  r ad ius  Lc may be taken as c o n t r i b u t i n g  t o  Ar. 
For : 
For: 0 . 1 4 1 4 f i  5 d/D 5 0 . 4 2 5 f i ;  
For: 0.425-5 d/D r 
d/D - < 0.1414f i ;  A r = 0 
A r = [ 2 . 6 5 ( d / D ) f i -  .375]dT 
A = .75 dT 
2/3 Lc = 0.75 (T/D) 
* Required th ickness  according t o  the  appropr i a t e  design code; e.g., f o r  t he  ASME 
B o i l e r  Code, Sec t ion  V I I I :  
D = s h e l l  i n s i d e  diameter,  Sa = a l l o w a h e  stress, E = j o i n t  e f f i c i e n c y  of welded 
j o i n t  i n  s h e l l .  
T = PD/(2S E - 1.2P), where P = i n t e r n a l  pressure ,  
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REINFORCING ON NOZZLE 
bzlorger of f l  or T/2 
T/8 c 1 E T/2 
REINFORCING ON SHELL AN0 NOZZLE 
rozbrger of ,/8 or T72 
TYB _c 7 c TY2 
FIGURE 2 c 
COMPACT REINFORCING, TRIANGULAR PAD 
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COMf'ACT REINFORCING. FILLET RADIUS 
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Ar Ar 





S ta t ic  f a i l u r e  of a duc t i l e  material  i s  a p l a s t i c  process, and a 
ra t iona l  basis  fo r  determining allowable stresses w i l l  necessarily involve 
p l a s t i c i t y  considerations. The pr inciples  of p l a s t i c  l i m i t  design were used 
t o  set allowable s t r e s ses  i n  Section 111 of the  ASME Boiler and Pressure Vessel 
Code, Nuclear Vessels 2, . Conservative s implif icat ions and generalizations 
were made t o  achieve complete stress l i m i t s  for  a l l  pa r t s  of a nuclear vessel .  
I n  par t icular ,  the  1.5 S l i m i t  on loca l  membrane s t r e s s  was set  t o  insure 
against loca l  p l a s t i c  collapse.  A sat isfactory,  consistent nozzle design pro- 
m 
cedure cannot be constructed with t h i s  l i m i t  as a basis  because it i s  too 
r e s t r i c t i v e .  This can be readi ly  seen by considering very small nozzles, 
which should require  no reinforcement, yet  produce loca l  membrane s t resses  of 
2.5 S i n  the  she l l .  Therefore, the  1.5 S l i m i t  of Section 111 i s  replaced i n  
the proposed procedure by an actual  l i m i t  analysis.  
The design procedure presented herein r e su l t s  from a d i rec t  applica- 
m 
t i o n  of l i m i t  design pr inciples  t o  a spec i f ic  geometry when subjected t o  
in te rna l  pressure. The design philosophy i s  therefore  the  same as tha t  of t he  
ASME Nuclear Vessels Code. 
It i s  the  in t en t  of the  Nuclear Vessels Code t o  (1) provide a sa fe ty  
margin of 1.5 against  p l a s t i c  collapse when strain-hardening i s  neglected and 
(2) t o  insure shakedown t o  e l a s t i c  action. In  accordance with t h i s  intent ,  
the  proposed reinforcements w e r e  proportioned s o  tha t  (1) the collapse pressure 
i s  a t  l e a s t  1.5 t i m e s  the  design pressure and (2) so tha t  the  most highly 
s t ressed regions of the  nozzle w i l l  shakedown t o  e l a s t i c  action, The col lapse 
l i m i t  was established using t h e  r e su l t s  of the  p las t ic - l imi t  analysis described 
i n  Reference 3 .  The shakedown c r i t e r i a  used was tha t  of l imit ing the  maximum 
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e l a s t i c  stress in t ens i ty*  t o  th ree  times the  nominal stress i n  the  unperforated 
shell; 
l i m i t  of two-thirds of the  y i e l d  s t rength ,  t h i s  is  the  equivalent  of l imi t ing  
the  maximum stress i n t e n s i t y ,  cr, t o  twice** the  yi,eld s t r eng th  of the  material. 
E l a s t i c  stresses were ca lcu la ted  according t o  Reference 4 .  
on the  maximum ca lcu la ted  stress i n t e n s i t y  i n  the  s h e l l .  
i n t e n s i t i e s  i n  the  nozzle a r e  higher;  however, a s  discussed i n  Phase Report No. 
5, test  da t a  i n d i c a t e  t h a t  with f i l l e t  r a d i i  a s  spec i f i ed  here in  the  ca lcu la ted  
nozzle s t r e s s e s  do not  occur and can be sa fe ly  disregarded. 
f o r  ma te r i a l s  wi th  design stress i n t e n s i t y  values  es tab l i shed  by the  
- 
The graphs a r e  based 
Calculated stress 
-~ 
*Stress  i n t e n s i t y  a t  a po in t  i s  defined as twice the  maximum shear s t r e s s  a t  
t h a t  point.  
i s  less than two, the  design stress i n t e n s i t y  i s  one-third of the  u l t imate  
s t rength .  
nonelas t ic  s t r a i n i n g  are g rea t e r  than indicated.  
**For ves se l  ma te r i a l s  i n  which the  r a t i o  of u l t imate  s t r eng th  t o  y i e l d  s t r eng th  
For such materials the  margins aga ins t  p l a s t i c  co l lapse  o r  continued 
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DEVELOPMENT OF DESIGN PROCEDURE 
The design of a c y l i n d r i c a l  nozzle i n  a c y l i n d r i c a l  s h e l l  may be 
The considered as cons is t ing  of a bas ic  configuration p lus  reinforcement. 
bas ic  configuration is  defined as an outwardly protruding nozzle and cy l in-  
d r i c a l  s h e l l  segment, as shown i n  Figure 1, i n  which t h e  nozzle and s h e l l  have 
t h e  s a m e  nominal stress f o r  a given pressure. Spec i f ica l ly :  
For t h e  nozzle: 
For t h e  she l l :  
s = Pd/2t 
S = PD/2T 
where P = i n t e r n a l  pressure  
d = i n s i d e  diameter of nozzle 
t = w a l l  thickness of ,iozzle 
D = i n s i d e  diameter of s h e l l  
T = w a l l  thickness of s h e l l .  
For t h e  bas ic  configuration, by de f in i t i on ,  s = S = allowable design stress 
i n t e n s i t y  f o r  t h e  mater ia l  used i n  t h e  nozzle and shell--assumed t o  be made 
of equal s t r eng th  materials. 
The design procedure cons i s t s  of spec i f i ca t ions  of t h e  dimensions 
of re inforc ing  required, i f  any, i n  order t o  meet t h e  design c r i t e r i a  described 
above. 
Reinforcing on Nozzle or  She l l  
Within t h e  scope of ava i l ab le  analysis,  t h e  bas ic  configuration may 
be reinforced e i t h e r  by increasing t h e  w a l l  thickness of t h e  nozzle or by 
increasing t h e  w a l l  thickness of t he  she l1 , a s  shown i n  Figures 2a and 2b. 
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A s  a f i r s t  s t e p  i n  developing t h e  design procedure, an extensive dimensional 
parametric study w a s  made using t h e  ana lys i s  and computer program by Eringen 
The r anggof  d/D and D/T included i s  shown i n  Figure 3 .  
l i m i t :  (d/D) = 1.1. The parametric study included values of s / S  from 1/64 
t o  4.0. 
configurations required re inforc ing  i n  order t o  m e e t  t h e  e l a s t i c  stress 
c r i t e r i a  3 = 3s and how much re inforc ing  would be required i f :  
(4) . 
The s l a n t  l i n e  i s  t h e  
The stresses obtained i n  t h i s  parametric study indicated which bas ic  
(1) Reinforcing consisted only of an increase  i n  w a l l  thickness of t h e  
s h e l l ,  o r  
(2) Reinforcing consisted only of an increase  i n  w a l l  thickness of t h e  
nozzle. 
Figure 4 shows t h e  reinforcement required on t h e  s h e l l  only, i n  terms 
of t h e  parameters d/D, D/T, and h = T'/T. The l i n e  marked h = 1 ind ica t e s  those 
combinations of D/T and d/D f o r  which t h e  maximum ca lcu la ted  stress i n t e n s i t y  
i n  t h e  basic configuration (with an adequate f i l l e t  radius, r ) does not 
exceed 3s . 
s h e l l  s o  t h a t  5 = 3s. 
i s  t h a t  of t h e  unreinforced c y l i n d r i c a l  s h e l l .  
0 
The l i n e s  marked h > 1 ind ica t e  t h e  thickness required i n  the  
Note t h a t  S = PD/2T, not PD/2T'; i.e., t h e  index stress 
Figure 5 shows t h e  reinforcement required on the  nozzle only, i n  
terms of t h e  parameters d/D, D/T, and g = t '/t. 
same as on Figure 4 f o r  h = 1; higher values of g i nd ica t e  t h e  nozzle th ick-  
The l i n e  marked g = 1 is  t h e  
ness required so t h a t  0 = 3s. 
Using t h e  l i m i t  pressure ana lys i s  f o r  nozzles i n  c y l i n d r i c a l  s h e l l s  
developed by Cloud and R~dabaugh '~) ,  t he  re inforc ing  required t o  make t h e  l i m i t  
Jc The parametric study and r e su l t i ng  design curves cover up t o  D/T = 250. This 
is not an upper l i m i t  t o  t h e  a p p l i c a b i l i t y  of Eringen's ana lys i s  and computer 
program. 
h = T ' / T  
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- , 0, limited 






- Limit of Applicability 
of Eringen's Analysis 
I I 
0.2 0.3 0.4 0.8 
FIGURE 4 .  REQUIRED REINFORCING ON SHELL FOR - 
(J = 3 S ,  E R I N G E N ' S  ANALYSIS 
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g = t'/t 
F I G U R E  5. REQUIRED REINFORCING ON NOZZLE FOR - 
o = 3S, ERINGEN'S  ANALYSIS 
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pressure e s s e n t i a l l y  equal t o  t h e  y i e ld  pressure of t h e  unperforated cy l inder  
w a s  calculated.  
The method of ca l cu la t ion  gives a conservative margin on t h e  r e in -  
forcing thickness by a f a c t o r  of 8/7, except f o r  h o r  g c lose  t o  u n i t y .  In 
addition, test data(5) i n d i c a t e  t h a t  t h e  f i l l e t s  required by t h e  design pro- 
cedure w i l l  provide an addi t iona l  strengthening e f f e c t  not considered i n  t h e  
theory. 
The curves r e su l t i ng  from t h e  l i m i t  pressure ana lys i s  shown as dashed 
l i n e s  i n  Figures 6 and 7 and are superimposed over t h e  analogous curves based on 
t h e  e l a s t i c  ana lys i s .  The l i m i t  pressure c r i t e r i o n  is  more r e s t r i c t i v e  than t h e  
elastic c r i t e r i o n  (5 = 3s) except f o r  a s m a l l  a r ea  i n  Figure 7; e.g., d/D = 0.06, 
D/T = 200. The design graphs, Figure 2, are based on t h e  more conservative of 
t h e  e l a s t i c  o r  l i m i t  p ressure  c r i t e r i a .  
I n  constructing t h e  design graphs shown i n  Figure 2, one modification 
t h e  l i n e  f o r  h = g = 1 w a s  obtained by t h e  equation w a s  made" : 
d = 0.1414 /6? 
This r e s u l t s  i n  s h i f t i n g  t h e  l i m i t  p ressure  l i n e s  f o r  h = 1 o r  g = 1 on 
Figures 6 and 7 down and t o  t h e  l e f t .  This w a s  done f o r  two reasons: 
(a) A degree of conservatism is introduced i n  t h e  l i m i t  p ressure  ana lys i s  
r e s u l t s  near h = g = 1.0 
Equation (1) agrees with t h e  l i m i t a t i o n  given i n  t h e  ASME Nuclear 
Vessel Code, Para. N-452 (a) (1), below which re inforc ing  of openings 
i s  not required. 
(b) 
W'his modification w a s  a l so  made i n  Phase Report No. 1, nozzles i n  spheres. 
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h = T ' / T  
- 
E l a s t i c  ana lys i s ,  o = 3s 
----- L i m i t  Pressure Analvsis 
FIGURE 6 .  REQUIRED REINFORCING ON SHELL 
BY L I M I T  A N L Y S I S  
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- 
Elastic Analysis, 0 = 3s 
\ ------- Limit Pressure Analysis 
D 
FIGURE 7.  REQUIRED REINFORCING ON NOZZLE 
BY L I M I T  ANALYSIS 
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The l i n e s  on Figure 2b f o r  h = 1.1 and 1.2 a r e  in te rpola ted  between h = 1.0 
and h = 1.3 ( l i m i t  analysis)  of Figure 6 .  The l i n e  on Figure 2a f o r  g = 1.0 
( l i m i t  ana lys i s )  has been changed t o  g 2.0; t h e  l i n e s  f o r  higher values of 
g are t h e  lower of t h e  l i m i t  ana lys i s  o r  elastic stress c r i t e r i a  shown i n  
Figure 7.  
Reinforcing on Nozzle and She l l  
The requirements given above r e l a t e  t o  e i t h e r  a reinforced c y l i n d r i c a l  
s h e l l  o r  a reinforced nozzle. 
use a combination of re inforc ing  on t h e  s h e l l  and nozzle, as shown i n  Figure 2c, 
while i t  i s  poss ib le  t o  cons t ruc t  a number of graphs s i m i l a r  t o  Figures 3a and 
3b which, with in te rpola t ion ,  would cover these  designs, i n  t h e  i n t e r e s t  of 
s impl ic i ty  t h e  following l i n e a r  r e l a t ionsh ip  was developed: 
I n  many p r a c t i c a l  designs, it may be des i r ab le  t o  
g'- 1 h '  - 1 
g - l ' h  - 1  = 1  
where g = t '/t from Figure 3a 
g '= p a r t i a l  nozzle reinforcement, 1 < g ' < g. 
h = T' /T  from Figure gb 
h'= p a r t i a l  s h e l l  reinforcement, 1 < h '  < h e  
This r u l e  is, of course, i n  agreement with t h e  general  ana lys i s  a t  e i t h e r  end 
of i t s  range; i . e . ,  f o r  e i t h e r  g I = g, h '  = 1, or  h '  = h, g '  = 1. Table 1 shows 
ca lcu la ted  maximum stress i n t e n s i t i e s  f o r  reinforcements a t  t h e  mid-range of 
Equation (1). The maximum stress i n t e n s i t i e s  a r e  shown i n  t h e  next t o  las t  
column of Table 1. 
ca t ing  t h a t  t h e  l i n e a r  approximation i s  conservative in so fa r  as t h e  e l a s t i c  
The ca lcu la ted  values of o/S are a l l  less than 3.0 ,  ind i -  
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TABLE 1. MAXIMUM STRESS INTENSITIES AND LXMIT PRESSURE 
RATIOS FOR NOZZLES DESIGNED BY THE LINEAR 
INTERPOLATION EQUATION (I), DESIGN PROCEDURE 
PARAGRAPH 3(c) 





























































(1) Linear interpolation equation: 
gl- 1 hl- 1 - - + - -  
g - 1  h - 1  
g and h obtained from Figures 3a and 3b, respectively. 
lkamples are at midrange of equation. 
(2) PL = calculated limit pressure, Reference (3) 
P- = nominal yield pressure of unperforated, unrein- 
yc forced cylindrical shell 
= 20 T/D oc 
0 = yield.strength of material (assumed to be the oc Sam; for shell, nozzle, and weld material). 
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stress c r i t e r i a  i s  concerned. The l a s t  column of Table 1 shows ca lcu la ted  
l i m i t  pressure r a t i o s  f o r  t h e  same configurations.  
equal t o  o r  g rea t e r  than unity, ind ica t ing  t h e  l i n e a r  i n t e rpo la t ion  formula i s  
adequate.or conservative from t h e  l i m i t  p ressure  aspect.  
The r a t i o s  of P /P are 
L YC 
Length of Uniform Thickness Reinforcing 
The length of uniformly increased w a l l  thickness necessary so t h a t  
t h e  l o c a l  stresses a t  t h e  nozzle-shell  junc ture  w i l l  be t h e  same as i f  t h a t  
length were i n f i n i t e  may be estimated i n  two ways: 
(1) The r e s u l t s  of an e l a s t i c  ana lys i s  (e.g., Eringen's) can be examined 
t o  determine t h a t  d i s tance  from t h e  nozzle-shell junc ture  a t  and 
beyond which t h e  ca lcu la ted  e l a s t i c  s t r e s s e s  are e s s e n t i a l l y  those 
f o r  an unperforated cylinder.  
The r e s u l t s  of test  da ta  can be examined t o  determine t h e  length as 
described i n  (1) above. 
Inves t iga t ion  of t he  r e s u l t s  of a parametric study using Eringen's 
analysis,  as w e l l  a s  examination of ava i l ab le  test data, i nd ica t e  t h a t  r e in -  
forcement lengths equal t o  c o n  the  nozzle; m o n  t h e  s h e l l  should be 
(2) 
s u f f i c i e n t .  This reinforcement length f o r  t h e  nozzle i s  t h e  same as used i n  
Phase Report No. 1 f o r  nozzles i n  spheres. For the  s h e l l  re inforc ing  length, 
t he  value of i s  l a r g e r  than the  0.7 suggested i n  Phase Report No. 1 
f o r  t h e  length of reinforcement on the  sphere. 
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Compact Reinforcing 
Nozzles i n  pressure  v e s s e l s  are q u i t e  o f t e n  designed wi th  a 
l o c a l  r e i n f o r c i n g  such as t h e  t r iangular -shape  of F igure  2e. 
i n  
methods f o r  both l i m i t  p ressure  and e l a s t i c  stresses which were used t o  
guide the  design r u l e s  f o r  compact r e i n f o r c i n g  of nozz les  i n  spheres .  
For nozz les  i n  cy l inde r s ,  such a n a l y t i c a l  methods are n o t  a v a i l a b l e ;  t h e  
approach used i s  guided t o  a l a r g e  e x t e n t  by the  procedure developed 
f o r  nozzles  i n  spheres .  
For nozzles  
spheres ,  as discussed i n  Phase Reports 1 and 2, t h e r e  are a n a l y t i c a l  
F igures  8 and 9 show the  area of r e i n f o r c i n g  requi red  f o r  
uniform-wall r e i n f o r c i n g  on t h e  s h e l l  and r e i n f o r c i n g  on t h e  nozzle ,  
r e spec t ive ly .  
fo rc ing  on both the  s h e l l  and nozzle ,  i t  appears appropr i a t e  t o  spec i fy  
an area equal  t o  about t he  average of t h a t  requi red  i n  F igures  8 and 9. 
Figure  10 shows t h e  d a t a  from both F igures  8 and 9, a long wi th  curves 
which r ep resen t  t he  average thereof .  The equat ions  of t hese  average 
curves are: 
For: 
For  compact r e in fo rc ing ,  which may be considered as r e in -  
(d/D) < 0.1414 
0.1414*< (d/D) < 0.425 
(d/D) > 0.425 f l D  
2 A/dT = 0 (3a  1 
2 A/dT = 2.65(d/D) fi - .375 ( 3b)  
2 A/dT = .75  (3c  1 
Equation 3a permits  zero r e i n f o r c i n g  f o r  t h e  same d/D and D/T 
r a t i o s  as shown i n  F igure  3. Equation 3b g ives  the  t r a n s i t i o n  between where 
no r e i n f o r c i n g  i s  requi red  and where 0.75 dT r e i n f o r c i n g  i s  requi red ,  
















discussed below, appears* t o  g ive  adequate r e i n f o r c i n g  i n s o f a r  as l i m i t i n g  
e las t ic  stresses t o  3s i s  concerned, 
I n  connection wi th  compact r e in fo rc ing ,  a r e i n f o r c i n g  zone con- 
s i s t e n t  w i th  the  areas and lengths  of uniform-wall r e i n f o r c i n g  i s  des i r ed .  
I n  Phase Report No. 1, a zone r ad ius  L 
where 
as shown i n  F igure  2f was e s t ab l i shed ,  
C 
2/3 L~ = 1.5 (T/D) 
For nozzles  i n  cy l inde r s ,  i n  o rde r  t o  s u i t a b l y  l i m i t  the  zone 
p a r a l l e l  t o  the  nozzle  w a l l ,  i t  i s  necessary t o  use the  zone r ad ius  l i m i t :  
2 /3  L = 0.75 (T/D) 
C ( 4 )  
This  change from nozz les  i n  spheres  comes about, i n  p a r t ,  because of the  
r e l a t i o n s :  
D 
t 
For nozzles  i n  spheres:  
d D. 
t T  
- = -  For nozzles  i n  cy l inde r s :  
Table 2 g ives  some comparisons of L wi th  r e i n f o r c i n g  zone l i m i t s  
C 
of p, fi, and 2.5TW The r a t i o s  of LC/@ of from 0.51 t o  0.30 may 
be compared wi th  the  ASME Sec t ion  I11 r u l e  t h a t  two-thirds  of t h e  r e in fo rc -  
i n g  must be placed wi th in  a zone along the  s h e l l  of 0.5 e= 0.353 
Table 2 i n d i c a t e s  t h a t  L can be a l a rge  mul t ip l e  of e However, as 
i l l u s t r a t e d  by Table 3, i f  t h e  r u l e s  of F igures  2f are used t o  compute the  
'a 
C 
- v a l u e f  f o r  t he  design shown i n  F igure  2a, t he  ga-values a r e  i n  
~ 
* See Phase Report No. 5. 
** Used i n  present  ASME Code, Sec t ion  V I I I .  
+ The i d e n t i f i c a t i o n  g i s  used t o  d i s t i n g u i s h  these  va lues  from those  a given i n  F igure  3a. 
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reasonable  accord wi th  those  given i n  F igure  2f .  Both ga and g converge 
to 1.0 f o r  d/D .1414-; f o r  d/D 2 0.425 G, g i s  g r e a t e r  than g. a 
Table 3 a l s o  shows va lues  of h obtained by applying t h e  r u l e s  a 
of Figure 2f to t h e  design shown i n  F igure  2b. Except f o r  d/D c l o s e  to 
0.1414 q % ( f o r  and below which both h and h converge t o  l,O), ha i s  
g r e a t e r  than  h as obtained from Figure  3b. 
a 
As i nd ica t ed  by Figure  11, i t  i s  poss ib l e  t o  p lace  t h e  requi red  
a r e a  of r e i n f o r c i n g  on the  o u t s i d e  of t h e  s h e l l  w i th in  t h e  zone l i m i t  shown 
i n  Figure 2f f o r  va lues  of (d/D) d z <  1.1 and D/T > 10. 
than 15, d/D i s  l imi t ed  to about 0.28 i f  a l l  r e i n f o r c i n g  i s  placed on the  
For D/T less 
o u t s i d e  as shown i n  F igure  11. 
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TABLE 2. COMPARISONS O F  ZONE O F  REINFORCEMEN FOR 
COMPACT REINFORCING WITH 6 & 
AND 2.5T 
(Lc - T/2)/* f o r  d/D of: 
7.04 3.52 1.41 1.01 
6.75 3.37 1.35 -- 
12.7 6.38 3.19 -- -- 
11.9 5.97 2.98 -- -- 
213 ,, Lc = 0.75 (T/D) 
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TABLE 3. VALUES OF ga AND ha OBTAINED FROM THE RULES 
OF FIGURE 2f FOR DESIGNS OF FIGURES 2a AND 2b 
~~~ ~~ 
ga f o r  d/D of :  
D - 
T .01 .025 .05 .10 .25 .35 
~- 
10 1.00 1.00 1.19 3.08 4.38 4.38 
25 1.00 1.00 3.17 6.66 6.66 
50 1.00 2.05 7.22 9.30 -- -- 
100 1.00 5.90 13.7 13.7 -- -- 
250 2.30 20.9 23.1 23.1 -- -- 
~ 
ha f o r  d/D of :  
D - 
T .01 .025 .05 .10 .25 .35 
10 1.00 1.00 1.02 1.21 1.84 2.18 
25 1.00 1.00 1.11 1.57 2.42 -- 
50 1.00 1.05 1.31 1.83 -- -- 
100 1.00 1.22 1 .63  2.27 -- -- 
250 1.13 1.50 2.11 3.21 -- e- 
g obtained by: a 
2t(ga - 1)[.75 (T/D)2’3 D-.5T] = (A/dT) dT 
ha obtained by: 
2T(h a - 1)[.75 (T/D)2’3 D-.5T] = (A/dT) dT 
A/dT from Equation (3). 
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2 /3  L~ = .75 (T/D) 
A = .785Lc2 - 7 1 (t + TILc + tT/4 
a 
where : y = (d/D)dD/T 
For Y < 1.1 and D/T 2 10 




except  f o r  D/T less than 15, f o r  which d/D i s  l imi t ed  t o  about 0.28, 
FIGURE 11. SPACE AVAILABLE FOR COMPACT REINFORCING 
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Distr ibut ion of Reinforcing 
Within the  scope of the  analysis used as a basis herein, reinforcing, 
i f  any i s  required, must be placed i n  a l l  planes containing the  axis  of the  
nozzle. In  some current design codes*, the  reinforcing i n  the cp = 0 plane (see 
Figure 1) must have an area of dT; 
dT i n  the cp = 90-degree plane. 
t he  area i s  permitted to diminish t o  0.5 
While maximum s t resses  usually occur i n  the  
cp = 0 plane, i t  is  not apparent whether reduction i n  reinforcing as cp goes 
from 0 t o  90 degrees can be ju s t i f i ed .  
F i 11 e t  Radii 
A s  mentioned on page 10, the design procedure given herein 
i s  based on the maximum calculated e l a s t i c  stress in t ens i ty  i n  the  she l l ;  the  
usually higher calculated e l a s t i c  s t r e s s  in tens i ty  i n  the nozzle is  ignored. 
I___ 
The invest igat ion of t h i s  aspect given i n  Phase Report No. 5 leads t o  t he  con- 
clusion tha t  t he  calculated s t r e s ses  i n  the nozzle may be disregarded for  
configurations as shown i n  Figures 2a, 2b, and 2c herein, provided that  the  
f i l l e t  radius i s  not less than a. 
a reasonable f i l l e t  radius even fo r  small, thin-wall nozzles, i s  tha t  the  f i l l e t  
radius must not be less than T'/2.  
A fur ther  l imitation, i n  order t o  insure 
Transit ion Sections 
Transitions between d i f fe ren t  w a l l  thicknesses i n  a she l l ,  such as 
a t  the outer edges of the  reinforcements prescribed herein, can give high loca l  
$:For example, ASME Nuclear Pressure Vessels, Figure N-452; ASME Power Boilers, 
Figure PG-33. 
fo r  varying reinforcing around the opening. 
ASME Unfired Pressure Vessels does not contain any provision 
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stresses unless a suitable transition is used. 
and studies of tapered-wall transition joints in cylindrical shells, a 
transition slope of 1:3 is specified. 
Based on current code practice, 
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COMPARISON W I T H  OTHER DESIGN PROCEDURES 
Current  American P r a c t i c e  
Reinforcement of openings i s  s p e c i f i e d  i n  s e v e r a l  American des ign  
These codes a l l  r e q u i r e  t h a t  t h e  material c u t  ou t  by t h e  codes(1y6,7y8J9). 
opening, dT ,  b e  rep laced  around t h e  opening w i t h i n  a s p e c i f i e d  zone. For 
all except t h e  ASME Nuclear Vessel Code, t h e  zone of reinforcement i s  def ined  
as shown i n  F igu re l2 .  The Nuclear Vessel Code s p e c i f i e s  a r e in fo rc ing  zone i n  
terms of t h e  foundat ion modulus of t h e  nozz le  o r  s h e l l ,  as shown i n  F igure  13. 
I n  t h i s  respec t ,  t h e  Nuclear Vessel Code i s  s i m i l a r  t o  t h e  proposed des ign  
procedure.  
I n  t h e  following, comparisons between t h e  proposed procedure and 
cu r ren t  American p r a c t i c e  are made i n  two ways: 
(1) 
(2) On t h e  b a s i s  of requi red  r e i n f o r c i n g  area. 
On t h e  b a s i s  of r equ i r ed  th ickness  of t h e  s h e l l  o r  nozz le  
Required Thicknesses 
Required th ickness  conparisons are made on t h e  assumption t h a t  
(a) r e in fo rc ing  c o n s i s t s  of t h e  uniform-wall i nc rease  of t h e  s h e l l  thickness ,  
o r  (b) r e in fo rc ing  c o n s i s t s  of a uniform-wall i n c r e a s e  of t h e  nozz le  th ickness .  
For r e in fo rc ing  on t h e  s h e l l ,  t h e  requirement f o r  T '  where t h e  r e in fo rc ing  
zone i s  prescr ibed  as L = d is  t h a t  T'/T = 2.0. 
T'/T = 2.0 i s  conse rva t ive  f o r  a l l  combinations of D/T and d/D covered by t h e  
proposed r u l e s .  
A s  can be noted i n  P i g u r e 3 b ,  
For r e in fo rc ing  on t h e  nozzle, t h e  requirement of t '  (where, i n  
Figures13 and13d, R = 0.5 -+ 0.5 r2 and r2 = l a r g e r  of T/2 o r  t ' /2 )  is  
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FIGURE 12 .  REINFORCEMENT ZONE, CURRENT AMERICAN PRACTICE 
EXCEPT THE ASME MICZJZAR VESSEL CODE 
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-- 
*+thirds of compensation 
within t h i s  l i m i t  
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shown i n  Figure 14, superimposed on t h e  proposed r u l e s  f o r  values of g = t ' / t .  
This comparison represents  t h e  ASME Nuclear Vessel Code ru les ,  Figure 13d here in .  
It is  apparent t h a t  t h e  Code r u l e s  a r e  conservat ive with respect t o  t h e  proposed 
ru l e s .  Another comparison of re inforc ing  requireme'nts on the  nozzle  can be made 
by using ,4 = 2.5 T, Figure L5 here in ,  
i n  Figure 15, superimposed on t h e  proposed ru l e s .  For l a r g e  values  of D/T, t h i s  
Code r u l e  i s  a l s o  conservat ive with respec t  t o  t h e  proposed rules. 
The r e s u l t i n g  values  of t '/t a r e  shown 
Required Areas* 
Required a rea  comparisons f o r  re inforc ing  cons is t ing  of a uniform- 
w a l l  increase  of t he  s h e l l  thickness a r e  shown i n  Figure 8 * For s h e l l  re in-  
forcing, even though the  re inforc ing  thickness  requirement i s  l e s s  than 
h = T'/T = 2.0, t he  a rea  required is  genera l ly  equal t o  dT, as i n  present  codes, 
except c l o s e  t o  those combinations of d/D and D/T f o r  which no re inforc ing  i s  
required.  
of 
covered by t h e  proposed ru l e s ,  &%? is  always g r e a t e r  than d/2.  
This i s  because the  proposed ru l e s  he re in  requi re  a re inforc ing  length  
compared t o  most present  rules length of d/2 o r  less.. I n  t h e  range 
Required a rea  comparison f o r  re inforc ing  cons i s t ing  of a uniform 
increase  i n  t h e  nozzle thickness  a r e  shown i n  Figure 9 .  
by the  proposed r u l e s  i s  less than about D.5dT9 dT being the area required by 
present  ru l e s  
The area  required 
It should again be emphasized t h a t  the  proposed r u l e s  a r e  f o r  
i n t e r n a l  pressure  loading only, whereas cur ren t  r u l e s  presumably conta in  some 
margin f o r  loads o ther  than i n t e r n a l  pressure ,  
*In these  comparisons, t h e  a rea  provided by t r a n s i t i o n s  and f i l l e t  r a d i i  of 
t h e  proposed r u l e s  a r e  not included, 
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Proposed Ru les  
Nuclear  Vessel Code 
G = 0.5YQ + 0.5 r2 
r,, = l a r g e r  of T/2 or  t ' / 2  






FIGURE 14. CQMPARISON OF NOZZLE THICKNESS REQUIREMENTS, PROPOSED RULES 
WITH ASME NUCLEAR VESSEL CODE, 8 = 0.5 d T  + 0.5 r2 
j 
t '  
g =t 
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Proposed R u l e s  
ASME Section V I 1 1  
4 = 2.5T ---- 
I I f  I I 
I I 1 ! I 






FIGURE 15. COMPA@.ISON OF NOZZLE THICKNESS REQUIREMENTS, PROPOSED 
RULES WITH ASME SECTION V I I I ,  = 2 . 5 T  
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United Kingdom t o  IS0 Proposal 
The proposal  by the  United Kingdom t o  the  I n t e r n a t i o n a l  Organizat ion 
f o r  Standards (ISO) f o r  t h e  "Design of Openings and Branch Connections f o r  
i nc lus ion  i n  t h e  IS0 Boi l e r  and Pressure  Vessel Codes" i s  ex t rac ted*  from 
B r i t i s h  Standard 3915. The design r u l e s  contained t h e r e i n  are based on the  
ana lys i s  of  a r a d i a l  nozzle  i n  a s p h e r i c a l  s h e l l ;  s p e c i f i c a l l y  t h a t  developed 
by Leckie and Penny'''). The design r u l e s  are based on t h e  c r i te r ia  t h a t  t he  
ca l cu la t ed  maximum stress i n  t h e  s p h e r i c a l  s h e l l  is  l imi t ed  t o  2.25 S where 
S1 = nominal stress i n  t h e  unperforated sphere.  The reinforcement  requirement 
curves,  der ived  from the  nozzle-in-sphere theory,  are assumed t o  be app l i cab le  
1' 
t o  nozz les  i n  c y l i n d r i c a l  s h e l l s .  
b a s i s  of t h e  UK-IS0 proposal  w i t h  both Phase Report No. 1 and t h e  p re sen t  
Phase Report No.  4. The UK-IS0 proposal  i s  l imi t ed  t o  d/D = 0.5 f o r  nozzles  
i n  s p h e r i c a l  s h e l l s ;  d/D = 0.333 f o r  nozzles  i n  c y l i n d r i c a l  s h e l l s .  
UK-IS0 proposal  i s  f o r  i n t e r n a l  p re s su re  loading only and s t a t e s  t h a t  "the 
e f f e c t  of any o t h e r  loads s h a l l  be taken i n t o  account". 
Table 4 g i v e s  a summary comparison of t he  
The 
The des ign  curve from the  UK-IS0 proposal  f o r  f l u s h  nozz les  i s  shown 
h e r e i n  as Figure  16. This  s e t  of curves  i s  predica ted  upon the  approximation 
t h a t  t he  ca l cu la t ed  stresses f o r  a nozz le  i n  a sphere (Leckie-Penny ana lys i s )  
can be expressed as func t ions  of two-dimensional parameters:  (d/D)-$T' and 
t ' / T ' .  A s  d i scussed  i n  Phase Report No .  2, t h i s  approximation i s  reasonably 
accu ra t e  f o r  t h e  ca l cu la t ed  stresses i n  t h e  sphere bu t  n o t  f o r  t h e  stresses i n  
the  nozzle ,  A s  discussed  i n  Phase Report No. 5, t h e  approximation i s  no t  good 
f o r  e i t h e r  stresses i n  t h e  s h e l l  or nozz les  f o r  nozz les  i n  cylinders+&. However, 
JX With e d i t o r i a l  amendments and a few minor changes. 
+& Except where t h e  th ickness  of t he  nozzle  i s  n e g l i g i b l e ,  i n  which case the  
theory reduces t o  a func t ion  of ( d / D ) m  alone. 
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TABLE 4 .  SUMMARY COMPARISON OF THE BASIS OF PHASE REPORT 1 
AND PHASE MPORT 4 WITH UK-IS0 PROPOSAL 
Nozzles i n  SDheres 
E l a s t i c  S t r e s s  L i m i t  
Elastic Theory 
L i m i t  P r e s  sure  
Phase Report No. 1 UK-IS0 
Maximum stress i n t e n s i t y  Maximum stress i n  
spher ica l  s h e l l  
= 3s1 = 2.25S1 
(where S = nominal s t r e s s  i n  unperforated 
sphere) 
Waters Lec k i  e -P enny 
Cloud, nozzles 
i n  sphe r i ca l  s h e l l s  
Nozzles i n  Cylinders 
Phase Report No. 4 
Elastic S t r e s s  L i m i t  
E l a s t i c  Theory 
L i m i t  Pressure 
Maximum stress i n t e n s i t y  
= 3s 
E r  ing en 
Cloud and Rodabaugh 
nozzles i n  




Uses theory f o r  
nozzles i n  
spher ica l  s h e l l s  
None 

4 1  
t h e  use  of (d/D) and t ' /TI  i s  a good approximation f o r  t h e  l i m i t  p r e s su re  
a n a l y s i s  f o r  bo th  nozzles  i n  spheres  and nozzles  i n  cy l inde r s .  S ince  t h e  r u l e s  
of both Phase Report Nos. 1 and 4 are  e s s e n t i a l l y  based on l i m i t  ana lys i s ,  a 
p re sen ta t ion  l i k e  t h a t  of F igure  14 could be used, i f  deemed easier t o  u s e  than  
t h e  r u l e s  as given.  
The UK-IS0 reinforcement  requirements are compared wi th  Phase Report 
No. 1 requirements f o r  nozz les  i n  spheres  i n  Figures  1 7  and 18. Analogous com- 
par i sons  f o r  nozz les  i n  ( c y l i n d r i c a l )  s h e l l s  are shown i n  Figures  1 9  and 20. 
It w i l l  be  noted t h a t ,  wh i l e  us ing  t h e  same graph from t h e  UK-IS0 proposal  (i.e., 
F igure  16 here in ) ,  t h e  r e s u l t i n g  reinforcement curves  a re  not  t h e  same f o r  nozzles  
i n  spheres  as f o r  nozz les  i n  c y l i n d e r s .  The reason f o r  t h i s ,  as shown i n  Table 5, 
i s  t h a t :  
For nozzles  i n  spheres  
For nozzles  i n  cy l inde r s  
t / T  = 2 d/D 
t / T  = d/D. 
F igure  19, f o r  r e in fo rc ing  on t h e  cy l inde r  f o r  nozzles  i n  cy l inders ,  
i n d i c a t e s  t h a t  t h e  UK-IS0 proposal  and t h e  r u l e s  proposed he re in  are q u i t e  c l o s e  
t o  each o the r .  F igures  U ,  18a, and 20 i n d i c a t e  t h a t  t h e  UK-IS0 proposal  r u l e s  
a r e  unconservat ive,  with r e spec t  t o  Phase Report No. 1 and Phase Report No. 4 
proposed r u l e s ,  except near  h = g = 1. It is p e r t i n e n t  t o  no te  t h a t  t h e  UK-IS0 
proposal  incorpora tes  t h e  same l i m i t  f o r  "openings not  r equ i r ing  re inforc ing"as  
is given i n  t h e  ASME Nuclear Vessel Code, Para .  N-452(a)(l); i.e., d 
This  l i m i t  i s  a l s o  used i n  Phase Report No. 1 and i n  t h e  p re sen t  repor t ,  w i th  
t h e  s l i g h t l y  d i f f e r e n t  i n t e r p r e t a t i o n  t h a t  t h e  b a s i c  conf igu ra t ion  of F igure  1 
need not  be  re inforced .  
0.14 mT. 
*The somewhat i r r e g u l a r  curves  of F igure  18 are s imi l a r  t o  the  
e las t ic  c r i te r ia  curves shown i n  Figure  5 of Phase Report No. 1. 
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P h a s e  R e p o r t  No. 1 
--- U n i t e d  Kingdom t o  
I S 0  P r o p o s a l  
FIGURE 17 . COMPARISON OF. SHELL THICKNESS REQUIREMENTS , 
NOZZLES I N  SPHERES, UNITED KINGDOM TO IS0 
PROPOSAL WITH PHASE REPORT NO. 1 
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Phase R e p o r t  No.  1 
t '  g = -  
t U n i t e d  K i n g d o m  t o  IS0 Proposal  
---- 
FIGURE 18. COMPARISON O F  NOZZLE THICKNESS REQ'UTIRFMENTS, NOZZLES 
I N  SPHERES, UNITED KINGDOM TO IS0 PROPOSAL WITH 
PHASE REPORT NO. 1 
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T '  
T 
h = -  
Phase R e p o r t  No. 4 
- - - - U n i t e d  K i n g d o m  t o  
I S 0  ProDosal 
D/ 
F I G U R E  19. COMPARISON OF SHELL THICKNESS REQUIREMENTS, NOZZLES I N  CYLINDERS, 
UNITED KINGDOM TO IS0 PROPOSAL WITH PHASE REPORT NO. 4 
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t' 
g =t Phase Repor t  No. 4 
F I G U R E  20. COMPARISON O F  NOZZLE THICKNESS REQUIREMENTS, NOZZLES I N  CYLINDERS, 
U N I T E D  KIKGDOM TO IS0 PROPOSAL WITH PHASE REPORT NO. 4 
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TABLE 5.  PROCEDURE USED FOR CONVERTING UK-IS0 RULES TO 
FORM OF PHASE REPORT NO. 1 AND NO. 4 RULES 
~ ~~~~ 
Flush Nozzles i n  Spheres, 
t / T  = 2d/D 
Flush Nozzles i n  Cylinders, 
t / T  = d/D 
- ~~~ 
(a) She l l  reinforcement (t = t') 
(1) Select values of h = T1/T and d/D 
(2) Ca;lcrflate cqrresponding value of 
T /T = t / T  by: 
t 1  - 2d/D - - -  
h T I  
(3) Enter Figure 16 with h = T'/T and 
f ind  corresponding value of d / E  p 
(4) Calculate: 
d 2 T = [A2, f o r  s e l ec t ed  h and - D 
(b) Nozzle reinforcement (T = T') 
(1) 
(2) 
Select values of g = t '/t and d/D 
Calyulate corresponding value of t 'IT ' 
= t /T by: 
I d 
rn' D - -  t -  g x 2 -  
L 
(3) Ente/r Figure 16 with T1/T = 1.0 and 
t / T  
ing va lue  of d/& = P 
from S t e p  2 and f ind  correspond- 
(4)  Calculate: 
Same procedure as f o r  
nozzles i n  spheres except 
. t 1  - d/D - - -  
T I  
d D F = [&J , f o r  s e l ec t ed  g and - D '  
2 
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Another s i g n i f i c a n t  comparison i s  t h a t  of t h e  requi red  l eng th  of 
r e in fo rc ing .  The r e in fo rc ing  lengths  compare as follows: 
Phase Report  No. 1 Phase Report No. 2 U K - I S 0  
Nozzles i n  Spheres Nozzles i n  Cyl inders  Proposal  
On nozz le  
On s h e l l  0.7 E m Smaller  of 
df2 o r  JfiT'T 
The p r i n c i p a l  discrepancy i n  t h e  above is  t h e  "d/2" l eng th  permi t ted  
f o r  r e in fo rc ing  on t h e  s h e l l  by t h e  U K - I S 0  proposal .  For s m a l l  va lues  of d/D, 
t h i s  can l ead  t o  q u i t e  s m a l l  areas of r e in fo rc ing .  For example, i n  F igure  19 
a t  D/T = 100, d/D = 0.04, both t h e  U K - I S 0  proposal  and t h e  r u l e s  g iven  h e r e i n  
r e q u i r e  h = T'/T of 1.2. However, t h e  area of r e i n f o r c i n g  requi red  by t h e  
r u l e s  given h e r e i n  i s  e s s e n t i a l l y  100 percent  of t h e  c u t  out  area dT, whereas 
t h e  U K - I S 0  proposal,  us ing  t h e  reinforcement l eng th  of d/2, r equ i r e s  an  area 
of only 20 percent  of dT. Avai lab le  theory  and tes t  d a t a  i n d i c a t e  t h a t  i s  
a more real is t ic  dimension f o r  r e in fo rc ing  length  i f  uniform w a l l  s h e l l  theory  
is used as t h e  b a s i s  of design; as i s  t h e  case wi th  both t h e  U K - I S 0  proposal  
and Phase Report Nos. 1 and 4.  
German Rules. AD-Merkblatt B9 
The design r u l e s  e s t ab l i shed  i n  AD-Merkblatt a r e  based, i n  a 
genera l  sense,  upon a l i m i t  design concept.  The r u l e s  are  based on a f a i r l y  
l a rge  number of tests i n  which s t r a i n  gages vere  used t o  determine t h a t  pres-  
s u r e  which produced a permanent s t r a i n  of 0.2 percent .  The AD-Merkblatt B9 
graph i s  reproduced h e r e i n  a s  F igure  21. The German r u l e s ,  l i k e  the  U K - I S 0  
proposal ,  use  the  dimensional parameters ( d / D m '  and t ' / T '  . 
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weakening f a c t o r  = P /P 
PL = pres su re  t o  produce 0.2% s t r a i n  
P---= y i e l d  p re s su re  of unper fora ted  sphere  o r  c y l i n d e r  
L YC 
FIGURE 2 1 .  AD-MEEXBLATT B9 GRAPH FOR REINFORCING OF FLUSH 
NOZZLES I N  SPHERES OR CYLINDERS 
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Comparisons of t he  German r u l e s  w i th  those given h e r e i n  are shown 
i n  F igures  2 2  and 23 f o r  r e i n f o r c i n g  on t h e  s h e l l  and nozzle ,  r e spec t ive ly ,  
It should be noted t h a t  t h e  graph r ep resen t ing  the  German r u l e s  (Figure 21 
here in)  i s  d i f f i c u l t  t o  read accu ra t e ly  f o r  the  range of v a r i a b l e s  covered 
here in .  It w a s  assumed t h a t  t h e  l i n e  f o r  t ' / T '  = 0 i n t e r s e c t s  the  coord ina tes  
Va = 0, (d/D)* = 0. With t h i s  assumption, t h e r e  i s  no l i n e  ob ta inab le  
from Figure  21which corresponds t o  t h e  h = g = 1 l i n e s .  However, as shown 
by Figure  22, t h e  German r u l e s  and those given h e r e i n  are q u i t e  c lose  t o  
each o t h e r  f o r  h = 1.1 t o  1.5. This  i s  a l s o  the  case when comparing the  
German r u l e s  wi th  the  UK-IS0 proposal .  
S imi l a r  comparisons were made between t h e  German r u l e s  and t h e  
r u l e s  given i n  Phase Report No. 1 f o r  nozz les  i n  s p h e r i c a l  s h e l l s ;  t h e s e  are 
contained i n  F igures  25 and 26 of Phase Report No .  1. It may be noted t h a t ,  
f o r  the  German r u l e s  as f o r  t h e  UK-IS0 proposal  r u l e s ,  t he  reinforcement  
requirements  ( i n  terms of T ' / T  o r  t ' / t )  are d i f f e r e n t  f o r  nozz les  i n  spheres  
than  f o r  nozzles  i n  cy l inde r s .  
The l eng th  of r e in fo rc ing  requi red  by t h e  German r u l e s  i s  the  
on same as t h a t  i n  the  proposed r u l e s ;  i .e.,  a on t h e  nozzle;  
t h e  s h e l l .  Both the  German r u l e s  and the  UK-IS0 proposal  r u l e s  permit the  
use of welded-on pads f o r  r e i n f o r c i n g  on the  s h e l l ,  whereas t h e  proposed 
r u l e s  do no t  inc lude  t h i s  kind of reinforcement.  
The proposed des ign  procedure i s  e s s e n t i a l l y  based on a l i m i t  
p r e s su re  a n a l y s i s .  The gene ra l ly  good agreement between these  r u l e s  and t h e  
German r u l e s ,  which are based on a l i m i t i n g  p l a s t i c  s t r a i n  from t e s t  da ta ,  
makes t h e s e  comparisons h igh ly  s i g n i f i c a n t  because i t  f u r t h e r  confirms t h e  
v a l i d i t y  of t h e  l i m i t  p r e s su re  a n a l y s i s .  
T' 
T 
h = -  
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Proposed R u l e s  
- - - - G e r m a n  R u l e s ,  
AD-Merkb l a  t t B9 
I 1  I I I i I  I I I 
1 I I 
I i  
! I i I 
I i I i 1 1  I : I  
d/D 
FIGURE 22, COMPARISON OF SHELL THICKNESS REQUIREMENTS, PROPOSED RULES 
WITH GERMAN RULES, AD-MERKBLATT B9 
t' g = -  
t 
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Proposed R u l e s  
German R u l e s ,  ---- 




FIGURE 23. COMPARISON O F  NOZZLE THICKNESS REQUIREMENTS, PROPOSED 
RULES WITH GERMAN RULES, AD-MERKBLATT B9  
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Nozzles i n  Spheres v s  Nozzles i n  Cylinders 
Phase Report No .  1 (Figure 2 there in)  gives  graphs f o r  h- and g- 
f a c t o r s  f o r  nozzles  i n  spheres.  These are shown as dashed l i n e s  on 
Figures 24 ( re inforc ing  on s h e l l )  and Figure 25 ( re inforc ing  on nozzle).  
In both Phase Report Nos. 1 and 4 ,  the  l i n e  f o r  h = g = 1 has been 
adjusted downward from the  l i m i t  pressure ana lys i s  so t h a t  i t  i s  given by the  
equation: d = 0.14146T. 
coincide with each other .  
Accordingly these  l i n e s  on Figures 24 and 25. 
For .values of h o r  g g rea t e r  than uni ty ,  the  
curves f o r  nozzles  i n  spheres are q u i t e  similar,  both q u a l i t a t i v e l y  and 
quan t i t a t ive ly ,  t o  the  corresponding curves f o r  nozzles i n  cyl inders .  I n  
view of t h i s  f a i r l y  c lose  agreement, i t  may be des i r ab le  t o  use a s i n g l e  set 
of curves appl icable  t o  both nozzies i n  cy l inders  and nozzles i n  spheres. 
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T '  
T 
h = -- N o z z l e s  i n  C y l i n d e r s  
- - - - N o z z l e s  i n  Spheres 
FIGURE 24. COMPARISON OF SHELL THICKNESS REQUIREMENTS, NOZZLES I N  
(PHASE REPORT NO. 1) 
CYLINDERS (PHASE REPORT NO e 4 )  WITH NOZZLES- I N -  SPHERES 
t' g = -  
t 
54 
Nozzles in Cylinders 
-- - - Nozzles in Spheres 
. D I  
FIGURE 25. COMPARISON OF NOZZLE THICKNESS REQUIREMENTS, NOZZLES-IN-CYLINDERS 
(PHASE REPORT NO. 4 )  WITH NOZZLES-IN-SPHERES (PHASE REPORT NO. 1) 
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STRESSES FROM ERINGEN'S ANALYSIS 
INTRODUCTION 
Phase Report  No. 2 ,  "S t re s ses  a t  Nozzles i n  Sphe r i ca l  S h e l l s  Loaded 
With Pressure ,  Moment o r  Thrust",  gives  background d a t a  on t h e o r i e s  used f o r  
computation of stresses,  comparison of t e s t  d a t a  wi th  those  t h e o r i e s  and a 
d i scuss ion  of t he  t h e o r i e s  and t e s t  r e s u l t s  i n  r e l a t i o n s h i p  t o  c u r r e n t  codes 
and p r a c t i c e s .  An Appendix g ives  graphs of c a l c u l a t e d  stresses f o r  a l a r g e  
range of dimensions; the  loadings c o n s i s t i n g  of i n t e r n a l  p re s su re ,  moment o r  
t h r u s t  app l i ed  t o  the  nozz le .  
The p resen t  Phase Report  No. 5 i s  intended t o  give analogous d a t a  
f o r  nozzles i n  c y l i n d r i c a l  s h e l l s ,  t o  t h e  e x t e n t  f e a s i b l e  wi th  a v a i l a b l e  theory  
and test  d a t a .  The e l a s t i c  theory used as a b a s i s  i n  t h i s  r e p o r t  is t h a t  
developed by Eringen.  This  theory is a t  p re sen t  l imi t ed  t o  i n t e r n a l  p re s su re  
loading only ;  and dimensional ly  t o  uniform-wall ,  normally i n t e r s e c t i n g  c y l i n d r i c a l  
s h e l l s > l i m i t e d  t o  d/D < 113 and (d/D)I/D-iTT-< 1 . M  
Lind") i s  d iscussed  as a method of e x t r a p o l a t i n g  Er ingen ' s  theory f o r  i n t e r n a l  
p re s su re  t o  l a r g e r  va lues  of d/D. 
The area method developed by 
A t  p re sen t ,  an  adequate theory f o r  stresses due t o  moments o r  t h r u s t  
app l i ed  t o  t h e  nozzle i s  not  a v a i l a b l e .  The theory developed by B i j l a a r d  ( 3 , 4 , 5 )  
f o r  d i s t r i b u t e d  loads on the  su r face  of  a cy l inde r  i s  used a s  a guide h e r e i n  f o r  
empi r i ca l  c o r r e l a t i o n s  of t es t  d a t a  g iv ing  stresses due t o  moment o r  t h r u s t  
loads .  
s u l t s  and r e p l o t t e d  i n  a more readable  form as  a p a r t  of a des ign  manual 
Wickman, Mershon, and Hopper(6). 
i s  a l s o  used a s  a guide f o r  c o r r e l a t i o n  of t es t  d a t a  g iv ing  stresses due t o  
moment o r  t h r u s t  load. 
The r e s u l t s  ob ta ined  by B i j l a a r d  are modified on t h e  b a s i s  of t e s t  re- 
by 
The theory f o r  nozz les  i n  s p h e r i c a l  s h e l l s  
* See Nomenclature section of r e p o r t  f o r  d e f i n i t i o n  of d, D, and T. 
Comparison of Theories f o r  
I n t e r n a l  Pressure  Loading 
Numerical comparisons are made between 
nozzle i n  a c y l i n d r i c a l  s h e l l  with:  
(a) Hole- in-plate  a n a l y s i s  
(b) Hole-in cy l inde r  a n a l y s i s  
(c )  Reidelbach 's  a n a l y s i s  
(d) Lind ' s  area method a n a l y s i s  
(e) F l a t - p l a t e  with a nozzle .  
Er ingen ' s  a n a l y s i s  f o r  a 
Eringen ' s  a n a l y s i s ,  as reduced t o  special  l i m i t s  i n  some of the  
comparisons , is i n  s a t i s f a c t o r y  agreement with the o the r  ana lyses  l i s t e d .  
Numerical comparisons are a l s o  made between Er ingen ' s  a n a l y s i s  f o r  
a nozzle i n  a c y l i n d r i c a l  s h e l l  wi th  the ( t h i n - s h e l l )  a n a l y s i s  f o r  a nozzle 
i n  a sphere.  These comparisons show s imilar i t ies  i n  t rends  but  s i g n i f i c a n t  
d i f f e rences  i n  q u a l i t a t i v e  magnitudes of t he  stresses. 
Comparison of Er ingen ' s  Theory With T e s t  Data 
No e n t i r e l y  s u i t a b l e  tes t  models are a v a i l a b l e  f o r  comparison wi th  
Er ingen ' s  a n a l y s i s .  However, 7 s t ee l  t e s t  models and 8 pho toe la s t i c  test  
models were s e l e c t e d  as r ep resen t ing  the b e s t  a v a i l a b l e  test d a t a  f o r  compari- 
son with the  theory.  
J; 
The c a l c u l a t e d  CT -stresses a t  9, = 0,  p = p are i n  s a t i s f a c t o r y  
agreement wi th  the measured stresses a t  t he  i n s i d e  corner  of t h e  nozzle a t  
9, = 0. of 0.97, 
9, 0 
Rat ios  of Kt/Ke ranged from .88 t o  1.06 wi th  an  average 
* S e e  Nomenclature s e c t i o n  of r e p o r t .  
Comparisons were a l s o  made wi th  "semi-uniform" w a l l  nozzles  i n  which t h e  
uniform-wall l eng th  of t h e  nozzle  was a t  least equa l  t o m .  
and 6 steel  tes t  models were included i n  t h i s  comparison; Kt/Ke ranged from 
.83  t o  0.99 wi th  a n  average of 0.91. 
One p h o t o e l a s t i c  
For the  7 steel  tes t  models and 8 p h o t o e l a s t i c  tes t  models, stresses 
were c a l c u l a t e d  a t  P, = 0 and 8 = n/2 and f o r  appropr i a t e  va lues  of p and x. 
These c a l c u l a t e d  stresses were compared wi th  corresponding measured stresses, 
leading  t o  t h e  conc l u s  ions t h a t :  
(a) Agreement between theory and tes t  r e s u l t s  are reasonably  good 
f o r  s t r e s s e s  on t h e  s h e l l ,  
(b) Agreement between theory and tes t  r e s u l t s  a r e  poor f o r  stresses 
i n  nozzle ,  p a r t i c u l a r l y  a t  the  nozz le - she l l  j unc t ion  (x = 0 ) .  
The p h o t o e l a s t i c  t e s t  models used f o r  comparison a l l  had s i g n i f i c a n t  
f i l l e t  r a d i i  as compared t o  t h e  nozzle  parameter Ra t ios  of r o / m r a n g e d  
from .46 t o  4.47.  A d e t a i l e d  a n a l y s i s  of the  nozzle stresses w a s  made f o r  two 
tes t  models. By a d j u s t i n g  the  c a l c u l a t e d  stresses f o r  a "normal" nozzle th i ck -  
ness  ( s i m i l a r  t o  t he  comparisons made i n  Phase Report  No. 2 f o r  nozzles  i n  
sphe res ) ,  reasonable  agreement was obtained between theory  and t e s t  d a t a .  
This a n a l y s i s  i n d i c a t e s  t h a t  maximum stresses w i l l  not n e c e s s a r i l y  always occur 
a t  the  i n s i d e  co rne r .  
Test Models With Local Re in fo rc ing  
Test d a t a  f o r  10 p h o t o e l a s t i c  t e s t  models and 17 steel  tes t  models 
are summarized. The r e s u l t s  from these  test models are compared wi th  r e s u l t s  
f o r  analogous models w i t h o u t  r e i n f o r c i n g .  Some t r e n d s  observed from t h i s  
comparison are: 
(1) I n  t es t  models where d/D is  s m a l l  (d/D < 0.084) ,  t h e  a d d i t i o n  
of  r e i n f o r c e m e n t  on t h e  o u t s i d e  s u r f a c e  produced o n l y  small 
changes i n  maximum stress ( G  a t  i n s i d e  c o r n e r )  as compared 
to  a n  u n r e i n f o r c e d  model. 
8 
(2) For l a r g e r  d/D r a t i o s ,  a d d i t i o n  of t h e  s a m e  r e i n f o r c e m e n t ,  i n  
t e r m s  of t h e  area r a t i o  (A/d. T ) ,  produced a g r e a t e r  r e d u c t i o n  
i n  maximum stress as compared t o  a n  u n r e i n f o r c e d  n o z z l e .  
(3) A r e l a t i v e l y  small amount of r e i n f o r c i n g  p laced  on t h e  i n s i d e  
1 
of t h e  s h e l l  n e a r  t h e  opening was more e f f e c t i v e  i n  r e d u c i n g  
maximum stresses t h a n  a n  e q u a l  r e i n f o r c i n g  area p laced  on t h e  
o u t s i d e  s u r f a c e .  Also ,  t h i s  inwardly  p r o t r u d i n g  r e i n f o r c e m e n t  
changed t h e  l o c a t i o n  of t h e  maximum measured stress from t h e  
i n n e r  c o r n e r  t o  about  t h e  middle of t h e  s h e l l  w a l l .  
Comparisons were made between t h e  area of r e i n f o r c i n g  used i n  t e s t  
models and t h e  area of r e i n f o r c i n g  r e q u i r e d  by t h e  r u l e s  g iven  i n  Phase Report  
N o .  4 .  While t h e  d i r e c t  comparisons are l i m i t e d ,  such comparisons as c a n  b e  
made i n d i c a t e  t h a t  t h e  maximum e l a s t i c  stress w i l l  be less than  3s  f o r  nozz les  
r e i n f o r c e d  i n  accordance w i t h  Phase Report  N o .  4 r u l e s .  
I n s i d e  Corner  R a d i i  
The a v a i l a b l e  t es t  d a t a  i n d i c a t e  t h a t  E r i n g e n ' s  a n a l y s i s  i s  
reasonably  a c c u r a t e  f o r  i n s i d e  c o r n e r  r a d i i  i n  t h e  range  of  r i / T  between 
about  118 and 112. 
Outside F i l l e t  Radius 
I n  connect ion wi th  comparisons between Eringen 's  theory and t e s t  
d a t a ,  the  background f o r  the  r u l e  i n  Phase Report  N o .  4 is d iscussed;  i . e . ,  
r = l a r g e r  of m o r  T/2 .  
0 
S t r e s s e s  a t  Reinforcing Edges 
Values of the 0 stress a t  8 = n/2 are t abu la t ed .  I n  many models, 
PO 
t h i s  stress approaches the  va lue  of the stress of the i n s i d e  corner  and, i n  
two t e s t  models, i t  is  the  h i g h e s t  measured stress. It is  noted t h a t  f a t i g u e  
tests and f i e l d  f a i l u r e s  have shown t h i s  area t o  be a p o t e n t i a l  l o c a t i o n  of 
f a i l u r e .  The r u l e s  given i n  Phase Report No. 4 are considered i n  r e l a t i o n s h i p  
t o  poss ib l e  h igh  stresses a t  the  edge of t he  r e i n f o r c i n g  wi th  the  conclusion 
t h a t  Phase Report  No. 4 r u l e s  are s u f f i c i e n t  t o  prevent stresses g r e a t e r  than 
3s a t  the  r e i n f o r c i n g  edges.  
Comparison of L ind ' s  Analysis  With T e s t  Data 
Er ingen ' s  theory i s  l imi t ed  t o  d/D < 113 and (d/D) less than 1.1. 
For l a r g e r  va lues  of d/D, Lind's a n a l y s i s  appears t o  be a u s e f u l  means of 
e s t ima t ing  the CT 
Lind ' s  a n a l y s i s  and 44 t es t  models. The ranges of the  parameters d/D, DIT,  and 
s / S  included i n  t h e  comparisons a r e  q u i t e  ex tens ive ;  i n  p a r t i c u l a r  d/D r a t i o s  up 
t o  1.0 a r e  included.  The r a t i o  of K/K ranges from 0.79 t o  1.45 with an  average 
of 0.96. 
s t r e s s  a t  8 = 0.  Numerical comparisons a r e  given between 8 
e 
- S t r e s s e s  Bye_ t q  Externa l  Loads- Applied to-Nozzles 
T e s t  da t a  on e x t e r n a l  loads appl ied  t o  nozzles  i n  c y l i n d r i c a l  
s h e l l s  a r e  summarized. T e s t  d a t a  c o n s i s t s  of  two types:  (1) measured 
( s t r a i n  gages) stresses and (2)  c y c l i c  loading of nozzles  t o  produce f a t i g u e  
f a i l u r e .  A c o r r e l a t i o n  i s  e s t a b l i s h e d  between stress i n d i c e s  (measured 
s t r e s s e s )  and f a t i g u e  stress i n t e n s i f i c a t i o n  f a c t o r s  a s  def ined i n  the  ASA 
Code f o r  Pressure  Piping,  B31.1.  Comparisons a r e  made between measured 
stress ind ices  and those determined by (a) Bijlaard-Wichman Graphs, 
(b) B i j l a a r d  Theory, and (c)  Nozzle-in-Sphere analogy. For t es t  models with- 
i n  the range (d/D) 7 /  r- D/T < 1.1, B i j l a a r d ' s  r e s u l t s  (and Bijlaard-Wichman 
graphs,  s ince  t h e r e  i s  no d i f f e rence  i n  t h i s  dimensional range) a r e  i n  
reasonably good agreement with measured stresses on c y l i n d r i c a l  s h e l l s .  
Measured stresses on nozzles  a r e  no t  a v a i l a b l e  i n  t h i s  dimensional range. 
S t r e s s e s  Due t o  Ex te rna l  Loads on Nozzles Designed i n  
Accordance with Phase Report No. 4 
An at tempt  was made t o  e s t a b l i s h  s t r e s s  i n d i c e s  f o r  nozzle  loads 
on those nozzles  covered i n  Phase Report No. 4 f o r  i n t e r n a l  pres- M. and M 
su re ,  i.e., wi th  (d/D) f l G <  - 1.1, 
only two models wi th  (d/D)$'D/T wi th in  the  range of Phase Report No. 4 ,  
those  being c lose  t o  the  upper l i m i t .  A few o ther  models no t  f a r  beyond 
the  l i m i t  a r e  a l s o  ava i l ab le .  Using these  test  da t a ,  a long  with guidance 
from a l l  o t h e r  a v a i l a b l e  t e s t  d a t a  and theory,  the  fo l lowing  suggested 
stress ind ices  f o r  e i t h e r  M. o r  M loading were obtained.  
1 0 
The a v a i l a b l e  t es t  d a t a  inc ludes  
r---"*-- 
1 0 
(1) Uniform Wall Reinforcing 
For Nozzle-to-cylinder junc ture ,  use  l a r g e r  o f :  
(a )  Stress i n d i c e s  c a l c u l a t e d  by B i j l a a r d ' s  ana lys i s ,  o r  
(b) Stress ind ices  ca l cu la t ed  by nozzle-in-sphere analogy. 
For T r a n s i t i o n  from t '  to  t on nozz le  
S t r e s s  index = 1.5. 
For t r a n s i t i o n  from T '  t o  T on cy l inde r  
I1 S t r e s s  index = 
h = T'  /T, g iven i n  Phase Report No .  4 
I1 = 1.8/he 2 /3 
he = 3 . 3  T/R 
(2)  For compact r e i n f o r c i n g  
S t r e s s  index = 11, defined above 
The stress i n d i c e s  a r e  no t  accura te  but  are be l ieved  t o  be 
conserva t ive .  
S t r e s s e s  Due t o  Combined I n t e r n a l  Pressure  
and Ex te rna l  Loads Applied t o  t h e  Nozzle 
It i s  noted t h a t  l i n e a r  supe rpos i t i on  i s  apparent ly  always conserva- 
t i v e ,  bu t  n o t  much conserva t ive  f o r  thick-wall  s h e l l s .  
Considerat ion of e x t e r n a l  loads on the nozzle  poses a complex prob- 
l e m  because of t he  independence of t hese  loads from each o the r  and from t h e  
i n t e r n a l  pressure .  
t he  s t r e s s  due t o  e x t e r n a l  loads i s  r e l a t i v e l y  smal l  a t  the  po in t  of maximum 
stress due t o  i n t e r n a l  pressure ,  i.e., a t  0 = 0, p = po,  i n s i d e  su r face .  
However, p re sen t ly  a v a i l a b l e  t e s t  d a t a  i s  completely inadequate  t o  d e f i n e  
t h e  stress f i e l d s  due t o  the  e x t e r n a l  loads,  even f o r  uniform-wall models 
wi th  (d/D) fl < 1.1. Accordingly, it appears necessary f o r  conserva t ive  
design t o  assume t h a t  maximum stresses due t o  pressure  are co inc ident  i n  
l o c a t i o n  and d i r e c t i o n  with maximum stresses due t o  e x t e r n a l  loads.  
It i s  noted t h a t ,  i n  tes t  models w i th  (d/D) -<- 1.6, 
Appendix on S t r e s s e s  from E r i n g e n ' s  A n a l y s i s  
Tables  of  membrane, bending and s u r f a c e  stresses are g i v e n  f o r  t h e  
parameters  : 
D/T from 10 t o  250 
d/D from .01 t o  ( d / D m T  E 1.1 
s/S from 1/64 t o  4.0  
Tables  of maximum stress i n t e n s i t i e s  i n  t h e  s h e l l  and i n  t h e  nozz le  are also 
inc luded .  
A b r i e f  d i s c u s s i o n  i s  p r e s e n t e d  concern ing  t h e  l o c a t i o n  of  maximum 
stresses w i t h  r e s p e c t  t o  p! and d i s t a n c e  from t h e  n o z z l e - s h e l l  j u n c t u r e .  
The u s e  of E r i n g e n ' s  computer program and l i m i t a t i o n s  t h e r e o f  are 
b r i e f l y  d i s c u s s e d .  
(9) 
NOMENCLATURE 
FIGURE 1. NOMENCLATURE ILLUSTRATION 













= mean d iameter  of s h e l l ,  inches  
= mean d iameter  of nozz le ,  inches  
= i n s i d e  d i a m e t e r  of nozz le ,  inches  
= w a l l  t h i c k n e s s  of s h e l l ,  inches  
= w a l l  t h i c k n e s s  of nozz le ,  i n c h e s  
= mean r a d i u s  of s h e l l ,  inches  
= mean r a d i u s  of n o z z l e ,  i n c h e s  
= 0.454 (d/D) * 
= i n s i d e  c o r n e r  r a d i u s ,  inches  
= f i l l e t  r a d i u s ,  i n c h e s  
= re inforcement  area on both  s i d e s  
of  nozz le ,  s q . i n .  
* For P o i s s o n ' s  r a t i o  = 0 . 3  . 
NOMENCLATURE (Continued) 
Co-ordina tes 
8 = angle  around nozzle ,  see Figure  1 
p = d i s t a n c e  from c e n t e r  of nozzle  on s h e l l  
p '  = d i s t a n c e  from edge of nozzle on s h e l l  
x = d i s t a n c e  a long  nozzle axis measured from nozz le - she l l  j unc tu re  
y = c i r c u m f e r e n t i a l  d i r e c t i o n  on nozzle 
Loads 
P = i n t e r n a l p r e s s u r e ,  p s i  
M.= in-plane moment a p p l i e d  t o  nozzle ,  i n . - lb  
1 
Ivb= out-of  -plane moment a p p l i e d  t o  nozzle ,  
L = t h r u s t  load app l i ed  t o  nozzle ,  l b  
b L  
in .  -1b 
0 
M I 
S t r e s s e s  
Nominal stresses a r e  designated by S o r  s ;  measured o r  c a l c u l a t e d  
stresses by 0; with  appropr i a t e  s u b s c r i p t s .  
(11) 
NOMENCLATURE (contd . ) 
For  p r e s s u r e  loading:  
S = PD/2Ty p s i  
s = Pd/2 t3  p s i  
The r a t i o  s/S is a l s o  used as a d imens iona l  parameter ,  
For e x t e r n a l  1 
(5 = stress 
5~ i Y 
0 - II Y P -  11 o u t s i d e  
BO 
- I1  11 3 B -  II 11 II i n s i d e  
11 II - I t  
PO 
P i  Y 
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Y P -  ff 
xo Y 
II 11 , x -  xi Y (5 
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Y i  Y 
= membrane stress i n  s h e l l ,  B - d i r e c t i o n ,  p s i  
nB 
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= bending 11 (1 11 Qj - I 1  
11 
Y P -  
ff = bending I 1  11 If , p - 11 
ff = membrane I' ' I  n o z z l e , x  - 11 




9 P s i  
9 P s i  
11 3 Y -  
r Y -  
(5 = membrane " I t  I1  
nY 
I t  0 = bending 'I II II 
by 
Most of t h e  d a t a  c i t e d  h e r e i n  g i v e  s u r f a c e  stresses u s i n g  t h e  nomenclature: 
(12) 
NUMENCLATURE ( c on t d . ) 
D = stress normal t o  s e c t i o n  
ff = stress t a n g e n t i a l  t o  s e c t i o n  
n 
t 
The c o r r e l a t i o n s  are: 
D = o on s h e l l  
0 = D on nozzle 
CI = D on s h e l l  
D = D on nozzle .  
n 8  
n Y  
t P  
t X 
S t r e s s  Indices  
Kt  = (J / S  a t  8 = 0, p = p 
K = stress index from Lind ' s  Analysis 
K = experimental ly  2etermined stress index 
Eringen 's  theory 8 0' 
e 
Materia 1 Prope r t i e s  
E = modulus of e l a s t i c i t y ,  p s i  
v = Poisson 's  r a t i o ,  taken t o  be 0 . 3  f o r  a l l  c a l c u l a t i o n s  
h e r e i n .  
COMPARISON OF THEORIES FOR 
INTERNAL PRESSURE LOADING 
General Comments 
The analysis of shells of revolution, which include nozzles 
in spherical shells as a special case, is well advanced and provides a 
good basis for design of nozzles in spheres. The problem of nozzles in 
cylindrical shells, however, presents formidable analytical difficulties. 
Until a few years ago, analytical estimates of stresses in small nozzles 
(d/D<< 1) in cylindrical shells were often obtained by reducing the 
problem to that of an opening or nozzle in a flat plate with edge loads. 
Papers by Be~kin'~) and Waters(8) are examples of this kind of approxi- 
mation. A further step towaids the analysis of nozzles in cylindrical 
shells consisted of the solution of a cylindrical shell with a circular 
opening. Papers by Lourye"), Withum(l0), Eringen, et a1 (11) , 
Lekkerkerker (I2), Savin(13) , and Van Dyke ( I 4 )  give solutions to this 
problem. The next step consisted of solution of two normally intersecting 
(15) cylindrical shells. Solutions to this problem are given by Reidelbach 
and Eringen, et a1 (16) 
(16) is The analysis and computer program developed by Eringen 
used in this report as the basis for calculated elastic stresses with 
internal pressure loading. One purpose of the following discussion is 
to indicate how Eringen's analysis, as reduced to special limits, agrees 
with related analyses. 
The analysis methods listed above are mostly limited to small 
values of d/D. An accurate analysis for large nozzles in cylinders 
is not available. 
nozzles with d/D up to unity, is also compared with Eringen's analysis 
in the following discussion. 
The approximate analysis by Lind"), applicable to 
Hole-in-Plate Analysis 
The problem of an opening in a cylinder with internal pressure 
loading approaches a plane-stress problem as the d/D ratio becomes very 
small. The stresses around a circular hole, normal to a flat plate 
surface, subjected to tension stresses equal to S in one direction, 5/2 
in a direction 90 degrees thereto, are well known. In particular, at points 
corresponding to 8 = 0, p = and 8 = n/2, p = p (See Figure l), the 
stresses tangential to the hole are 2.55 and 0.5S, respectively. For small 
d/D-ratios combined with small t/T ratios, Eringen's (I6) analysis for a 
nozzle in a cylinder would be expected to give these stresses. As can be 
seen in Table A - 1  of the Appendix, the analysis does converge to these 
membrane stresses in the cylinder for small d/D and t/T. Further, as shown 
in Table A-3 ,  the bending stresses at these limits are small. Accordingly, 
agreement between the "hole-in-plate" analysis and Eringen's stresses on 
the cylinder are good. 
P O  0 
should also approach the Ony' The membrane stress in the nozzle 
values of 2.5s at 8 = 0, 0.5s at 8 = n/2 for small d/D and t/T. As shown 
in Table A-2, the.limit values are approximately met, however, o appears 
to be larger than expected for a small opening. The reason for this dis- 
crepancy is not known. 
nY 
Hole- in-Cylinder Analysis 
The analyses of a circular hole in a cylindrical shell by 
L~urye'~) , Withum(l0) , Eringen'll) , Lekkerkerker(12) , and Van Dyke (14) 
all lead to results expressible in terms of the parameter (d/D)l/olT. 
8 = 0 plotted 
PO, 
Figure 2 shows the membrane stress CT at p = 
against (d/D)mT. 
from References (9) , (11) , and (14) although the theoretical approaches 
n8 
The relationship shown in Figure 2 is obtainable 
* 
are not identical. 
It would be anticipated that the membrane stress in the cylinder 
(On@ at p = Po, 8 = 0 )  obtained from Eringen's analysis of a nozzle in a 
cylinder would approach the values shown in Figure 2 for very thin-wall 
nozzles; i.e., where s / S  is large. As can be seen in Table A - 1  of the 
Appendix, for s/S = 4 the values of 5 
to the values given in Figure 2. 
s/S = 4.0 Table A-1 gives on@ = 3 . 7 3 8 .  The corresponding value from 
Figure 2 for ( d / D ) m  = 1.0 is 3.75. 
at 8 = 0 are essentially identical 
nB 
For example, for D/T = 100, d/D = 0.10, 
* Except Lourye") wherein, according to Lekkerkerker (''I, the curvature 
influence was overestimated by a factor of 2. Making this correction 
to Lourye's analysis brings it into agreement with the data of Figure 2, 




Reidelbach ( I 5 )  gives an example" of the application of his 
analysis. The example is for the parameters: 
0.563 - 19.38, - = 0 .2 ,  - = d S T D S 
- -  
These parameters were used in Eringen's computer program to obtain directly 
comparable results. Comparisons are shown in Table 1. General qualita- 
tive agreement exists for this particular example and, for the larger 
stresses, fairly good quantitative agreement exists. 
The largest discrepancy between the two analyses is in the values 
of r~ / S and CJ /S  at 8 = n/2,  
nY n8 Reidelbach's values of a and r~ are nY n8 




In this aspect, Reidelbach's analyses appears to be more 
% For Reidelbach's "3-terms assumption", a system of 22 simultaneous 
equations must be set up and solved. 
quired to economically make additional comparisons between Eringen's 
and Reidelbach's analyses. 
A computer programwould be re- 
TABLE 1. COMPARISON OF REIDELBACH ( I 5 )  AND ERINGEN ( I 6 )  RESULTS FOR 
EXAMPLE CASE WITH D/T 5 19.38, d/D = 0.2 ,  s / S  = 0.563,  
p = Po, x = 0. 
$ = 0  I $ = n/4 
Erin. 
,307 .288 .290 
Reid. Erin. Reid. ' 
' .166 
-2.78 -2.69 -2 66 -2.29 
2.75 2.63 1.64 1.58 
- -326  - .301 - .761 - .634 
.212 .201 i ,160 .144 
.354 .343 .322 .291 
2.56 2.82 1.56 1.69 





































JC 0 = maximum stress intensity in nozzle. n 
c = maximum stress intensity in cylinder. 
- 
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Lind Area Method Analysis  
The concept of t h e  "area method" f o r  design of tees and complex 
branch connections has  been used f o r  many years  (I7). Recently,  however, 
Professor  N. C. Lind") has  placed t h i s  approach on a q u a n t i t a t i v e  bas i s .  
The approach assumes t h a t  t h e  "e f f ec t ive"  length  a long  the  nozz le  a x i s  is 
equal  t o  0.4-t and t h a t  t h e  e f f e c t i v e  length  along the  cy l inde r  a x i s  
i s  equal  t o  t h e  smaller of 0 . 4 m  o r  2r /3 .  
from t h e  nozz le-cy l inder  j unc t ion  i n  t h e  8 = 0 plane.  
These lengths  are measured 
Two equat ions  are 
developed f o r  computing the  stress concent ra t ion  f a c t o r :  
K = l a r g e r  of K o r  Kb a 
[l + 1 . 7 7 ( d / D ) m +  (d /D)2/ (s /S) ]  [l + (T/D)/(s/S)] 
1 + ( d / D ) 2 / ( s / S ) m  
Ka = 
K i s  based on e f f e c t i v e  length  along cy l inde r  of 0 .4  fi a 
[1.67r-S,!=+ 0.565(d/D)l [l + (T/D)/(s /S)]  
% =  0 . 6 7 , / x J m  + 0.565 (d/D) /(s/S) 
K i s  based on e f f e c t i v e  length  along cy l inde r  of 2r /3 .  b 
The f a c t o r  [l + (T/D)/(s/S)] , c a l l e d  a "bending f ac to r "  by Lind, gene ra l ly  
ranges from 1.0 t o  1.10; accordingly K,, converges roughly t o  2 .5  f o r  s m a l l  
d/D. 
F igures  3 through 7 g ive  comparisons of Lind ' s  K w i th  Er ingen ' s  
a t  p = po, 8 = 0. Comparisons are made f o r  s /S  = .25, .5, 1.0, 2.0, On8 
and a; and f o r  D/T = 10 and 100. I n  genera l ,  t h e  q u a l i t a t i v e  t r ends  
and magnitudes are quite similar. However, there are areas where signifi- 
cant quantitative differences exist. For example, for s / S  = 1.0 (Figure 5 ) ,  
- =  lOO,d/D = .085; Lind's K = 2.5 whereas onD/S = 3 . 4 .  
T 
Lind's analysis is applicable to large values of d/D, as con- 
trasted to Eringen's limit of (d/D) m= 1.1. 
of his analysis with test data for large d/D models and has found good 
agreement but cautions against routine application of the analysis for 
branch connections with parameters beyond the range of test results. 
Nevertheless, in theabsense of a theoretical analysis for large d/D-ratios, 
Lind's analysis appears as perhaps the best guide to estimating stresses 
in such branch connections. 
Lind has made comparisons* 
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FIGURE 3 .  COMPARISON OF ERINGEN AND L I N D  ANALYSES FOR s/S = .25 
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FIGURE 5.  COMPARISON OF ERINGEN AND LIM) ANALYSES FOR s/S = 1. 
(24) 
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E r i n g e a ,  K =-$ at P = Po, 8 = 0 
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Eringen, K = -$ at p = Po, 0 = 0 
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FIGURE 7. COMPARISON O F  ERINGEN AND LIND ANALYSES FOR s/S = 00 
Flat Plate with a Nozzle 
Eringen's analysis is limited to internal pressure loading of 
two normally intersecting uniform wall cylinders. 
and (d/D) m a r e  such that most nozzles in pressure vessels are 
included. However, many such nozzles (and perhaps optimum-design nozzles) 
involve tapered-wall reinforcing and/or significant fillet radii for which 
the theory for uniform wall cylinders is not applicable. 
later herein indicate that such local reinforcing can be quite effective 
in reducing stresses. Further, most pressure vessel nozzles are subjected 
to some bending moments and/or axial thrust for which theory is not avail- 
able. For very small nozzles (d/D< 0.10), some guidance in these areas 
may be obtained by using the theory for axisymmetric structures. Waters 
gives a development involving this approach; since then axisymmetric com- 
puter programs have become available which permit investigation of the 
approach for tapered-wall reinforcing and with either "pressure" or a 
bending load applied to the nozzle. 
The limits on d/D 
Test data given 
(2) 
To investigate this approach for "pressure" loading, Battelle's 
ak 
MOLSA computer program was used to calculate stresses in a circular 
flat plate with a nozzle; comparable to an actual nozzle in a cylin- 
drical shell with D/T = 250, d/D = .01, s / S  = 1.0. The edge loadings 
applied to the circular plate were: 
3 N8 = (4 - 1 - cos 28) PR 4 (3)  
JX MOLSA is a multi-layer orthotropic shell analysis computer program 
for axisymmetric structures with arbitrary loadings. 
where Nd = stress r e s u l t a n t  i n  t h e  p lane  of t h e  f l a t  p l a t e  
8 = l oca t ion  ang le  as shown i n  F igure  1 
P = i n t e r n a l  p re s su re  
R = r ad ius  of cy l inde r .  
Equation (3)' gives  the  in-plane loading imposed by t h e  i n t e r n a l  
p re s su re  on an a c t u a l  nozz le  i n  t h e  cy l inde r .  I n  add i t ion ,  an a x i a l  f o r c e  
w a s  app l i ed  t o  the  end of t h e  nozzle ,  r ep resen t ing  t h e  end t h r u s t  of t h e  
p re s su re  i n  t h e  nozzle .  Table 2 gives  a comparison of t he  r e s u l t s  from 
the  MOLSA computer program wi th  those  obtained from Eringen 's  computer 
program f o r  nozzles  i n  c y l i n d r i c a l  s h e l l s .  I n  genera l ,  t h e  agreement 
i s  s a t i s f a c t o r y  f o r  t h e  r e s u l t s  i n  both the  cy l inde r  and t h e  nozzle .  
This approach r equ i r e s  t h e  s e l e c t i o n  of an ou t s ide  diameter 
of t h e  c i r c u l a r  p l a t e .  
as 4 t i m e s  t he  diameter of nozzle ,  based on the  a t t e n u a t i o n  of s t r e s s e s  
given by Er ingen ' s  r e s u l t s  f o r  t he  model. However, some pre l iminary  
c a l c u l a t i o n s  i n d i c a t e  t h e  r e s u l t s  are n o t  over ly  s e n s i t i v e  t o  the  
s e l e c t i o n  of t he  p l a t e  diameter.  
For t h e  example shown t h i s  diameter w a s  s e l e c t e d  
For bending moments appl ied  t o  t h e  nozz le ,  t h e  f l a t  p l a t e  
analogy w i l l  no t  d i s t i n g u i s h  between in-p lane  and out-of-plane moments. 
According t o  a v a i l a b l e  tes t  d a t a  given later he re in ,  t h i s  i s  no t  cor-  
rect f o r  d/D of around 0.2 o r  l a r g e r .  
s m a l l  nozz les ,  however, t h e  t r end  of t h e  test d a t a  i n d i c a t e s  t h a t  f o r  
d /D<  0.1, the d i f f e r e n c e  between in-plane and out-of-plane bending 
may be s m a l l .  
N o  test d a t a  i s  a v a i l a b l e  f o r  very 
O O N O u r  u r o r l o a : 2 2  . 
I t  
N N m 
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Nozzles i n  Sphe r i ca l  S h e l l s  
Current  p r a c t i c e  i n  r e i n f o r c i n g  of openings i n  p re s su re  ves- 
sels r e q u i r e s  t h a t  t h e  c u t  ou t  area be rep laced  i n  a prescr ibed  zone 
around the  opening, r e g a r d l e s s  of whether t he  s h e l l  i s  s p h e r i c a l  o r  
c y l i n d r i c a l .  
of nozzles  i n  s p h e r i c a l  s h e l l s  only.  It i s  of i n t e r e s t ,  t he re fo re ,  t o  
compare c a l c u l a t e d  stresses a t  nozzles  i n  c y l i n d r i c a l  s h e l l s  wi th  the  
ca l cu la t ed  stresses i n  corresponding nozz les  i n  s p h e r i c a l  s h e l l s .  
One set  of proposed design ru les*  i s  based on an a n a l y s i s  
The membrane stress t a n g e n t i a l  t o  the opening i s  perhaps t h e  
n# 
most s i g n i f i c a n t  stress. For nozz les  i n  cylinders**, t h i s  stress (0 ) 
i s  a maximum a t  p = 
s t r e s s  i s  a maximum a t  p = p o ,  but  i s  independent of #. 
gives  a comparison of the stress f o r  t / T  = 0, i.e., a ho le  i n  t h e  s h e l l .  
0 = 0. For nozz les  i n  spheres**, t he  corresponding 
PO,  
Figure 8 (a) 
For both cy l inde r s  and spheres ,  the  stress i s  a func t ion  of (d/D) 1 D/T. 
For t he  range of dimensions covered, F igure  8 (a )  i n d i c a t e s  t h a t  t he  
va lue  of 0 
t h e  corresponding nozz les  i n  spheres .  
/ S  f o r  nozzles  i n  cy l inde r s  i s  about 0.5 h igher  than  f o r  
n# 
F igures  8 (b) and 8 (c)  g ive  comparisons f o r  t / T  = 0.5 and 
t / T  = 1.0. 
(d/D)q- and t / T  only.  
on Figures  8 (b) and 8 (c ) ,  as t / T  i nc reases  the  va lue  of  0 depends 
upon d/D. 
For nozz les  i n  spheres ,  CT i s  e s s e n t i a l l y  a func t ion  of 
n#' 
However, f o r  nozz les  i n  cy l inde r s ,  a s  i nd ica t ed  
n# 
I n  a rough q u a l i t a t i v e  sense,  however, F igure  8 i n d i c a t e s  
t h a t  the  un# stress f o r  nozzles  i n  spheres  i s  about t h e  same as f o r  
* Proposal by United Kingdom t o  t h e  I n t e r n a t i o n a l  Organizat ion f o r  Standards.  
** Here and subsequent ly  i n  t h i s  r e p o r t ,  t he  terminology "nozzles i n  cy l inders"  
i s  used t o  de f ine  a s t r u c t u r e  c o n s i s t i n g  of a c y l i n d r i c a l  nozzle  i n  and 
with i t s  axis normal t o  t h e  su r face  of a c y l i n d r i c a l  s h e l l .  S t r e s s e s  de- 
s c r ibed  f o r  t h e  s t r u c t u r e  may occur e i t h e r  i n  t h e  nozz le  o r  i n  t h e  cy l in-  
de r  s h e l l  as  ind ica t ed  by the  s u b s c r i p t s  f o r  t h e  stress under cons idera t ion .  
Analogous terminology i s  used f o r  t h e  s t r u c t u r e  c o n s i s t i n g  of a c y l i n d r i c a l  
nozzle  i n  a s p h e r i c a l  s h e l l .  
PD Nozzle in Cylinders, S=- I 
PD Nozzle in Sphere , S=- 4T 
I 1 I I 1 1  1 - 
i .8 1.0 20 3.0 40 5.0 6.0 8.0 
( d / D ) m  
FIGURE 8. COMPARISON OF NOZZLE IN CYLINDERS WITH NOZZLE 
IN SPHERES, a,b STRESSES 
nozzles i n  cy l inders .  
of Eringen's ana lys i s ;  i .e. ,  (d/D) JD/T < 1.1, d/D 1/3.  
This comparison i s  v a l i d  only wi th in  the  range 
According t o  Eringen's ana lys i s ,  the  maximum stress f o r  nozzles 
* 
i n  cy l inders  almost always occurs i n  the  nozzle,  no t  i n  the  cy l inder  . 
For nozzles i n  spheres,  t he  maximum s t r e s s  occurs i n  the  nozzle i f  t / T  
i s  less than about 0.5. These high stresses arise, i n  l a rge  p a r t ,  from 
l o c a l  bending s t r e s s e s .  
stresses f o r  nozzles i n  cy l inders  and nozzles i n  spheres.  For nozzles 
i n  spheres,  the  stress is simply Poisson 's  r a t i o  t i m e s  t he  G s t r e s s .  
While the re  a r e  s imilar i t ies  i n  the  t rends ,  it i s  apparent from Table 3 
t h a t  t he re  can be la rge  d i f fe rences  i n  the  nozzle bending s t r e s s e s  of 
nozzles i n  spheres as compared t o  nozzles i n  cy l inders .  
Table 3 gives a comparison of the  bending 
by bx 
~ 
J: Comparisons a r e  shown i n  Table A-7 of the  Appendix. 
TABLE 3. COMPARISONS OF NOZZLES I N  CYLINDER WITH NOZZLE 
I N  SPHERE, BENDING STRESSE$T.N THE NOZZLE 
1 of 4) 
Nozzles i n  Cyl inder  Nozzles in 













































































































2.52 2.55 .77 
1.53 2.64 .79 
.65 2.05 .61 
2.23 1.93 .58 
1.51 2.46 .74 
.66 2.07 .62 
- .20 .64 .19 
-1.35 -2.42 .. .73 
1.76 .91 .27 
1.51 2.05 .61 
.73 2.24 .67 
- .16 .98 .30 
-1.33 -2.07 - .62 
1.30 .13 .04 
1.67 .87 .26 
1.27 2.30 .69 
.30 2.44 .73 
-1.02 - .24 - .07 
1.49 .06 .02 
1.93 .53 .16 
1.88 1.90 .57 
1.41 -_ -- 
.93 2.91 .87 
Jx All stresses are divided by S. S = PD/2T for nozzles in cylinders, 
S = PD/4T for nozzles in spheres. 
(33) 
TABLE 3. (Continued) 
(2 of 4) 
Nozzles in Nozzles in Cylinder 
f l = O  fl = n/2 Sphere 
0 0 0- 0 
S - d D 
T D S 0 
- - 
0 


































































































































































































TABLE 3. (Continued) 







Nozzles in Cylinder 
Nozzles in 
@ = O  0 = n/2 Sphere 
4 ,  
d D 
T D 




0 0 0 0 







































2.93 .54 1.99 .93 2.54 .76 
3.45 .86 1.11 .51 3.75 .97 
3.10 .84 - -08 -06 2.74 .82 
.73 .47 -1.86 - .52 1.18 .35 
-1.30 - .41 -5 -12 -1.51 -1.98 - .59 
1.74 .42 2.18 1.09 1.44 .43 
4.21 1.05 1.96 .82 3.47 1.04 
4.13 1.13 .74 .35 4.13 1.24 
2.75 77 -1.24 - .31 2.76 .83 
- .33 - .12 -4.65 -1.36 - .53 - .16 
2.46 .29 2.11 1.23 .84 .25 
5.08 1.28 3.12 1.25 2.98 .89 
6.13 1.71 1.85 .72 5.05 1.52 
3.49 .89 1.20 .52 3.20 .96 
3.47 .96 .48 .22 2.88 .86 
2.87 .82 .47 .10 2.13 .64 
3.61 .91 1.36 .58 3.28 -98 
3.65 1.01 .61 .27 3.18 .95 
3.07 .88 - .38 - .07 2.44 .73 
1.60 .46 -2.04 - .59 .86 .26 
-1.47 - .44 -5.13 -1.56 -2.26 - -68 
4.00 1.02 1.83 .74 3.10 .93 
4.29 1.19 1.12 .43 4.03 1.21 
3.68 1.06 .02 .05 3.47 1.04 
2.20 .63 -1.76 - .50 1.80 .54 
- .91 - -28 -4.01 -1.49 -1.45 - .43 
TABLE 3. (Continued) 
(4 of 4) 
d D 
T D 
- - S 
S 
Nozzles in Cylinder 
Nozzles i n  
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COMPARISON OF ERINGEN'S THEORY 
WITH TEST DATA 
General Comments 
The number of test  models s u i t a b l e  f o r  comparison wi th  
For v a l i d  comparisons, t h e  va lue  of Eringen 's  theory i s  q u i t e  l imi ted .  
Bpo o f  t h e  tes t  model should be less than one-half and the  test  model 
should c o n s i s t  of a uniform w a l l  c y l i n d r i c a l  nozzle  wi th  a x i s  normal 
t o  the  s u r f a c e  of a uniform w a l l  c y l i n d r i c a l  s h e l l .  There should be 
no inward proturberance of t he  nozzle  and t h e  f i l l e t  weld o r  o t h e r  
l o c a l  re inforcement  should be very small .  
should be l a r g e r  than 10. Fina l ly ,  i n  o rde r  t o  e l imina te  stresses 
due t o  out-of-roundness and t o  have uniform wall  th icknesses ,  i d e a l l y  
t h e  model should be machined t o  c l o s e  to l e rances  a l l  over .  
The va lues  of D/T and d / t  
There a r e  no test  models known t o  the  wri ters  which meet a l l  
t hese  requirements,  however, 7 s t ee l  t e s t  models and 8 p h o t o e l a s t i c  t e s t  
models have been s e l e c t e d  as r ep resen t ing  t h e  b e s t  a v a i l a b l e  t es t  d a t a  
f o r  comparison with the  theory.  The dimensional parameters of t hese  
models are l i s t e d  i n  Table 4 along with the  maximum measured stress and 
maximum t h e o r e t i c a l  stress. Comparisons are d iscussed  i n  d e t a i l  i n  t he  
fol lowing . 
S t r e s s e s  were ca l cu la t ed  a t  t h e  nozzle-cyl inder  j unc tu re  and 
away from t h e  junc tu re  on t h e  cy l inde r  a t  p '  = 0 .3 ,  0.6, 1.0, and 2.0 
t i m e s  fi; away from t h e  junc tu re  on t h e  nozzle  a t  x = .3, .6, 1.0, 
and 2.0 t i m e s  
and n/2, however, t h e  t e s t  d a t a  g ives  stresses only a t  0 = 0 and 0 = n/2 
o r  a t  0 = 0 only.  
func t ions  of p ' / *  o r  ./I$.. and 0 ( p '  p - p,). 
S t r e s s e s  were c a l c u l a t e d  a t  0 = 0, n/8, n/4,  3n/8, 
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It is well known that shell theory gives anamolous results when 
applied to structures with discontinuities in wall thickness or curva- 
ture. The theory involves both of these kinds of discontinuities at the 
nozzle-cylinder juncture. Figure 9 illustrates the force transfers 
assumed in shell theory in the p-direction on the cylinder, x-direction 
on the nozzle. If it is assumed that the cylinder extends to the hole, 
the theory gives CT -stresses on the face of the hole; an obviously 
ficticious stress since 0 can only be -P on this surface, If it is 
assumed that the nozzle extends to the inside of the cylinder, the thick- 
ness of the nozzle from x = 0 to x = T becomes indeterminate. In the 
following comparisons, it is assumed that nozzle extends to the outside 
surface of the cylinder and the cylinder extends to the hole. This is 
analogous to the assumption made in comparing test data with theory for 
nozzles in spherical shells, Phase Report N o .  2. However, for two of the 
photoelastic test models, a more detailed and realistic comparison of 




Steel Test Models 
Cranch Test Data. Attachment No. 2 
The model consisted of a 48-inch-ID cylinder with 0.625-inch 
wall thickness into which was welded a 6-inch standard weight pipe, 
6.625-inch-OD x 0.280-inch wall. The nozzle was flush with the ID of 
the cylinder and the external fillet weld appears to have a leg length 




/ A  
,M 
Q 
Points A and A '  assumed to be 
rigidly joined to each other. 
M = moment, in-lblin 





F I G U R E  9. I L L U S T R A T I O N  O F  FORCE TRANSFERS ASSUMED 
I N  SHELL THEORY AT d = 0 
Table 5 shows stresses ca l cu la t ed  from Er ingen ' s  a n a l y s i s ,  a long 
wi th  the  stresses determined by use  of s t r a i n  gages. Cranch measured 
s t r e s s e s  only a t  cp = 0 and cp = n / 2 .  
theory and tes t  d a t a  i s  good. I n  comparing theory and test  d a t a  i n  
Table 5,  t h e  fol lowing po in t s  should be considered: 
I n  genera l ,  t h e  agreement between 
(1) The presence of t he  f i l l e t  weld might be expected t o  
reduce stresses a t  t he  junc ture .  The maximum exper i -  
mental stress of 2.2 versus 2.86 t h e o r e t i c a l  may be due 
t o  t h i s  e f f e c t .  
( 2 )  The stresses given by Cranch a t  the  junc tu re ,  p = p o ,  
w e r e  ex t r apo la t ed  from s t r a i n  gage d a t a  a long t h e  cy l inde r .  
The ex t r apo la t ion  may involve s i g n i f i c a n t  e r r o r s .  
The stresses away from t h e  junc tu re  were picked o f f  of 
Cranch's Figures  2.013 and 2.014 by t h e  writers.  They 
are,  a t  b e s t ,  accu ra t e  only t o  30 percent .  
( 3 )  
( 4 )  The test model poss ib ly  had th ickness  v a r i a t i o n s  i n  t h e  
nozz le  w a l l  o f f  10 percent  and w a s  poss ib ly  out-of-round 
t o  some ex ten t .  
(5) Considering the  maximum stress readings given by Cranch, 
a long wi th  t y p i c a l  s t r a i n  gage random e r r o r s ,  one could 
assume t h a t  Cranch's maximum stress values  i n  Table 5 
should be accu ra t e  t o  w i t h i n  f 10 percent ,  o r  an e r r o r  
range o f - &  0 .2  o / S .  However, the  low stress readings 
could have about t he  same e r r o r s  so  t h a t  a measured 
stress o / S  = 0.2 should a l s o  have a +  0.2 t o  i n d i c a t e  
i t s  o rde r  of accuracy. 
TABLE 5. COMPARISON OF ERINGEN THEORY WITH CRANCH TEST DATA, 
ATTACHMENT 2 ,  STRESSES I N  CYLINDER 














3 ~ 1 8  
I l l2  




























I l l2  
T e s t J i  
T h e o r y  
Test:" 
T e s t  





T e s t  
T e s t  
T h e o r y  
T e s t  
T e s t  
T h e o r y  
T e s t  
T e s t  
T h e o r y  
T e s t  
2.2 0.2 0.6 0.9 
-2.859 0.507 0.218 0,365 
2.570 0.477 0.197 0.795 
1.763 0.428 0.157 0.655 
0.184 0.402 0.144 0.560 
0.8 0.6 0.2 1.0 
1.6 0.2 0.6 0.3 
- 1.811 . 0.267 - 0.482 0.339 
1.657 0.262 0.480 0.343 
1.244 0.288 0.472 0.358 
0.754 0.367 0.448 0.380- 
0.432 0.392 0.526 0.413 
0.8 0.5 0.5 0.5 
1.2 0.0 0.6 0.0 
0.168 0.164 0.534 1.388 
1.289 0.167 0.550 0.186 
1.024 0.214 0.586 0.230 
__ 0 ._7 20 0.317 - _ _  0.615 ___ - _ _  0.276 
0.581 0.375 0.623 0.297 
0.7 0.4 0.8 0.4 
1.1 0.0 0.6 -0.2 
1 .-124 0.103 O.*-ZE. - ._ 0.088 
1.058 0.110 0.570 0.109 
0.880 0.162 0.648 0.156 
__  0.673 .. 0.266 . - 0.731-__ 0.203 
0.578 0.324 0.766 0.224 
0.7 0.3 0.9 0.2 
0.9 0.0 0.6 0.0 
.- 0.715 0.411 - 0.140 __  -0.574 
- . -. . - __ - __ - 
- -  0.875 0.0545 0.514 0.033 
0.839 0.0635 0.562 0.059 
0.736 0.112 0.689 0.107 
0.605 0.197 0.83-5 , ,  0.138 
0.542 0.243 0.902 0.148 
0.5 0.0 1.0 0.0 
m 1.000 0.0 0.500 0.0 
$2 ~ % ~ e ~  0.500 0.0 1.000 0.0 
Jc E x t r a p o l a t e d  da ta .  
Table 6 shows t h e o r e t i c a l  stresses i n  t h e  nozz le  of Cranch's 
"Attachment 2". The theory  p r e d i c t s  t h a t  maximum stresses occur i n  t h e  
nozz le ;  s p e c i f i c a l l y ,  0 /S = 4.604 as compared t o  (5 /S = 3.365. How- 
ever, t h e  only s i g n i f i c a n t  s t r a i n  gage on the  nozz le  w a s  placed about 5 / 8  
inch t o  3 / 4  inch  from t h e  junc tu re  wi th  t h e  cy l inde r .  
mined from t h i s  gage i s  n o t  given i n  Cranch's paper.  
f i  = .945; hence, t h e  n e a r e s t  gage w a s  about 0.6 t o  0.8 t i m e s  E 
away from the  junc ture .  A s  can be seen i n  Table 6 f o r  x / / z  = 0.6,  t he  
xo v i  
The stress de te r -  
For t h i s  model, 
stresses measured a t  t h i s  gage would n o t  be expected t o  be as high as on 
the  cy l inde r .  
nozzle  and t h e  r e s u l t s  ex t r apo la t ed  t o  t h e  junc ture ,  poss ib ly  t h e  h i g h e s t  
stress area would have been found t o  be i n  the  nozzle .  
I f  a series of s t r a i n  gages had been placed a long  t h e  
TABLE 6 .  CALCULATED STRESS I N D I C E S  '(ERINGEN THEORY) 
I N  THE NOZZLE; CRANCH ATTACHMENT 2 
S O u t s i d e  I n s i d e  O u t s i d e  I n s i d e  
0 0 
rrI8 
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any m 0.145 0 0.290 0 0.145 0.145 0 e 290 0.290 
P i c k e t t  & Grigory ( 2 2 )  T e s t  Data, Nozzle No. 11 
The model cons i s t ed  of a 36-inch-ID cy l inde r  w i th  2-inch w a l l  
th ickness  i n t o  which w a s  welded a 2-inch-ID x 0.188-inch w a l l  nozzle .  The 
e x t e r n a l  f i l l e t  weld appeared t o  have a l e g  l en th  of about 0.3-inch. 
Table 7 shows stresses ca l cu la t ed  from Er ingen ' s  a n a l y s i s ,  
a long wi th  stresses determined by use  of s t r a i n  gages.  I n  t h i s  mode1,Jc 
t h e  maximum stress occurred a t  the  i n s i d e  corner ;  0 
t o  o @ ~ / S  = 2.47 t h e o r e t i c a l .  
/S = 2.76 as compared 8 i  
This model included a p a i r  of s t r a i n  gages on t h e  nozzle  placed 
about 1 / 2  inch from t h e  ou te r  su r f ace  of t h e  cy l inder .  I n  t e r m s  of t he  s h e l l  
l ength  parameter m, t h e  gages were f a i r l y  remote from t h e  nozzle-cyl inder  
junc ture .  The h ighes t  measured stress i n  t h e  nozzle  w a s  CJ /S  = 1.79; the 
t h e o r e t i c a l  stress a t  about t h i s  po in t  and s u r f a c e  i s  cz 
genera l ,  i t  appears t h a t  t h e  f i l l e t  weld does two th ings :  
YC 
/S = 1.44. I n  
Y i  
(1) It provides a r e l a t i v e l y  f l e x i b l e  t r a n s i t i o n  between 
nozz le  and cy l inde r ,  thus reducing maximum stresses 
s i gn i f i can  t 1 y . 
( 2 )  It tends t o  s h i f t  t he  moments and fo rces  up along t h e  
x-ax is .  
On the  o the r  hand, t h e r e  i s  probably a f a i r l y  high stress concent ra t ion  a t  
t h e  toe  of t h e  f i l l e t  weld where i t  j o i n s  t h e  branch p ipe .  
Nozzle No. 11 w a s  incorporated i n  7 d i f f e r e n t  p re s su re  ves se l s  
subjec ted  t o  c y c l i c  p re s su re  tests a t  Southwest Research I n s t i t u t e .  
Fa t igue  c racks  i n i t i a t e d  i n  t h e  nozz le- to-vesse l  weld on vessels 1 and 2 ;  
t h e  loca t ion ,  d i r e c t i o n  o r  i n i t i a t i n g  s u r f a c e  are no t  reported.  Fa t igue  
c racks  i n i t i a t e d  a t  t h e  i n s i d e  corner  (poin t  of maximum measured stress) 
?r Nozzle No. 11 i n  Vessel No. 1. The average va lue  of Q / S  was 2.57, 
See Table 16. O i  
TABLE 7.  COMPARISON OF ERINGEN THEORY WITH PICKETT & GRIGORY 
TEST DATA, NOZZLE NO. 11 
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on vessels 4 ,  6 and 7.  N o  c racks  w e r e  observed a t  nozz le  No.  11 i n  
vessels 3 and 5. Leak type f a i l u r e s  (cracks penet ra ted  through w a l l )  
occurred a t  nozz le  N o .  11 i n  vessels 1, 4 and 7 .  The o t h e r  observed 
cracks d id  n o t  p e n e t r a t e  through the  w a l l  p r i o r  t o  te rmina t ion  of the  
f a t i g u e  test f o r  o the r  causes .  The f a i l u r e s  of nozz le  11 i n  v e s s e l s  
1 and 2 presumably w e r e  caused by high stresses i n  the  nozz les ,  however, 
no explana t ion  i s  given as t o  why weld f a i l u r e s  occurred i n  v e s s e l s  
1 and 2 but  no t  i n  subsequent v e s s e l s .  Poss ib ly ,  t h e  welding technique 
and/or  weld contour d e t a i l s  w e r e  improved i n  t h e  later vessels. 
From a f a t i g u e  s tandpoin t ,  i t  might be noted t h a t  t he  theore t -  
i c a l  stresses i n  t h e  nozz le  a t  the  junc tu re  i n  t h e  x - d i r e c t i o n  are 
almost pure bending. A f a t i g u e  c rack  s t a r t e d  by the  0 -stresses would 
encounter a r a p i d l y  decreas ing  stress as i t  propagated i n t o  the  nozz le  
w a l l ,  hence might no t  propagate  very much. I n  t h e  cy l inde r ,  however, t h e  
oql-stress i s  almost pure membrane and i s  h igh  over a l a r g e  area of 
metal, hence a f a t i g u e  c rack  would be expected t o  propagate through t h e  
X 
w a l l  r e l a t i v e l y  e a s i l y .  
Mehringer & Cooper (I8), Appendage E 
The model cons i s t ed  of 34.47-inch-ID c y l i n d e r  wi th  3/8 inch w a l l  
th ickness  i n t o  which w a s  welded a 4.5-inch-OD x .156-inch w a l l  t h i ckness  
nozzle .  The e x t e r n a l  f i l l e t  weld i s  n o t  c l e a r l y  ind ica t ed  but  may 
have had l e g  lengths  of about 3 /8  inch.  
Table 8 shows stresses c a l c u l a t e d  from Er ingen ' s  a n a l y s i s ,  
along wi th  s t r e s s e s  determined by s t r a i n  gages. Gages were not  placed 
a t  t he  i n s i d e  co rne r ;  t h e  n e a r e s t  gage t o  the  bore w a s  about 1.3-inch 
from the  bore,  corresponding t o  about 0.5 e. No s t r e s s e s  a r e  given 
f o r  t h e  nozz le .  
The maximum stress i n  the  cy l inde r  given by the  theory i s  
0 /S  = 3.55. 
reduced t h e  maximum stresses s i g n i f i c a n t l y .  
The (apparent ly)  r e l a t i v e l y  l a rge  f i l l e t  weld might have 00 
A s  shown i n  Table 8, t h e  
maximum measured stress CT 
t h e o r e t i c a l  stress CT i n  t h e  r eg ion  of t he  s t r a i n  gage. The p r i n c i p a l  
discrepancy between tes t  and theory appears t o  be IS 
o /S would t h e o r e t i c a l l y  be around 1.2 whereas the  tes t  d a t a  g ives  
OQi/S z 0; and a t  o 
/ S  = 1.4, i s  i n  reasonable  agreement wi th  the  00 
00 
a t  $ = 0, where 0 i  
0 i  
a t  8 = n/2, where 0 / S  would t h e o r e t i c a l l y  be 
P i  P i  
around 0.3 whereas the  t e s t  d a t a  g ives  0 / S Z  1.3. Otherwise t h e  theory 
P i  
and test a r e  i n  reasonable  agreement. 
No measurements of stresses i n  t h e  nozz le  are given. The 
t h e o r e t i c a l  s t r e s s e s  i n  the  nozz le  of t h i s  model a r e  q u i t e  h igh;  
/ S  = 5.41 a t  0 = 0, x = 0. A s  i n  o t h e r  models, t h e  f i l l e t  might have 
OXO 
s i g n i f i c a n t l y  reduced the  a c t u a l  stress s i n c e  t h e  f i l l e t  l e g  length  
apparent ly  i s  around 0.5 t o  0 .7  t i m e s  fi. 
TABLE 8. COMPARISON OF ERINGEN THEORY WITH MEHRINGER & COOPER 
APPENDAGE E EXPERIMENTAL DATA, STRESSES I N  CYLINDER 
- Bi “Po api - 
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0 0 D a t a  
8 S o u r c e  S S S 
0.0  







T h e o r y  
T h e o r y  
T e s t  
T h e o r y  
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- . 3  
.18 
1.08 - ‘67 
.82 .12 
-1.0 - .25 
.71 .35 
.63 - .39 
.80 .03 
-1.3 -1.3 
. 91  .31  
Berman & P a i  (20, 21), Nozzles 7 and 8 
The model cons is ted  of a 48-inch-ID cy l inde r  with 1.687-inch 
w a l l  t h i ckness  i n t o  which were welded 2-inch Sch 80 pipes ,  2.375-inch- 
OD x 0.218-inch w a l l .  Nozzles 7 and 8 were i d e n t i c a l  in-so-far  as the  
theory i s  concerned; nozzle  7 was "set- in"  f o r  welding whereas nozzle  8 
w a s  "set-on" f o r  welding. 
The nozz les  were f i r s t  t e s t e d  and r e s u l t s  repor ted  i n  Reference (20);  
l a t e r  a d d i t i o n a l  tests were run and r e s u l t s  repor ted  on Reference (21).  
The f i l l e t  weld l e g  lengths  were about 318 inch .  
Table 9 shows stresses c a l c u l a t e d  from Er ingen ' s  ana lys i s ,  
along wi th  s t r e s s e s  determined by use of s t r a i n  gages. Measurements 
were made only a t  0 = 0. 
corner  of the  opening, (5 
Maximum measured stress occurred a t  t h e  i n s i d e  
/S  = 2.64 as compared t o  CT 0 i  0 i  /S = 2.45 by theory.  
I n  the  second tes t  s e r i e s ,  gages were placed on t h e  nozzle  
about 1-inch from the  su r face  of the  cy l inde r  o r  roughly 2 t i m e s  t he  
7/.. from the  su r face .  
weld, t h e  theory and tes t  d a t a  a r e  i n  reasonable  agreement. 
Considering the  poss ib l e  inf luence  of t he  f i l l e t  
TABLE 9 .  COMPARISON OF ERINGEN THEORY WITH BE8MA.N & PA1 
TEST DATA ( a t  8 = O),NOZZLES 7 AND 8 
- - 8i  opo opi 
5 
cs cs 
Gage Mode 1 80 4' Source No. No. S S S 
Theory 
T e s t  
Theory 
Theory 
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2 a  





Test 423, l a  7 
T e s t  4a, l a  8 


































































* Tangent ia l ,  i n s i d e  of bore; s h e l l  theory does no t  g ive  t h i s  stress. 
Berman & P a i  (20J 21), Nozzle 15 
The model cons i s t ed  of a 45.5-inch-ID cy l inde r  wi th  4.187-inch 
wa l l  th ickness  wi th  an 8-inch Sch 100 pipe as a nozzle ,  8.625-inch- 
OD x 0.593-inch w a l l .  The f i l l e t  weld l e g  lengths  were about 0.8-inch. 
Table 10 shows stresses ca l cu la t ed  from Eringen 's  ana lys i s ,  
along with stresses determined by use of s t r a i n  gages. Measurements 
were made only a t  0 = 0. 
corner  of t he  opening, cs 
(oprO/S = 2.68 by theory.)  
Maximum measured stress occurred a t  t h e  i n s i d e  
/S  = 2.70 as compared t o  CT /S  = 2.87 by theory 0 i  O i  
No measurements of stresses i n  the  nozz le  are given. The 
t h e o r e t i c a l  maximum stress i n  the  nozzle  i s  CT /S  = 3.20. The f i l l e t  
weld l e g  length  i s  about 0.5 fi hence t h e  a c t u a l  maximum stress i n  
the nozzle  presumably w a s  s i g n i f i c a n t l y  less than 3.20s. 
Y i  
TABLE 10. COMPARISON OF ERINGEN THEORY WITH BERMAN & PA1 
TEST DATA (at  0 = 0),  NOZZLE 1 5  
O i  “pi 0 -Gage 
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;k T a n g e n t i a l ,  i n s i d e  of bore ,  s h e l l  theory  
does no t  g i v e  t h i s  stress. 
Wells, e t  a l ,  ( 2 3 )  Nozzles K and M 
The models cons i s t ed  of a 40.5" i n s i d e  diameter  cy l inde r  wi th  
4.845" w a l l  th ickness .  The branch of model K cons i s t ed  of an 8.25" i n s i d e  
diameter  cy l inde r  w i th  0.938" w a l l  th ickness .  
s i s t e d  of a 11.87511 i n s i d e  diameter cy l inde r  wi th  1.438" w a l l  th ickness .  
The branch of model M con- 
The top  po r t ions  of Tables 11 and 12 give  comparisons of calcu- 
l a t e d  and measured stresses i n  t h e  cy l inde r .  Agreement between theory and 
test are genera l ly  f a i r l y  good. The l a r g e s t  discrepancy appears t o  be i n  
opIi a t  p l =  0 , 0 = n / 2 ,  where a nega t ive  stress i s  p red ic t ed  by theory.  
The bottom por t ions  of Tables 11 and 12 give  comparisons of ca l -  
cu la t ed  and measured stresses i n  t h e  nozzle .  The f i l l e t  weld l e g  l eng ths  
were about 0.75 e, hence t h e  h igh  c a l c u l a t e d  stresses would no t  be 
expected t o  occur,  except  where t h e  high ca l cu la t ed  stress p e r s i s t s  f o r  
some d i s t a n c e  from t h e  junc tu re ;  e.g., 5 a t  0 = 0. The s t r a i n  gages 
Y i  
used i n  t h e  tests were l a r g e  compared t o  the  l eng th  Vr t ,  hence only average 
stresses would be measured. About a11 t h a t  can be s a i d  i s  t h a t  t he  mea- 
sured stresses i n  the  nozzle  follow t he  t rends  p red ic t ed  by t h e  theory.  
TABLE 11. COMPARISON OF ERINGEN THEORY WITH WELLS, LANE 

















T e s t  
Theory  
T e s t  
Theory 
T e s t  
Theory  
T e s t  
Theory  
T e s t  
Theory  
T e s t  
S o u r c e  
Theory  
T e s t  
Theory  
T e s t  
Theory  
T e s t  
Theory  
T e s t  
Theory  
T e s t  
Theory  
T e s t  
Theory  
T e s t  
Theory  
T e s t  
C y l i n d e r  












Nozz le  
(3 1s xo 
2 .36  
.43 





1 . 5 3  
1.00 
1 .o 
- 7 3  
.65 
-- 






2 . 1  
1.27 












1 .22  
.6 
1 .26  






















2 . 9 3  
1.90 
1 . 0 4  
1.1 
.48 
- -  
- -  
.a 
1 . 9 3  
1.92 
1.81 


































TABLE 12. COMPARISON OF ERINGEN THEORY WITH WELLS, LANE 
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Pho toe la s t i c  T e s t  Models 
T e s t  d a t a  f o r  t he  pho toe la s t i c  t es t  models are presented by 
Taylor and Lind(24). I n  t h i s  re ference ,  stresses i n  t h e  normal and 
t a n g e n t i a l  d i r e c t i o n s  are given a t  # = 0 and # = n/2, 
correspond t o  cr (cy l inder )  o r  0 (nozzle)  stresses of t he  theory.  
Except on t h e  inne r  f a c e  of t h e  opening of t h e  cy l inde r ,  CT -stresses 





S t r e s s e s  i n  the  Cylinder  
Table 13 g ives  comparisons of calculatedy: and measured stresses 
on t h e  cy l inde r .  The maximum measured stress f o r  a l l  models was D a t  the  
i n s i d e  corner  r ad ius  a t  8 = 0. a t  
n 
This  i s  compared, i n  Table 13, wi th  0 0 i  
o r  0 -stresses 
007 5 p ~ 7  P i  pf l /& = 0.0, 8 = 0 .  There are no comparable D 
from the  t es t  da t a .  A t  8 = n/2,  t h e  ot stress a t  the  cen te r  of t h e  
i n s i d e  corner  r ad ius  i s  shown f o r  comparison wi th  the  t h e o r e t i c a l  5 
a t  p '/+F = 0.0, 
O i  
= n/2. 
I n  genera l ,  t h e  t h e o r e t i c a l  va lue  of CT a t  p'[@ = 0, 8 = 0 
i s  reasonably c l o s e  t o  t h e  maximum measured stress. The r a t i o  of a t  
p = po, 8 = 0 t o  t h e  maximummeasured stress ranges from .88 t o  1.05 
wi th  an average of 0.95. The stresses away from the  junc tu re  are genera l ly  
8 i  
#i 
i n  adequate agreement wi th  t h e  theory.  The l a r g e s t  disagreement appears 
t o  be the  normal stress a t  t h e  i n s i d e  corner  a t  0 = n/2.  For a l l  models 
%k A t  p resent ,  Eringen 's  computer program i s  based on a Poisson ' s  r a t i o  of 
0.3. 
Poisson ' s  r a t i o  of t h e  p h o t o e l a s t i c  test  models w a s  probably about 0.5. 
It i s  be l ieved  t h a t  t he  Poisson ' s  r a t i o  e f f e c t  i s  small  f o r  membrane 
stresses bu t  may be s i g n i f i c a n t  f o r  bending stresses. 
A l l  c a l cu la t ed  r e s u l t s  are based on t h i s  value,  even though t h e  
except  C - l A ,  t h e  theory p r e d i c t s  a nega t ive  stress a t  t h i s  po in t .  The 
tes t  da t a ,  while  t r end ing  toward a l o w  stress a t  t h i s  po in t  i n  the  normal 
d i r e c t i o n ,  does n o t  g ive  nega t ive  stresses. 
TABLE 1 3 .  COMPARISON OF ERINGEN THEORY W I T H  TAYLOR AND LIND 
PHOTOELASTIC TEST DATA, STRESS I N  CYLINDER 
(1 of 3)  
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TABLE 13 .  (Cont inued)  
( 2  of 3 )  
Model  p' 
No. 7- 8 S o u r c e  OdO/s (Jdi I s (J J S  0 i/s 
E- 1 0.0 
0.0 
0.3 
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TABLE 1 3 .  (Continued) 
( 3  of 3 )  
Model p' 
(5 1s 
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S t r e s s e s  i n  t h e  Nozzle 
I n  the  preceding comparisons, i t  i s  shown t h a t  t he  maximum 
measured stress agrees  reasonably w e l l  w i th  t h e  maximum t h e o r e t i c a l  stress 
i n  the  cy l inde r .  However, as shown i n  Table 14, t h e  maximum t h e o r e t i c a l  
stresses occur  i n  t h e  nozzle.  The ques t ion  arises as t o  why the  test  
d a t a  does n o t  agree  wi th  t h i s  aspect of t h e  theory.  A p a r t i a l  answer 
t o  t h e  ques t ion  i s  ind ica t ed  i n  Table 14, i n  which t h e  r a t i o  of t h e  
o u t s i d e  f i l l e t  r ad ius  t o  t h e  nozzle  foundat ion length ,  i s  shown i n  
the  las t  column. The f i l l e t  r a d i u s  forms a s i g n i f i c a n t  re inforcement  
of  t h e  branch because i t  extends over about 0.5 t o  4.5 t i m e s  t he  nozzle  
foundat ion length.  
The purpose of t h e  fol lowing d e t a i l e d  d i scuss ion  of stresses i n  
the  nozz les  i n  two tes t  models (E7 and C-3C) i s  t o  i l l u s t r a t e  t h a t  t he  ca l -  
cu la t ed  stresses are q u a l i t a t i v e  c o r r e c t  ( i n s o f a r  as s h e l l  theory i s  appl i -  
cab le)  and, more important,  t o  i n d i c a t e  condi t ions  under which t h e  calcu-  
l a t e d  nozzle  stresses can s a f e l y  be disregarded.  
Phase Report No. 2 d i scusses  t h e  analogous problem of nozzles  i n  
spheres .  It was found t h e r e  t h a t  t h e  p r i n c i p a l  e f f e c t  of t h e  f i l l e t  r a d i u s  
on stresses appears t o  be accountable  by i t s  a l t e r a t i o n  of t h e  th ickness  
of t he  nozzle .  
fo rc ing  added by t h e  f i l l e t ,  t h a t  Eringen 's  theory g ives  a good estimate 
I f  i t  i s  assumed, f o r  r e l a t i v e l y  s m a l l  amount of re in-  
of  t he  s t r e s s - r e s u l t a n t s  a t  and near  t he  nozzle  s h e l l  junc ture ,  then the  
stresses are given by the  equat ions:  
TABLE 14. MAXIMUM THEORETICAL STRESSES I N  CYLINDER AND NOZZLE 
AND RATIOS OF r0 / f i ,  ro = FILLET RADIUS 
r Maximum T h e o r e t i c a l  S t r e s s e s  Outs ide  
Nozzle F i l l e t  Radius,  0 
6 G -1. i‘c 
Cy1 i n d e r  
Model No. o/S I d e n t i f i c a t i o r ?  o / S  I d e n t i f i c a t i o n  rn 
C-1A 2.55 (6, 0, 0 2.82 y ,  0, 0 .3125 .070 4.47 
C-2A 2.72 (6, i, o 3.05 y ,  0, o ,3125 .189 1.65 
C- 3 A  3.15 (6, i ,  o 3.38 y ,  0, 0 .3125 .285 1.10 
c- 3 c  2.74 (6, 0, o 2.99 y ,  i, o .5625 ,235 2.39 
2.94 8 ,  i ,  o 3.42 y ,  0, rr/2 .250 E3, E7 .542 .46 
;? I d e n t i f i c a t i o n  of  d i r e c t i o n  and l o c a t i o n  of  maximum stress, 
F i r s t  symbol: s tress d i r e c t i o n  
Second symbol: s u r f a c e ,  o = o u t s i d e ,  i = i n s i d e  
Thi rd  symbol: (6 = a n g l e  l o c a t i o n .  
n 
On h 
= -  ( 4 )  
6m 
h2 




membrane stress r e s u l t a n t ,  Eringen theory 
bending stress r e s u l t a n t ,  Eringen theory 
normal th ickness  of s ec t ion .  
The th ickness  h i n  the  t r a n s i t i o n  zone has been soxewhat a r b i t r a r i l y  
def ined as shown i n  F igure  10. For  tes t  models under cons idera t ion ,  planes 
r a d i a t i n g  from t h e  f i l l e t  r ad ius  c e n t e r  appear t o  be s u i t a b l e  f o r  use as 
"normal planes"  i n  t h e  t r a n s i t i o n  zone between cy l inde r  and nozz le ,  
p a r t i c u l a r ,  t h e  plane from the  c e n t e r  of t he  f i l l e t  r a d i u s  through t h e  
i n t e r s e c t i o n  of t he  o u t s i d e  su r faces  of nozzle  and cy l inde r  (poin t  P i n  
Figure 10) i s  used t o  determine t h e  s t a r t i n g  p a i n t  of t he  nozzle  (x/)G = 0 
on Figure 10). 
I n  
0 
S t r e s s e s  i n  t h e  nozzle  of t es t  model E7 were ca l cu la t ed  us ing  
Equations ( 4 )  and (5) wi th  h as &own i n  F igure  10 (8 = 0 sec t ion )  and 
Figure  12 (8 = n/2  sec t ion ) .  Calculated and test  r e s u l t s  are shown on 
Figures  10 through 13. It can be seen  t h a t  t he  ad jus ted  theory stresses 
q u a l i t a t i v e l y  agree  wi th  t h e  test r e s u l t s ;  which are shown i n  F igure  14. 
I n  p a r t i c u l a r ,  t h e  second h ighes t  peak stress of CT a t  @ = n/2 
Y O  
(oyo/S = 1.86) i s  reasonably w e l l  p r ed ic t ed  by t h e  ad jus ted  theory,  
a s  w e l l  a s  t h e  peak i n  t h e  cr s t r e s s  a t  t h e  Same loca t ion .  xo 
The l a r g e s t  discrepancy occurs  f o r  0 
The ca l cu la t ed  5 
about the  same as t h e  measured stress i n  t h e  region.  
a t  @ = 0, x = 0 (Figure 11). 
Y i  
-stress i n  t h i s  region,  however, i s  2.94 S which i s  
n@ 
Model C - 3 C  w a s  s e l e c t e d  f o r  d e t a i l e d  a n a l y s i s  because i t s  
va lue  of s /S = 2.01 r ep resen t s  t he  oppos i te  end of t h e  s / S  range from 
Model E7 ( f o r  which s/S = .58) and a l s o  because the  second h ighes t  peak 
stress, 0 
i n s i d e  corner .  Calcu la t ions  of t h e  stresses, ad jus ted  f o r  t h e  normal 
th ickness  h ,  were made i n  the  s a m e  way as descr ibed above f o r  model E7. 
a t  0 = n/2, i s  approaching the  maximum measured stress a t  the  
YO 
F igure  15 shows t h e  stresses f o r  model C - 3 C  as obtained from the  theory.  
F igures  16 through 19  show the  ca l cu la t ed  stresses, ad jus ted  f o r  t h e  
normal th ickness  h,  and t h e  test  r e s u l t s .  
as a func t ion  of r t  i n  F igures  20 and 21. The o r i g i n a l  tes t  d a t a  i s  
shown i n  F igure  22;k. 
The 0 - s t r e s s e s  are a l s o  p l o t t e d  
Y 
Yv- 
It may be noted, i n  F igure  19 o r  F igure  21, t h a t  t he  peak stress 
a t  0 = n/2, CT 
t h e  ad jus ted  theory.  
f o r  f i  = 0 are lower than  test r e s u l t s  and are b e t t e r  represented  by 
/ S  = 2.52 measured i n  the  test ,  i s  accu ra t e ly  pred ic ted  by 
YO 
A s  i n  model E7, some c a l c u l a t e d  stresses on the  nozzle  
t h e  ca l cu la t ed  stress i n  the  cy l inde r  i n  t h a t  region.  
I n  general ,  t hese  comparisons i n d i c a t e  t h a t  t h e  Eringen 's  ca l cu la t ed  
stresses i n  the  nozzle  are probably reasonably accu ra t e  as appl ied  t o  a 
nozzle  wi th  no f i l l e t  radius** - as assumed i n  the  development of t h e  theory.  
;k The tes t  da t a ,  a t  p o i n t s  remote from t h e  junc ture ,  i s  seemingly i n c o n s i s t e n t  
( f o r  some stresses) as compared wi th  Lame' stresses. The Lame' stresses are 
shown i n  pa ren thes i s  i n  F igure  22. 
t r a t i o n  due t o  the  notch-ef fec t  i f  t he  f i l l e t  r a d i u s  were zero. 
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Underlined numbers are 
calculated values of 
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enthesis are test results, 
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FIGURE 11. NOZZLE STRESSES ADJUSTED FOR NORMAL THICKNESS, h, 
TEST MODEL ET, Q OR 6, STRESS AT 0.  
Y 
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Underlined numbers are 
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gx/S .  Numbers in 
parenthesis are test 
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FIGURE 12. NOZZLE STRESSES ADJUSTED FOR NORMAL THICKNESS, h, 
TEST MODEL E7,  ox OR ut STRESS AT 4 = 1 ~ 1 2  
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FIGURE 13. NOZZLE STRESSES ADJUSTED FOR NORMAL THICKNESS, h, 






MODEL E - 7  
FIGURE 14: TEST RESULTS FOR MODEL E7 FROM 
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FIGURE 15: ERINGEN THEORY STRESSES 
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FIGURE 16. NOZZLE STRESSES ADJUSTED FOR NORMAL THICKNESS, h, 
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Underlined numbers are 
calculated values of 0 I S .  
Numbers in parenthesis are Y 
FIGURE 17. NOZZLE STRESSES ADJUSTED FOR NORMAL THICKNESSy h, 
Y 
TEST MODEL C - 3 C ,  OR an AT 8 = 0. 
a 
Underlined numbers are calculated 
values of 0 /S. Numbers in paren- 
thesis are test results, ut/S. 
X 
FIGURE 18. NOZZLE STRESSES ADJUSTED FOR NORMAL THICKNESS, h, 
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FIGURE 19. NOZZLE STRESSES ADJUSTED FOR NORMAL THICKNESS, h ,  
TEST MODEL (2-32, cy OR on AT 0 = n/2 
Y 
FIGURE 20. NOZZLE STRESSES ADJUSTED FOR NORMAL THICKNESS, h, 
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FIGURE 21. NOZZLE STRESS ADJUSTED FOR NORMAL THICI(NESS, h, 







- I  
MODEL C-3C 
cp f 7l/2 
Numbers in parenthesis 
are Lame' stresses 
- i  
FIGURE 22: T E S T  RESULTS FOR MODEL C-3C FROM 
REFERENCE (24.) 
F i l l e t  Radius Requirement 
The summary shown i n  Table 4 i nd ica t e s  t h a t  the  maximum stresses 
measured i n  test  models i s  reasonably w e l l  predicted by the  maximum stress 
i n  the  cy l inder  given by Eringen's theory. 
the  maximum measured s t r e s s  i n  nozzles i n  cy l inders  (within the  range a t  
Eringen's ana lys i s )  always occurs a t  the  i n s i d e  corner. The theory suggests  
t h a t  the maximum s t r e s s  may occur i n  the  nozzle and t h a t  t he  test r e s u l t s  of 
the  models l i s t e d  i n  Table 4 do not  show t h i s  because: 
The quest ion arises as t o  whether 
(1) For sone steel  models, i n s u f f i c i e n t  s t r a i n  gages were placed 
on the  nozzle t o  de t ec t  a high s t r e s s ,  i f  such ex is ted .  
For photoe las t ic  models, test models included a s u f f i c i e n t l y  
l a rge  f i l l e t  rad ius  t o  r e in fo rce  the  nozzle a t  the  c r i t i c a l  
junc ture  locat ion.  
(2) 
Examination of the  test  da t a  and ca lcu la ted  s t r e s s e s  ind ica t e s  t h a t  





The second requirement f o r  r p e r m i t s  a smaller  f i l l e t  rad ius  t o  be 
r o / v d t  = 1 , O  f o r  s/S from 1.0 t o  2.0. 
ro/vx 2 s / S  f o r  s / S  l e s s  than 1.0. 
ro i n  no case l e s s  than T /2 .  
0 
used a s  t / T  becomes l a rge r .  
s/S decreases,  the  maximum ca lcu la ted  stress i n  the  nozzle approaches t h a t  
i n  the cyl inder .  Accordingly, a smaller f i l l e t  rad ius  can be used. The 
t h i r d  requirement f o r  r i s  t o  in su re  the  absence of high s t r e s s e s  due t o  
a notch; such s t r e s s e s  would not  be given by Eringen's theory.  
Calculat ions given i n  Table A7 show t h a t  as 
0 
TEST MODELS WITH LOCAL REIWORCING 
T e s t  Data 
The preceding comparisons of theory and t e s t  da ta  were r e s t r i c t e d  
t o  test models which consis ted of a uniform wall  nozzle i n  a uniform wall  
cy l inder  with a f i l l e t  rad ius  o r  f i l l e t  weld  as the  only re inforc ing .  
Additional test  da t a  a re  ava i l ab le  i n  which the  test  models included var ious 
types of l o c a l  re inforc ing ,  as shown by Figure 23 .  
f o r  nozzles with small  d/D-ratios,  i s  given i n  Table 15.  
and t e s t  da t a  a r e  b r i e f l y  discussed i n  the  following. 
A summary of t h i s  data ,  
The t e s t  models 
References ( 2 4 )  and ( 2 5 )  give test  da t a  from photoe las t ic  t e s t  
modzls. Reference ( 2 4 )  gives da t a  a t  8 = 0 and 8 = rr/2 while Reference 
( 2 5 )  gives d a t a  a t  those two @-planes plus  o ther  @-planes. 
A I W  were ac tua l ly  one model; E6. This model cons is ted  of a cy l inder  with 
a tapered wal l  t r a n s i t i o n  from 0.490'' t o  0,350".  The nozzle was placed i n  
the  0.490" w a l l  s ec t ion  but near the  tapered t r a n s i t i o n  such t h a t  one p a r t  
of the  model (AIW) can be considered a s  a nozzle i n  a 0.490"wall  cy l inder  
with re inforc ing  i n  the  nozzle,  the  o ther  pa r t  of the  model (FIW) can be 
considered a s  a nozzle i n  a 0.350" wall  cy l inder  with re inforc ing  i n  the  
run and i n  the  nozzle. 
Models FIW and 
References ( 2 0 ) ,  ( 2 1 ) ,  and ( 2 2 )  give test r e s u l t s  on s t e e l  t e s t  
models. References ( 2 0 )  and (21) give da t a  a t  8 = 0 only. Reference ( 2 2 )  
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FIGURE 23b. TYPES OF REINFORCING FOR MODELS LISTED I N  TABLE 15 
The test d a t a  of Reference (20) and (21) r e q u i r e  a d d i t i o n a l  
comment. Reference (20) g ives  t h e  r e s u l t s  of tests on s e v e r a l  nozz les  
i n  a pressure  ves se l .  
of t he  nozzles  and a d d i t i o n a l  tests were run; the  r e s u l t s  are given i n  
Reference (21). The modi f ica t ions  cons is ted  of :  
Subsequently, some modi f ica t ions  were made t o  p a r t  
(1) The inne r  corner  r a d i i  of Nozzles 10 and 12 were ground from 
t h e  o r i g i n a l  1/8" t o  27/32". 
(2)  The inne r  corner  r a d i i  of Nozzles 11, 14, and 16 were ground 
from the  o r i g i n a l  1/8" t o  27/32'' f o r  0 from -90" t o  + 90"; 
t h e  remaining po r t ion ,  0 from 90" t o  270°, w a s  l e f t  wi th  
t h e  o r i g i n a l  1/8" r ad ius .  
(3) Nozzle 9 and 13 o r i g i n a l l y  included an  inward proturberance 
of t he  nozzles  of 1-1/8". This  protuberance was reduced 
t o  5/8" f o r  t h e  second tes t  series. 
Accordingly, i n  t a b l e  15 here in :  
(1) Nozzles 10 and 12 show r e s u l t s  f o r  t he  1/8" i n s i d e  corner  
r ad ius  (Ref. 20) and 27/32" r ad ius  (Ref. 21) .  
(2) Nozzles 11, 14, and 16 show r e s u l t s  f o r  t h e  1/8" i n s i d e  
corner  r ad ius  (Ref. 20); t he  r e s u l t s  a t  0 = 180", 1/8" 
i n s i d e  corner  r ad ius  and a t  0 = 0, 27/32" i n s i d e  corner  
r ad ius  (Ref. 21). 
(3) Nozzles 9 and 13 (nozzles pro t ruding  inwardly) i n  Reference 
(20) d id  no t  have s t r a i n  gages on t h e  i n s i d e  of the  nozzle  
bore, midway i n  the  s h e l l  thickness .  
i n d i c a t e  t h a t  t he  maximum stress occurs  a t  about t h i s  po in t .  
I n  Reference (21), s t r a i n  gages were placed a t  t h i s  po in t  
(25) Tests by Leven 
3 
and d i d  g ive  maximum measured stresses. 
only t h e  r e s u l t s  of Reference (21) are shown f o r  t hese  
nozzles .  
I n  Reference (22),  the  nozz les  were used i n  a series of e i g h t  
Accordingly, 
d i f f e r e n t  pressure  vessels; i n  each of t hese  models some d a t a  were 
obtained on stresses i n  t h e  nozzles .  The i n d i v i d u a l  r e s u l t s  are shown i n  
Table 16. The d a t a  shown i n  Table 15 are the  averages of t h e  test  d a t a  
shown i n  Table 16. 
i n d i c a t i v e  of v a r i a t i o n s  i n  t h e  nozz le-vesse l  cons t ruc t ion  and/or va r i a -  
t i o n s  i n  s t r a i n  gage placement and accuracy of s t r a i n  gage r e s u l t s .  
The s c a t t e r  of  test d a t a  shown i n  Table 16 may be 
Reinforcing Area 
The r a t i o  of r e i n f o r c i n g  area t o  the  cut-out  area (d.T) i s  shown 
1 
i n  Table 15. It i s  p e r t i n e n t  t o  compare the  measured stresses i n  these  
models wi th  t h e  stresses t h a t  would have been expected i f  no r e i n f o r c i n g  
had been used. Table 17  shows ca l cu la t ed  stresses f o r  analogous t es t  
models without  r e i n f o r c i n g  and, where ava i l ab le ,  measured stresses from 
analogous models without  r e in fo rc ing .  
I n  a l l  bu t  t h ree  of t h e  test models i n  Table 17, r e i n f o r c i n g  
was placed on the  o u t s i d e  of t h e  s h e l l s  only.  
i ng  produced a l a r g e  decrease  i n  stress as compared t o  t h e  ca l cu la t ed  
stress of an analogous unreinforced model. For o t h e r  models, re inforce-  
ment on t h e  ou t s ide  s u r f a c e  produced r e l a t i v e l y  small  decreases  i n  stress. 
This  i s  most apparent  f o r  very  s m a l l  d /D-rat ios .  For models wi th  d/D < 
0.084, t h e  add i t ion  of re inforcement  on the  o u t s i d e  s u r f a c e  seems t o  have 
very l i t t l e  e f f e c t  i n  reducing the  stress on the  i n s i d e  corner .  
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TABLE 17 .  COMPARISON O F  REINFORCED NOZZLES W I T H  UNREINFORCED NOZZLES 
I 
Calcula ted  Stress Comparable Models 
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(1) Except f o r  va lues  i n  pa ren thes i s ,  stresses are 5 a t  t he  i n s i d e  corner .  
(2) 
n 
S t r e s s e s  a r e  shown a s  stress i n d i c e s ,  a/S. 
I n  t h r e e  models (WCN-6C of Ref. 25; 9 and 13 of Ref. 20 and 21), 
p a r t  o f  the  r e i n f o r c i n g  w a s  placed on t h e  in s ide .  This  s h i f t e d  t h e  
maximum stress po in t  from t h e  i n s i d e  corner  t o  about t h e  mid-wall of t h e  
s h e l l ,  
maximum stress than an equal  amount of ou t s ide  r e in fo rc ing .  
Also, t h e  i n s i d e  r e i n f o r c i n g  w a s  more e f f e c t i v e  i n  reducing t h e  
The r e i n f o r c i n g  area requirements of Phase Report 4, based on 
p l a s t i c  c o l l a p s e  p re s su re  cons idera t ions ,  are: 
d/D Range A/(diT) 
d/D < 0.1414fiD 0 
0.1414- < d/D < 0.425 f l D  2.65 (d/D) fl - .375 
d/D > 0.425 75 
d 
D 3  Within t h e  l i m i t a t i o n s :  - < 1 and $i$ < 1.1 
Table 18 g ives  comparisons of r e in fo rc ing  areas used i n  test 
models w i th  those requi red  by Phase Report No. 4. Phase Report No. 4 does 
not  spec i fy  whether t h e  r e i n f o r c i n g  must be placed on t h e  i n s i d e  o r  t h e  
outs ide .  While the  d i r e c t  comparisons a v a i l a b l e  i n  Table 18 are l imi t ed ,  
such comparisons as can be made i n d i c a t e  t h a t  t he  maximum elast ic  stress* 
w i l l  be less than  3s f o r  nozzles  r e in fo rced  i n  accordance wi th  Phase Report 
No. 4 r u l e s ,  even i f  a l l  of t he  r e i n f o r c i n g  i s  placed on the  ou t s ide .  
It may be noted t h a t  no test  d a t a  g iv ing  stresses a t  t h e  i n s i d e  
corner  are a v a i l a b l e  wi th in  the  range of Eringen 's  a n a l y s i s  f o r  e i t h e r  a 
re inforced  o r  unreinforced model wi th  l a r g e  D/T; i.e., g r e a t e r  than  29.5.  
* The e l a s t i c  stress l i m i t  of 3s i s  one of two c r i t e r i a  used i n  e s t a b l i s h -  
i ng  Phase Report No. 4 r u l e s .  
TABLE 18.  COMPARISON OF REINFORCING AREA USED I N  TEST MODELS 





Mode 1 - D - d Re  qu i  r ed  Used i n  S t r e s s  












































































(1) CT a t  i n s i d e  corner ,  except  va lues  i n  pa ren thes i s  ve re  n 
a t  approximately t h e  middle of t h e  s h e l l  wall. 
91 
Comparisons of Semi-uniform Wall 
Nozzles with Erinpen's Theory 
I f  i t  
nozzle i s  equal 
Table 15 can be 
i s  assumed t h a t  t h e  e f f e c t i v e  length of a uniform-wall 
t o  fi, then a number of t h e  test  models*listed i n  
considered t o  be e f f e c t i v e l y  uniform-wall models and 
hence d i r e c t l y  comparable with Eringen's theory. Table 19 shows such 
comparisons. The values of s / S  and d/D are d i f f e r e n t  than those shown 
i n  Table 15 because they are based on the  nozzle thickness near t h e  junc- 
t u r e  with t h e  s h e l l .  
A s  shown i n  the  las t  column of Table 19, on the  average t h e  theory 
gives somewhat lower stresses than measured. It i s  not  apparent t h a t  t h i s  
is e n t i r e l y  due t o  t h e  nozzle-thickness reduction s ince  i n  some models t he  
uniform-wall nozzles length w a s  considerable g r e a t e r  than l/dt (e.g., 
Model 10, i n  which Ln = 2.7 6.) 
Effec t  of Ins ide  Corner Radius, r i 
Eringen's ana lys i s  does n o t  give any d i r e c t  guidance as t o  t h e  
e f f e c t  of va r i a t ions  i n  r . This r epor t ,  i n  so  f a r  as i n t e r n a l  pressure 
loading i s  concerned, i s  d i r ec t ed  p r inc ipa l ly  t o  comparisons of Eringen's 
ana lys i s  with test data.  
i 
It has been shown (see p.61) t h a t  t h e  ana lys i s  
can be highly conservative with respec t  t o  stresses i n  t h e  nozzle of test 
models with a l a rge  (compared t o  fi) f i l l e t  radius o r ,  perhaps, a 
la rge  f i l l e t  weld. A very small (compared t o  fi) f i l l e t  radius might 
* Type C re inforc ing  as shown i n  Figure 23. 
. . . . .  
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increase  stresses s o  t h a t  Eringen's ana lys i s  would be unconservative. 
The question a l s o  arises; within what range of i n s i d e  corner radius 
w i l l  Eringen's ana lys i s  be reasonably accurate.  
Fxperimental da t a  on the  e f f e c t  of i n s i d e  corner radius on 
maximum stresses (which occur on the  i n s i d e  corner) were reviewed by 
Mershon(26). Since t h e  publication of Reference (26) , some add i t iona l  
test d a t a  has become ava i lab le .  These a d d i t i o n a l  da ta ,  along with pa r t  
of t h e  da ta  given by Mershon (26) are summarized i n  Figure 24 and w i l l  be 
discussed i n  the  following. 
(1) Photoe las t ic  T e s t  Models, Reference (24) 
Results are given f o r  four models* e s s e n t i a l l y  i d e n t i c a l  t o  
each o ther  except f o r  r The r e s u l t s  are: i' 
E-3  E-2 Model Iden. - - E-7  E - 1  
r i /T  0.11 0.34 0.55 1.00 
on/S (or ig ina l )  3.32 2.92 2.80 3.04 
on/S (revised) -- 3.36 2.90 3.28 
/S (Eringen) 2.94 2.94 2.94 2.94 
O$i  
Because of incons is tenc ies  i n  some of t h e  o r i g i n a l  test da ta ,  
slices from Models E-7, E-2, and E-3 w e r e  re-examined i n  t h e  l i g h t  of 
11 add i t iona l  experience and p rac t i ce  i n  t h e  photoe las t ic  frozen stress'' 
technique. 
o r i g i n a l  stresses. Unfortunately, slices from t h e  model with t h e  
sharpest  corner (E-1) could not  be found; i n  Figure 24 i t  i s  assumed 
t h a t  t h e  comparative stress f o r  Model E-1  i s  1.09 t i m e s  t h e  o r i g i n a l  
On t h e  average, t h e  revised stresses are 9% higher than t h e  
reported stress. 
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FIGURE 24. EFFECT OF INSIDE CORNER RADIUS ri ON 
MAXIMUM MEASURED STRESSES 
Models E-4B and E-4E (D/T = 13, d/D = 0.5, s/S = .99, ro /T  = .67) 
are beyond t h e  range of Eringen 's  a n a l y s i s ,  bu t  they  g ive  a d d i t i o n a l  informa- 
t i o n  of t h e  e f f e c t  of r.. The r e s u l t s  are: 
1 
E-4E E -4B Model Iden. 
r i /T  0.56 0.34 
Dn/S 3.50 3.74 
(2) S t e e l  Test Models, Reference (22)a 
There are two sets of d a t a  on nozz les  wi th  r i /T  as t h e  only 
va r i ab le .  Resu l t s  are: 
Nozzle 6 6 '  6A 2B 2 2A, 2M, 2G 
f J F C  
ri/T .25 .50 .75 0 .25 .375 
on/s 2.96 2.60 2.78 3.09 2.91 2.68 
No. of Tests 7 1 4 1 7 3 
The va lue  of 0 /S is  t h e  average of t h e  test  d a t a  (see Table 16). n 
The s i n g l e  r e s u l t  f o r  t h e  square corner  (2B) i s  based on a n  est imated 
l o n g i t u d i n a l  s t r a i n  as measured on the  corner  180" oppos i te .  
(3) S t e e l  Models, Reference (20, 2l);'cJ;;.r. 
There are t h r e e  sets of  d a t a  wi th  r . / T  v a r i a b l e ;  i .e.,  
1 
* 
wc See Footnote  (5) of Table  16. 
f See Footnote  (2) of  Table  16. 
See  Table 15 f o r  dimensional parameters of t hese  models. 





I la ,  l la '  1 l b  12a 12b 16a, 16a' 16b 
.074 .50 .074 .50 .074 -50 
2.48 2.41 2.72 2.67 2.56 2-67 
2.4 2.4 2.3 2.3 2.5 2.5 
These sets of d a t a  do not  i n l i c a t e  a l a rge  influence of ri on 
maximum stresses. Models 11 and 12 agree  with t h e  general  trend of test 
da t a  shown i n  Figure 24 i n  t h a t  stresses are reduced by increas ing  ri /T 
i n  t h e  range from 0 t o  0.50. Models 16 give an  opposite ind ica t ion .  
(4) Steel  Models, Reference (27) 
Tests were run on th ree  nozzles with dimensional parameters 
as follows: 
r - A on/S a t  Model - D - d - i Reinf. 
diT Ins ide  Corner -D -- T , Type - T No. - 
R25-1 23.7 .055 .25 B 1.52 2.40 
.50 1.46 2.33 
R25-2 3 1 1 1.25 1 1.01 2.59 
The only dimensional v a r i a b l e  i s  the  i n s i d e  corner radius,  ri. 
forc ing  type i s  shown i n  Figure 23, type B, with a = 18", Ln = 2.25 T. 
The re inforc ing  area A w a s  ca lcu la ted  as indicated i n  footnote (3) of 
The r e in -  
Table 15. These nozzles are th ree  of a set of 12 nozzles placed around 
t h e  circumference of t h e  c y l i n d r i c a l  s h e l l .  The space between openings 
i s  0.93 (on outs ide  sur face) ,  hence some i n t e r a c t i o n  between adjacent 
nozzles probably occurred. Also,  i t  appears t h a t  t h e  nozzles w e r e  d i r e c t l y  
welded t o  flanges or  plugs; possibly these c losures  a l s o  influenced t h e  
r e s u l t s .  Neither of t hese  conditions would be expected t o  s i g n i f i c a n t l y  
change the  r e l a t i v e  values of 0 /S a t  the  i n s i d e  corner. n 
* Eringen ana lys i s ,  see Table 19. 
As can be noted i n  Figure 24, t h e  photoe las t ic  model tests and 
most of t h e  steel  model tests ind ica t e  a reasonably cons is ten t  trend 
of 0 /S with r . / T ;  a high stress f o r  a sharp corner, decreasing as r i /T n 1 
increases  t o  about 0.5, then increas ing  as r . / T  i s  increased fu r the r .  
1 
Additional evidence of t he  e f f e c t  of a square in s ide  corner is  
ava i l ab le  from 
nozzles 2B and 
t h e  f a t i g u e  tests of Reference (22). 
2N, which d i f f e r  only i n  the  i n s i d e  corner radius:  
Vessel 7 contained 
Nozz le r i / T  Cycles- to-Failure" 
2B 0 147 , 665 
2N .25 375,357 
-5 The r a t i o  of cycles f o r  2N t o  2B is  2.54. Assuming t h a t  N , where 
cs i s  the  f a t igue  e f f e c t i v e  stress, t h e  r a t i o  of cyc les - to- fa i lure  implies 
a stress r a t i o  of (2.54) = 1.205. The measured stress r a t i o s  f o r  these  
nozzles on Vessel 7 i s  3.09/2.725 = 1.14. 
.2 
The only o ther  comparison$:+: i n  t h e  f a t igue  tests of Reference (22) 
is  i n  Vessel 4 ,  Nozzles 6 and 6A. Nozzle 6 leaked a t  40,041 cycles a t  
which t i m e  both Nozzles 6 and 6A were removed from t h e  vessel .  This 
ind ica tes  some q u a l i t a t i v e  supe r io r i ty  of Nozzle 6A (ri/T = 0.75) over 
Nozzle 6 (ri/T = 0.25). 
>k 
** 
Nozzle 2B did not  leak a t  147,665 but was. removed a t  
cycles t o  avoid a l a rge  f r ac tu re .  
A crack was detected (u l t rasonic  examination) i n  Nozzle 2B a t  135,233 
cycles. 
375,357 cycles. I n  both nozzles 2 B  and 2N, a t  the  cycles l i s t e d ,  a 
smaller crack had a l s o  developed a t  the 180" loca t ion ,  giving some 
s t a t i s t i c a l  weight t o  the r e l a t i v e  f a t igue  r e s i s t ance  of these two 
nozzles. 
I n  Vessel 6 ,  containing both nozzles 6 and 6A, a f a i l u r e  occurred 
f i r s t  a t  Nozzle 6A, however the  crack i n i t i a t e d  from an a r c  s t r i k e  
on t h e  outside surface.  
t h a t  number of 
Nozzle 2N leaked a t  375,357 cycles.  
No crack was detected i n  Nozzle 2N p r io r  t o  the  leak a t  
(98 3 
It might be remarked t h a t  accu ra t e  measurement of s t r a i n s  on 
a n  i n s i d e  corner with small r. i s  q u i t e  d i f f i c u l t ,  hence t h e  confirming 
evidence of t h e  f a t igue  tests i s  s ign i f i can t .  
1 
The increase  i n  stress with l a rge  values of r . / T  may be t h e  
1 
r e s u l t  of removing a s u b s t a n t i a l  amount of re inforc ing  material i n  
comparison t o  t h e  t o t a l  e f f e c t i v e  re inforc ing  area. 
value of r i /T '2 0.5 indicated by Figure 24 may not  be co r rec t  f o r  l a rge r  
values of D/T (test da t a  covers D/T from 13 t o  30) o r  f o r  d i f f e r e n t  types 
I f  so,  t h e  optimum 
of reinforcing. 
It appears from the  test  dated c i t e d  above t h a t  Eringen's 
ana lys i s  is  reasonably accura te  f o r  i n s i d e  corner r a d i i  i n  t h e  range r i /T 
from about 1/8 t o  1/2. A s  pointed out by Mershon(26), f o r  nozzles sub- 
j ected t o  rapid temperature v a r i a t i o n  the  sharp i n s i d e  corner should be 
removed t o  reduce thermal stresses. Also, some rad ius  on the  i n s i d e  
corner appears des i r ab le  t o  remove any machining tears l e f t  a t  t h e  sharp 
corner which might be f a t i g u e  crack i n i t i a t i o n  points. 
S t r e s ses  a t  Reinforcing Edge 
I n  t h e  section, "Comparison of Eringen's Theory with T e s t  Data"$ 
it  was noted t h a t  the maximum measured stress always occured a t  the  in-  
s ide  corner*. The hypothesis was advanced t h a t  with a s u f f i c i e n t l y  small 
f i l l e t  radius the  maximum stress might appear i n  the  nozzle a t  i t s  juncture 
with the  outs ide  surface of the  s h e l l  wall. The l a s t  column of Table 15 
shows the  maximum measured s t r e s s e s  a t  the re inforc ing  edge. These a l l  
occurred on the outside surface,  t angent ia l  t o  the s h e l l  wall a t  0 = lT/2. 
* Models with no inwardly protruding reinforcement. Table 15 shows 
three  test  models with in s ide  re inforc ing  i n  which the  maximum 
measured s t r e s s  was not a t  the in s ide  corner. 
It w i l l  be noted t h a t  i n  some models t h i s  stress i s  approaching the  Value 
of t he  maximum measured stress and i n  Model WC-5LM the  maximum measured 
stress was a t  the  re inforc ing  edge, not  a t  the  i n s i d e  corner.  
following sec t ion ,  "Comparison of Lind's Analysis  with T e s t  Data", nozzles  
with la rge  d b r a t i o s  a r e  included. 
example of t he  maximum stress occurr ing a t  0 = n/2. 
t h a t  f a t igue  tests of welded-on-pad reinforced nozzles  (28) have shown t h a t  
t h e  0 = n/2 loca t ion  may be a c r i t i c a l  locat ion.  
In  the  
I n  Table 20, Model C-7C i s  another 
It should be noted 
(28, 29, 30) F ie ld  f a i l u r e s  
of  welded-on-pad reinforced branch connections a l s o  i n d i c a t e  t h a t  stresses 
a t  the  f i l l e t  weld between pad and s h e l l  may be the  c r i t i c a l  location*. 
Accordingly, s t r e s s e s  a t  the  edges of r e in fo rc ing  should not  be ignored. 
I n  the  r u l e s  of Phase Report No. 4 ,  requirements f o r  t r a n s i t i o n s  
between re inforc ing  and the nozzle and/or s h e l l  a r e  included. It might 
be noted t h a t  f o r  r e in fo rc ing  t o  a rea  requirements (Figures 2e and 2f of 
Phase Report No. 4 ) ,  the  t r a n s i t i o n  r a d i i  a r e  proportioned t o  the  amount 
of r e in fo rc ing  a rea  ac tua l ly  used. That i s ,  i f  t he  sec t ion  i s  heavi ly  
over-reinforced (such a s  a t  8 = n/2 on Model WC-5LM), a correspondingly 
g rea t e r  t r a n s i t i o n  f i l l e t  r ad ius  i s  required.  The da ta  presented here in  
ind ica t e s  t h a t  the r u l e s  of Phase Report No. 4 should be s u f f i c i e n t  t o  
prevent the  development of high s t r e s s e s  a t  the  r e in fo rc ing  edges. In  
t h i s  respec t ,  i t  might be noted t h a t  t h e  r u l e s  of Phase Report No. 4 
are l imi ted  t o  the  range covered by Eringen's theory. Both of the  t e s t  
models c i t e d  he re in  which had maximum s t r e s s e s  a t  0 = n/2 a l s o  had d/D- 
r a t i o s  w e l l  above t h e  range covered by Phase Report No. 4 ;  i.e., WC-SLM, 
d/D = 0.50; C-7C, d/D = .73. 
* However, welded-on pad r e in fo rc ing  i s  not  permitted i n  the  design r u l e s  
of Phase Report No. 4. 
- COMPARISON OF LIND'S ANALYSIS 
WITH TEST DATA 
Lind") g ives  a comparison of t h e  K-factors* obtained by h i s  
ana lys i s  wi th  test  d a t a  f o r  a number of  uniform-wall nozz les  i n  cy l inde r s .  
Table 20 h e r e i n  inc ludes  those  comparisons along wi th  comparisons wi th  
a d d i t i o n a l  test da ta .  Included i n  t h e  comparisons are s e v e r a l  "semi-uniform" 
w a l l  nozzles  as shown i n  Figure 23, Type C, wi th  L >*. 
Ref. (24), Model AIW; Ref (20, 21), Models 10, 11, 12, 14, and 16  and 
These are: n 
Ref. (24), Models 2 and 8. 
Models G, H, D, E, and L from Reference ( 3 1 ) .  
Also included are f i v e  "drawn o u t l e t "  nozz les ;  
The 44 models l i s t e d  i n  Table 20 r ep resen t  a f a i r l y  wide range 
of t he  parameters d/D, D/T, and s/S. 
1.45, wi th  an average f o r  the  44 models of 0.96. 
The r a t i o  of K/K ranges from 0.79 t o  e 
It appears,  t he re fo re ,  
t h a t  L ind ' s  a n a l y s i s  provides a good method of c a l c u l a t i n g  the  normal 
stress on t h e  i n s i d e  corner  of nozz les  s i m i l a r  t o  those  l i s t e d  i n  Table 20. 
The maximum stress i n  Model C-7C occurred a t  t h e  ou t s ide  su r face  
a t  0 = n/2. 
cs -stress a t  t he  i n s i d e  corner ,  0 = 0. 
Lind 's  a n a l y s i s  does n o t  g ive  stresses o the r  than t h e  
n 
%k See page 19. 
TABLE 20. COMPARISON OF TEST DATA, OSi a t  p = po, 8 = 0, 
WITH LIND K-FACTOR 
D 
Iden. Ref. T 
Model - d 
D 
- Eringen 
Ke K e Theory 
K - T e s t  s Lind 
S 
- 
C- 1 A  









































































































































































































































































































































* Stress a t  i n s i d e  corner;  maximum stress was 4.72 S, 0 at (5 = rr/2 t o  
STRESSES DUE TO EXTERNAL LOADS APPLIED TO NOZZLE 
A complete se t  of e x t e r n a l  loadings on a branch connection i s  
There a r e  twelve independent forces*, each of  which shown i n  Figure 25. 
produce a complex f i e l d  of stresses i n  the  v i c i n i t y  of t h e  nozzle-to- 
cy l inde r  junc ture .  By l i n e a r  e l a s t i c  theory,  t he  stress due t o  any combina- 
t i o n  of t hese  twelve fo rces  can be obtained i f  t he  stress f i e l d  due t o  each 
of t h e  twelve fo rces  i s  known. 
For smal l  nozzles  i n  c y l i n d r i c a l  s h e l l s ,  major s i m p l i f i c a t i o n  is  
poss ib le ,  because t h e  stresses i n  t h e  v i c i n i t y  of t h e  nozzle  due t o  fo rces  
appl ied a t  (2) a r e  no t  s i g n i f i c a n t l y  a l t e r e d  by t h e  relat ive-magnitude of 
t he  r e a c t a n t  fo rces  a t  (A) and (1). 
e n t i r e l y  by -M 
change i n  the  stress f i e l d  i n  t h e  v i c i n i t y  of the  nozzle .  The same assump- 
t i o n  could no t  be made where t h e  nozzle  i s  about t he  same s i z e  a s  t he  
c y l i n d r i c a l  s h e l l .  
For example, M2x could be e q u i l i b r a t e d  
* o r  by Mlx = - .5 M2x p lus  MAX = -.5 M2x, wi thout  s i g n i f i c a n t  lx '  
T e s t  Data--Elast ic  S t r e s s e s  
Avai lable  test d a t a  on stresses produced by e x t e r n a l  loadings of 
uniform w a l l  c y l i n d r i c a l  nozzles  i n  uniform w a l l  c y l i n d r i c a l  s h e l l s  a r e  
summarized i n  Table 21**. Available  test  da t a  f o r  models wi th  l o c a l  rein- 
f o r c i n g  a r e  summarized i n  Table 22. A l l  tes t  da t a  a r e  f o r  f o r c e s  o r  moments 
appl ied  t o  the  nozzle.  
* The s e t  of fo rces  a t  t he  anchor (A) and the  stresses induced thereby are 
obta inable  from t h e  appl ied  fo rces  a t  (1) and (2) and t h e i r  stress f i e l d s .  
** Table 21 inc ludes  t h r e e  "drawn-outlet" tees which a r e  not  "uniform-wall" 
bu t  appear t o  be b e s t  c l a s s i f i e d  a s  such. 
F2y M2, I- F2x 8 M2x 
F2z 1M2z 
E. = force , Ib. 
Mi j 
'I  
= moment , in.-lb. 
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F I G U R E  2 6 .  CONTOURS O F  MODELS F, I, AND J, REFERENCE (3%)  AND 
MAGNITUDES AND LOCATIONS O F  MAXIMUM STRESS I N D I C E S  
The l o c a t i o n  and type of r e a c t a n t  fo rces  are n o t  c l e a r l y  ind ica t ed  
i n  most of t h e  r e fe rences  c i t e d .  
M. and M were a c t u a l l y  obtained by fo rces  appl ied  t o  t h e  nozzle  a t  a 
d i s t ance  from the  su r face  of t he  cy l inder .  
was l a rge ,  t h e  moment a t  t h e  nozzle-cyl inder  j unc tu re  would be l a r g e  compared 
t o  the  shear  f o r c e  and, presumably, t he  stresses ar ise  almost e n t i r e l y  from 
the moment. 
I n  most of  t h e  re ferences ,  moment loads 
1 0 
To t h e  e x t e n t  t h a t  t h i s  d i s t a n c e  
The s igns  of t h e  s t r e s s e s  a r e  f o r  the  fo rce  d i r e c t i o n s  and cp 
l oca t ions  a s  def ined i n  the  nomenclature, page 10. Ln-so-far as the  be- 
hav io r  of t he  t es t  models i s  l i n e a r  and e l a s t i c ,  a l l  stress s igns  change 
with a change i n  force  d i r e c t i o n .  
Some of  t h e  tes t  da t a  i s  based on s t r a i n  gage r e s u l t s  i n  only 
one quadrant.  For smal l  nozz les ,  and l a r g e  nozzles  wi th  symmetric r e a c t a n t  
fo rces ,  t he  s t r e s s e s  i n  the  o t h e r  t h r e e  quadrants  would be the  same magni- 
tude a s  those measured; with appropr ia te  s i g n  changes. 
course,  t h a t  the test model i t s e l f  i s  symmetrical. 
This  assumes, of 
E l a s t i c  stresses i n  Tables 2 1  and 22 a r e  shown as  stress ind ices ,  
the  nominal stress being t h a t  i n  the  nozzle  when t h e  nozzle  i s  subjec ted  
t o  the  ind ica t ed  load. The stress ind ices  a r e  def ined i n  the  same manner 
a s  those  f o r  nozz les  i n  s p h e r i c a l  s h e l l s ,  Phase Report No. 2. 
T e s t  Data--Fatigue 
S t r e s s  i n t e n s i f i c a t i o n  f a c t o r s  f o r  branch connect ions have been 
given i n  the  ASA Code f o r  Pressure  Piping, ASA 331.1 (39) s i n c e  1955. 
Ju ly ,  1963, ASA Code Case 53 was published wi th  dea l s  s p e c i f i c a l l y  wi th  
branch connections i n  which the  branch i s  smaller than  the  run pipe.  
I n  
The stress i n t e n s i f i c a t i o n  f a c t o r s  given i n  the  ASA Code are 
f o r  t he  types of loadings shown i n  F igure  27. The d a t a  given i n  ASA 
B31.1-1955 a r e  based upon bending f a t i g u e  tes ts  repor ted  by Mark1 (40, 41) 
and the  equat ions  he developed f o r  t h e  g e n e r a l i z a t i o n  of t he  test  r e s u l t s .  
The stress i n t e n s i f i c a t i o n  f a c t o r s  are r e l a t e d  t o  a b a s i c  stress i n t e n s i f i -  
c a t i o n  f a c t o r  of u n i t y  f o r  a " typica l"  g i r t h  b u t t  weld i n  s t r a i g h t  pipe.  
Three types of tees were t e s t ed :  
(1) Forged welding tees meeting the  dimensional and s t r e n g t h  
(42) requirements of ASA B16.9 
(2)  Fabr ica ted  (velded i n t e r s e c t i o n )  tees, without  r e in fo rc ing  
(3) Fabr ica ted  t e e s ,  with a saddle  o r  pad r e in fo rc ing .  
A l l  t e s t  specimens were made of carbon s teel  (ASTM A106 G r  B o r  equiva len t ) .  
A l l  of  Markl 's  t e s t  were on 4-inch nominal s i z e .  A few tests by B l a i r  
a r e  included i n  Markl 's  eva lua t ion  of h i s  tests;  these  were 6.5-inch ou t s ide  
diameter  by 0.26-inch wal l ,  f a b r i c a t e d  re inforced  and unreinforced tees. 
For  f ab r i ca t ed  tees, t es t s  were made t o  i n v e s t i g a t e  t h e  e f f e c t  o f  diameter- 
to-wall  th ickness  r a t i o ;  i . e . ,  wal l  th icknesses  of 0.237-inch, 0.203-inch7 
and 0.053- inch.  
(43) 
The loading condi t ions  a r e  shown i n  F igure  2 7 .  For any one kind 
of tee, t h e  f i r s t  and second loading p o s i t i o n s  of F igure  27  gave p r a c t i c a l l y  
i d e n t i c a l  r e s u l t s .  The t h i r d  loading p o s i t i o n  of F igure  27  gave h igher  
f a t i g u e  cyc le s ;  d a t a  from i t  were d is regarded  i n  a r r i v i n g  a t  average stress 
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FIGURE 27 . TYPES OF LOADINGS, REFERENCE ( 4 0 ) ,  FATIGUE TESTS ON TEES 
Analysis of t he  f a t i g u e  tests of tees by Markl i nd ica t ed  t h a t  
the  genera l  equat ion 
p ipe  and f o r  welding elbows could a l s o  be appl ied t o  tees;  i.e.: 
f o r  f a t i g u e  l i f e  developed f o r  g i r t h  b u t t  welds i n  
i fSNe2 = 245,000 
where 
i = f a t i g u e  s t r e s s  i n t e n s i f i c a t i o n  f a c t o r  f 
(if = 1.0 f o r  t y p i c a l  g i r t h  b u t t  w e l d  i n  p ipe)  
S = nominal stress = M/Z 
M = appl ied  moment 
Z = s e c t i o n  modulus of pipe 
( f o r  t hese  tes ts  nozzle  s i z e  and run p i p e  s i z e  were equal )  
N = number of cyc les  t o  f a i l u r e .  
Because of t he  s i m i l a r i t y  of l oca t ion  and d i r e c t i o n  Of f a t i g u e  
f a i l u r e s  i n  elbows, mi t e r  bends and tees, Markl based h i s  empi r i ca l  co r re l a -  
t i o n  equat ion f o r  t e e s  on an analogy with elbows. For elbows, the  e l a s t i c  
stress i n t e n s i f i c a t i o n  f a c t o r  i s  known from theory;  an asymptotic s o l u t i o n  
i s  of t he  form: 
(7) 2 /3 i = cons tan t /h  e 
where 
i = e l a s t i c  s t r e s s  i n t e n s i f i c a t i o n  f a c t o r  
h = t R / r  
t = elbow wa l l  th ickness  
R = elbow bend r a d i u s  




Markl 's  equat ion  f o r  t he  stress i n t e n s i f i c a t i o n  f a c t o r  f o r  tees is: 
2 h = c t Re/R e e 
where 
c = (te/T)1*5 
= average of c ro t ch  and s ide-wal l  th ickness ,  f o r  welding tees 
= pipe-wall  th ickness  increased  by one-half of t he  excess  
th ickness  provided i n  e i t h e r  run  o r  branch, by use of 
te 
te 
t h i c k e r  p ip ing  o r  pad o r  saddle ,  f o r  r e in fo rced  f a b r i c a t e d  
tees. -
= T f o r  unreinforced f a b r i c a t e d  tees, of a th ickness  equa l  t o  te 
t h a t  of the  matching pipe 
T = th ickness  of matching p ipe  
R = mean r a d i u s  of matching pipe ( tes t  da t a  and equat ion a r e  f o r  
" s t r a igh t "  tees, only,  i.e., run and branch pipe a r e  same 
s i z e )  
Re = R + rc f o r  welding tees, where r des igna tes  the  crotch 
C 
r ad ius  
Re = R f o r  f a b r i c a t e d  tees. 
I n  a f o o t  no te  i n  Reference (41,, Mark1 s t a t e d :  "For w e  ding tees 
conforming t o  ASA Standard B16.9, assumption of R 
u sua l ly  w i l l  produce conserva t ive  e s t ima tes  of i on t h e  b a s i s  of r e p r e s e n t a t i v e  
= 1.35 R and te = 1.60 T e 
measurements". This  assumption was used t o  de r ive  the  equat ion  f o r  h given 
i n  the  ASA Code, i.e., 
1.5 
(10) = (>) (T) teRe = (1.6) 1.5 ( 1.6 T x 1.35 R - )- 4.4 x T 
R R2 he 
For unreinforced f a b r i c a t e d  tees, Equation (9) wi th  the  d e f i n i t i o n s  given 
reduces to :  
and s i m i l a r l y  f o r  r e in fo rced  (pad o r  s add le )  f a b r i c a t e d  tees: 




T = pad o r  saddle  th ickness .  
P 
The stress i n t e n s i f i c a t i o n  f a c t o r s  from f a t i g u e  tests on f u l l  s i z e  
tees may be summarized as:  
i = 0.9/he 2 /3 
f 
h = 4 .4  T/R e 
e 
e P 
ASA B16.9  tees 
Fabr ica ted  unre inforced  tees h =  T/R  
Fabr ica ted  r e in fo rced  tees h = (T 4- T /2)5/2/(T3/2R) 
&A B 3 1 . 1  s t a t e s  t h a t  stress i n t e n s i f i c a t i o n  f a c t o r s  were obtained 
from t e s t s  on f u l l  s i z e  o u t l e t  connections and t h a t ,  f o r  o u t l e t s  less than 
f u l l  s i z e ,  t h e  f u l l  s i z e  f a c t o r s  should be used u n t i l  more app l i cab le  f a c t o r s  
a r e  developeda. I n  1959, Mark1 prepared a r e p o r t  ( 4 4 )  which served as 
* However, t he  requi red  va lue  of t h e  s e c t i o n  modulus is not  def ined.  
the  bas i s  f o r  ASA B31 Code Case 53, which i s  reproduced he re in  as  Figure 28.  
The r epor t  considered test  da t a  on e l a s t i c  s t r e s s e s  due t o  ex te rna l  loads 
ava i l ab le  a t  t h a t  time, p lus  c y c l i c  bending t e s t s  ( 4 5 )  on reduced-outlet ,  
saddle  re inforced  branch connections. 
A summary of ava i l ab le  f a t igue  t e s t s  on nozzles  i n  cy l inders ,  
o ther  than those i n  Reference (40) ,  i s  given i n  Table 23. 
Correlat ion of E l a s t i c  S t r e s s  Indices  with 
Fat igue S t r e s s  I n t e n s i f i c a t i o n  Factors  
E l a s t i c  s t r e s s e s  i n  welding elbows can be ca lcu la ted  from avai l -  
able  theory; which theor ies  have been adequately confirmed by strain-gage 
measurements on elbows. The e l a s t i c  stress index f o r  elbows turns  out  t o  
be almost exac t ly  twice the  f a t igue  s t r e s s  i n t e n s i f i c a t i o n  f ac to r .  The 
reason f o r  t h i s  f ac to r  of two a r i s e s  p r inc ipa l ly  from the use of un i ty  fo r  
the f a t igue  stress i n t e n s i f i c a t i o n  f a c t o r  of a " typical"  g i r t h  b u t t  weld 
i n  pipe whereas, as  compared t o  f a t igue  t e s t s  of a polished bar ,  such welds 
have f a t igue  s t r e s s  i n t e n s i f i c a t i o n  f a c t o r s  of around two a t  lo5 cycles  t o  
f a i  lu re .  
The combination of e l a s t i c  s t r e s s  measurements on th ree  test 
models (L, D, and R) reported i n  Reference (31) and the  bending m0) f a t igue  
t e s t s  on these same three  test models reported i n  Refere 
another c o r r e l a t i o n  between e l a s t i c  s t r e s s  ind ices  and f 
i n t e n s i f i c a t i o n  f ac to r s .  The f a t igue  test  r e s u l t s  from Reference (47 )  
are  summarized i n  Figure 29. The d e t a i l s  of the  t e s t  specimens, loca t ion  
of f a t igue  f a i l u r e  and loca t ion  and magnitude of the  maximum measured 
e l a s t i c  stress are  shown i n  Figures  30, 31, and 32.  A comparison of 





INTERPRETATIONS OF CODE FOR PRESSURE PIPING 
Case 53 Stress Intensification Factor 
Inqiiiry: Par. 621 (d) of ASA R31.1- 
1955, b y  reference t o  Fig. 2, provides .a 
direct method for computing stress-in- 
tensification factom for full-size teee and 
fabricated branch connections. Applica- 
tion of the same factor to reducing-outlct 
conncctions, as recommended as a pro 
tem solution in Footnote 6, is believed t o  
lead t o  gross over-evaluation of the stress 
range. Clarification and relief from an 
apparently unnecessarily severe require- 
ment arc desired. 
Reply: The soincwhat indefinite and 
conservative approach recommended by  
Footnote 6 reflects lack of theoretical or 
cxpcriincnt,nl data  at the time of ita 
formulation. lsolutcd test results which 
have since become available warrant 
modifying the present rules for full-size 
tees and branch connections and extending 
them to cover reducing-outlet tees and 
branch connections .as follows by  refer- 
ence to ASA B31.1-1955: 
effective branch section modulus in 
bending Z. uscd in Equation (53-3) is u 
fictitious value used for purposes of test 
correlation : 
2, l r r B * t , .  . . . . . . . . . . . . . . . . .(58-5) 
where 
r g  = mean branch cross-sectional radius 
t, = lesser of ~ J Z  and iota = effective 
branch wall thickness 
Determine in-plane bending moment 
Mt, outof-plane bending moment M,, and 
torsional momcnt M e  at the branch junc- 
tion for each of the three legs and combine 
the resultant bending etresa 8s and tor- 
sional stress St by Equation ( la)  in Par. 
622 (b), where: 
for header and branch. .(53-1) 
St - al; 
(legs 1 and 2). . . . . .(53-2) 
The value io of the out-of-plane stress- 
intensification factor appearing in Equa- 
tions (53-2) and (53-3) equals the value i 
presently computed using the dimensions 
of the pipe matching the run of a tee or the 
header pipe.* The value ii of the in- 
plane stress-intensification factor is 
modified as follows: 
ii = 0.75 io + 0.25. . . . .(53-4) 
The section modulus 2 in Equations 
(53-1) and (53-2) is the section modulus 
of tho header or branch pipc, for whicli- 
ever the stress is being calculated. Thc 
t f r  = thickness of pipe matching run of 
tee or header exclusive of rein- 
forcing elcmcnta 
ta = thickness of pipc matching branch 
*Note that T should not be taken 83 
greater than 1.6t in formula for h for pad 
or saddle reinforced fabricated tee; thim 
limitation was inadvertently omitted from 
the Code. 
F I G U R E  28. REPRODUCTION OF & A  B31 CODE CASE 53 
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F I G U R E  32 . DIMENSIONS, FATIGUE F A I L U R E  LOCATION AND MAXIMUM 
MEASURED STRESS LOCATIONS, REFERENCE ( 4 7 )  MODEL R 
i /if e -f i i - e Mode 1 - - 
20 x 6, Drawn Out l e t ,  Model L 2.2 1.2 1.8 
20 x 12 ,  Drawn Out l e t ,  Model D 4.4 2.5 1.8 
20 x 12, Fabr ica ted ,  unreinforced,  8.6 3 .9 2.2 
Model R 
The r a t i o  of e l a s t i c  stress ind ices  t o  f a t i g u e  stress i n t e n s i f i c a t i o n  fac- 
t o r s  i s  approximately equal  t o  two. This  i s  the same r a t i o  found f o r  elbows. 
I n  genera l ,  t he re fo re ,  one would expect  t h e  f a t i g u e  stress i n t e n s i f i c a t i o n  
f a c t o r s  given by ASA B31,l and ASA Code Case 53 t o  be one-half o f  t he  
measured e l a s t i c  stress ind ices .  
F a i l u r e  loca t ions  f o r  Models D and R i n  t h e  f a t i g u e  tests were 
reasonably c lose  t o  the  po in t s  of maximum measured stress. 
f a t i g u e  cracks s t a r t e d  a t  the  l o c a t i o n  of maximum stress, however, t he  
crack t h a t  pene t ra ted  t h e  wa l l  f i r s t  was a t  the  weld. Nominally, t he  weld 
w a s  a t  a lower stress l e v e l  b u t  t he  stress i n t e n s i f i c a t i o n  due t o  the  weld 
was s u f f i c i e n t l y  h igh  to  cause f a i l u r e  a t  t h e  weld. 
I n  Model L, 
Before proceeding wi th  comparisons of measured e l a s t i c  stresses 
with f a t i g u e  tes t  f a c t o r s ,  i t  i s  p e r t i n e n t  t o  review c e r t a i n  imp l i ca t ions  
of Table 23, 
l a t e d  by: 
(1) 
The l a s t  two columns of t h i s  t a b l e  show va lues  of  i calcu- f 
Equations given i n  ASA B31.1-1955 (Equations 8 through 12 
he re in )  wi th  ( f o r  less than  f u l l  s i z e  nozz les )  t he  nominal 
stress S def ined  as S =  M/Zn, where Zn = s e c t i o n  modulus 
of t he  nozzle .  
Equations given i n  ASA B 3 1  Code Case 53. 
I n  comparing i from 
noted t h a t  (with the exception 
t ive .  
f 
(125) 
test  data with i by Case 53, it  w i l l  be 
of Reference (43), M.) Case 53 i s  unconserva- 
f 
1 
With regard t o  the four "drawn-outlet" tees included i n  Table 23, 
i t  might be noted t h a t  such tees  are  not covered i n  ASA B31.1-1955. They 
should be b e t t e r  than fabricated unreinforced t e e s  because they do not have 
an in te rsec t ion  weld i n  a zone of high s t r e s s .  They would not  be as good 
as ASA B16.9 tees (of the type tes ted  by Markl) because they do not have as 
large a t r a n s i t i o n  r a d i i  nor the l o c a l  reinforcement i n  the t r a n s i t i o n  
zone present i n  B16.9 tees.  Accordingly, one would expect t h e i r  i -factors  f 
t o  be between these calculated for  a fabricated reinforced tee and an ASA 
B16.9 tee.  
(with the exception of Reference ( 4 7 ) ,  Model L) do l i e  between calculated 
values f o r  fabr icated unreinforced tees  and ASA B16.9 tees ,  
A s  shown i n  Table 23, the tes t  r e s u l t s  f o r  drawn o u t l e t  tees  
Table 24 gives comparisons between measured e l a s t i c  s t r e s s e s  and 
ASA B31.1 and ASA B31, Code Case 53. It can be seen i n  Tables 2 1  and 22 
tha t ,  f o r  a l l  t e s t s  except References (31) and (33), and the "B16.9 tee" of 
Reference (36), maximum s t r e s s e s  were not measured; they are  estimated by 
extrapolat ion of the t e s t  data. These extrapolated maximum s t r e s s e s  occur 
a t  the toe of a f i l l e t  weld which discont inui ty  i t s e l f  presumably increases 
the loca l  e l a s t i c  stress, 
Markl's tests on fabricated branch connections a l so  contained 
f i l l e t  we lds  and, i n  most cases, fa t igue f a i l u r e  occurred a t  the toe of 
these f i l l e t  welds, 
necessary t o  multiply o'/S by a fac tor  representing the stress concentration 
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due t o  the weld. 
used. This fac tor  gives the e l a s t i c  s t r e s s  indices  shown i n  Table 24 
under the column 9. 
measured s t r e s s e s  and s t r e s s  i n t e n s i f i c a t i o n  fac tors  would be indicated 
by agreement between the value of i -weld (or o'/S, where the  maximum s t r e s s  
i s  not a t  a w e l d )  and two t i m e s  the  code values ( 2 i f ) .  Several observations 
concerning the correlat ions of Table 24 a re  given below. 
I n  the comparisons of Table 24, a fac tor  of two has been 
weld". As discussed previously, agreement between e' 
e 
In-Plane vs Out-of-Plane Moments, M. vs M 
1 0 
Stress i n t e n s i f i c a t i o n  fac tors  given i n  B31.1-1955 do not d i f fe r -  
ent ia te  between in-plane and out-of-plane. Actually, Markl's tests (on 
fu l l - s ize  t e e s )  indicated a r e l a t i v e l y  small difference between in-plane and 
out-of-plane; the out-of-plane fac tor  being about 20 percent higher than 
the in-plane fac tor  f o r  B16.9 tees;  around 3 percent higher for  fabricated 
tees.  For s implici ty ,  the difference was ignored i n  B31.1-1955. There 
a re  four full s i z e  tees l i s t e d  i n  Table 24 f o r  which M. vs Mo s t r e s s e s  can 
be compared. 
1.54, 1.18, and 1.05. 
with Markl's fa t igue data i n  t h a t  there i s  not much difference i n  maximum 
s t r e s s e s  f o r  f u l l  s i z e  tees  and D/T of around 20. 
1 
The r a t i o s  of out-of-plane t o  in-plane i - fac tors  are  1.67, 
The best  s e t  of  data, Reference (31) Model S,agrees 
Case 53, in-so-far as f u l l  s i z e  tees  a re  concerned, introduces a 
difference i n  s t r e s s  i n t e n s i f i c a t i o n  f a c t o r s  depending upon the bending 
plane. The re la t ionship  is:  
i i = 0.75 io + .25. (13) 
where 
i = stress i n t e n s i f i c a t i o n  f o r  M. i 1 
i = stress i n t e n s i f i c a t i o n  f o r  M 
i 
For reduced-size nozzles, the da t a  of Table 24 i nd ica t e s  l a rge  
0 0 
= value given i n  ASA B31.1-1955. 
0 
di f fe rences  between i The i 
di f fe rence  is most s i g n i f i c a n t  i n  Reference (33), Model C1, f o r  which the  
r a t i o  of io/i i s  4.9. 
io/ii increases  a s  D/T increases  and t h a t  f o r  a given D/T r a t i o ,  io/ii i s  
not constant but r a t h e r  reaches a maximum value a t  a d/D r a t i o  between 0.5 
and 1.0. 
and io, p a r t i c u l a r l y  fo r  l a rge  values of D/T. 
There i s  some indica t ion  from the  t e s t  da t a  t h a t  i 
Mt Torsional Moment, 
Both B31.1-1955 and Case 53 gives a stress i n t e n s i f i c a t i o n  f ac to r  
of un i ty  fo r  t o r s iona l  moment on the  nozzle; i .e. ,  S = Mt/2Z.  
one looks a t  Figure 27, loading pos i t ion  2 ,  out-of-plane, i t  appears t h a t  
the  t e s t  represents  a t o r s i o n a l  moment on the  nozzle--for which the stress 
i n t e n s i f i c a t i o n  f ac to r  was found t o  be g rea t e r  than unity.  Table 24 includes 
two models with M -loading, Reference (31), Models D and E, both t e s t s  give 
a s i g n i f i c a n t l y  g rea t e r  than uni ty  stress index f o r  t o r s iona l  loading. 
However, i f  
t 
Force Loads 
The ASA Code does not give s t r e s s  i n t e n s i f i c a t i o n  f a c t o r s  f o r  
force  (as distinguished from moment) loads. As shown i n  Tables 2 1  and 22, 
an a x i a l  load on the  nozzle can produce s i g n i f i c a n t l y  high stress indices.  
However, i n  most piping systems the forces  a r e  usua l ly  small compared t o  
the  moments. 
B16.9 T e e  
Table 2 4  i nc ludes  one "ASA B16.9 tee" s i m i l a r  t o  those  t e s t e d  
by Markl. 
plane bending agrees  f a i r l y  w e l l  wi th  t h e  f a t i g u e  stress i n t e n s i f i c a t i o n  
f a c t o r  and t h a t  t he  l o c a t i o n  and d i r e c t i o n  of t h a t  stress (See footnote  i 
of  Table 2 2 )  agrees  wi th  t h e  l o c a t i o n  and d i r e c t i o n  of  f a t i g u e  f a i l u r e s  
repor ted  by Markl. 
It i s  i n t e r e s t i n g  t o  no te  t h a t  t he  maximum stress f o r  in- 
B31.1- 1955 Fac to r s  
Considering t h e  s e v e r a l  rough approximations involved i n  
t h e  comparisons shown i n  Table 2 4 ,  t h e  agreement between stress i n d i c e s  
and stress i n t e n s i f i c a t i o n  f a c t o r s  is, f o r  the  most p a r t ,  reasonably 
good. There a r e  s e v e r a l  g ross  except ions.  For  Reference (18) 
Model E, t h e  Code stress i n t e n s i f i c a t i o n  f a c t o r  i s  s i g n i f i c a n t l y  h igher  
than i n d i c a t e d  by the stress ind ices .  
t h e  Code stress i n t e n s i f i c a t i o n  f a c t o r  f o r  out-of-plane bending i s  
s i g n i f i c a n t l y  lower than  ind ica t ed  by the  stress ind ices .  
For Reference (33) Model C-1, 
B31.1 Case 53 
The maximum stress i n t e n s i f i c a t i o n  f a c t o r  from Case 53 i s  obtained 
from Equation (53-3) of Case 53. 
of  B31.1-1955 (with S def ined as M/Zn, where Zn = s e c t i o n  modulus of 
nozzle)  and Case 53 Equation (53-3), can be summarized as fol lows:  
The r e l a t i o n s h i p  between stress f a c t o r s  
T < i o  t 
2 (Ze = IT r T) 
t (.75 io + 0.25) t io iF 
T > i o  t 
(ze = IT r2 i t) 
0 
0.25 .75 +- i 
0 1.0 
I n  the  above: 
t = nozzle  w a l l  th ickness  
T = cy l inde r  wa l l  th ickness  
i = s t r e s s  i n t e n s i f i c a t i o n  f a c t o r  a s  given i n  ASA B31.1-1955 
0 
(ii)53 = stress i n t e n s i f i c a t i o n  f a c t o r  f o r  M appl ied  t o  nozzle ,  i 
Case 53 
= stress i n t e n s i f i c a t i o n  f a c t o r  f o r  M appl ied  t o  nozzle ,  ( 9 5 3  0 
Case 53 
Case 53 g ives  stress i n t e n s i f i c a t i o n  f a c t o r s  e i t h e r  lower than o r  
equal  t o  those given i n  B 31.1-1955. The comparisons shown i n  Table 24 
i n d i c a t e  t h a t , o n t h e  average, Cas.e 53 f a c t o r s  agree b e t t e r  wi th  measured 
stress than  the  B 31.1-1955 f a c t o r s .  However, Case 53 tends t o  be uncon- 
s e r v a t i v e  i n  many cases .  This  may be more apparent f o r  smal le r  va lues  of 
t / T  than represented  by the  tes t  models. 
t o  be unconservat ive i s  a l s o  apparent  i n  Table 23. 
A s i m i l a r  tendency of Case 53 
Accordingly, i n  t h e  
writers '  opinion,  Case 53 should n o t  be used i f  a conserva t ive  eva lua t ion  
of stresses i s  des i red .  
Comparisons of Measured S t r e s s e s  
With Calculated S t r e s s e s  
B i j l a a r d  and Bijlaard-Wichman Comparisons 
A t  p resent ,  an accura te  a n a l y t i c a l  methodffor  c a l c u l a t i n g  stresses 
B i j l a a r d  (3,4,5) gives an due t o  e x t e r n a l  loads on nozzles  i s  no t  ava i l ab le .  
a n a l y t i c a l  method f o r  c a l c u l a t i n g  stresses i n  a c y l i n d r i c a l  s h e l l  due t o  
d i s t r i b u t e d  loads on the  su r face  of t he  s h e l l ,  a s  shown i n  F igure  33. 
l ack  of a more app l i cab le  ana lys i s ,  B i j l a a r d ' s  r e s u l t s  have been used t o  
compute stresses i n  a c y l i n d r i c a l  s h e l l  wi th  a c y l i n d r i c a l  nozzle ,  t h e  nozzle  
being loaded by a moment o r  a r a d i a l  t h r u s t .  To t h e  e x t e n t  t h a t  t he  s t i f f -  
nes so f  t h e  nozzle  i s  equiva len t  t o  the  s t i f f n e s s  cut-out  by the  opening, 
t h i s  a n a l y s i s  might be expected t o  g ive  some i n d i c a t i o n  of t h e  stresses i n  
the  c y l i n d r i c a l  s h e l l ;  of course t h e  ana lys i s  does n o t  give any information 
as t o  stresses i n  the  nozzle.  
For 
Wichman, Mershon & Hopper") compared B i  j l aa rd  's r e s u l t s  wi th  some 
of  t h e  t es t  d a t a  l i s t e d  i n  Table 2 1  ( i n  p a r t i c u l a r ,  Reference (31) Model R 
and Reference (33) Model C-1)  ; these  comparisons ind ica t ed  t h a t  Bi j laard ' s  
r e s u l t s  a r e  unconservat ive when used t o  p r e d i c t  stresses f o r  nozz les  i n  
cy l inde r s  wi th  l a r g e  D/T and/or d/D-ratios.  Wichman, e t  .a l .  have modified 
B i j l a a r d ' s  r e s u l t s ,  based on tes t  da t a ;  i n  add i t ion  t o  present ing  B i j l a a r d ' s  
d a t a  i n  more useable  form. Table .25 gives  comparisons wi th  Wichman e t . a l .  
as w e l l  a s  wi th  stresses obtained d i r e c t l y  from a computer program based on 
B i  j l a a r d  's ana lys i s .  
With regard t o  l o c a t i o n  of t he  c a l c u l a t e d  stresses, B i j l a a r d ' s  
stresses a r e  ca l cu la t ed  f o r  t h e  fol lowing po in t s :  
Bijlaard Assumptions In - Plane Bending 
Bi jlaard Assumptions Out -of - Plane 
FIGURE 3 3 .  COMPARISON OF BIJLAARD'S ASSUMPTIONS WITH ACTUAL GEOMETRY 
OF NOZZLES I N  CYLINDRICAL SHELLS WITH MOMENT LOADING 
m m m  a a m  r l d m  . . .  
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p = 0.875r,@ = 0 
p = 0.875r,@ = 90" 
L p = o  -- 
The s igns  of t he  ca lcu la ted  s t r e s s e s  given i n  Table 25 f o r  Mi 
and M loadings a re  a l l  pos i t i ve  on t h e  outs ide  sur face  on the  s i d e  of the  
nozzle f o r  which M. o r  M gives a nominal t e n s i l e  s t r e s s  i n  the  nozzle. 
The s igns  of ca lcu la ted  stress f o r  the  a x i a l  load (which i s  defined as  giving 
nominal t e n s i l e  s t r e s s e s  i n  the  nozzle) a r e  a l s o  a l l  pos i t i ve  on the  outer  
0 
1 0 
sur f  ace. 
The measured s t r e s s e s  and ca lcu la ted  s t r e s s e s  agree as  t o  s ign  
and surface.  That is ,  with one exception, a11 measured s t r e s s e s  shown 
i n  Table 25 a re  tension on the  outs ide  surface.  The one exception occurs 
i n  Reference (31) Model (L) with a x i a l  load on the  nozzle,  f o r  which the  
maximum measured s t r e s s  was on the  i n s i d e  surface.  
In-so-far a s  agreement of stress loca t ion  and d i r ec t ion ,  the  cal-  
culated s t r e s s e s  imply t h a t  the  maximum s t r e s s  l oca t ions  i s  a t  $ = 0 f o r  Mi, 
8 = 90" f o r  Mo. 
p-direct ion;  f o r  l a rge  d/D, CY = 90° ,  i.e., the  maximum s t r e s s  i s  i n  the  0- 
d i r ec t ion .  For Mol CY = 0, i.e., the  maximum stress i s  i n  the  @direc t ion .  
Comparison of these d i r ec t ions  with the  d i r e c t i o n s  shw 11 i n  Table 2 1  
(8- and a-columns) i n d i c a t e s  a general  tendency t o  agree with the  calculated 
For Mi, small  d/D, ct = 07 i.e., the  maximum s t r e s s  i s  i n  the 
stress loca t ion  and d i r ec t ions .  
completely strain-gaged (as a funct ion of a) ,  the  maximum stresses were 
usual ly  found t o  be located somewhere between @ = 0 and 8 = 90". 
However, i n  those models which were more 
It might 
be noted t h a t  Markl's f a t igue  tests, a s  wel l  a s  the  f a t igue  t e s t s  l i s t e d  
i n  Table 23, a l s o  ind ica t e  t h a t  the  maximum stress does not occur a t  8 = 0 
o r  90 f o r  e i t h e r  Mi o r  Mo. 
* CY i s  clefined i n  footnote  (3) of Table 21. 
I n  comparing "Bijlaard-Wichman" (Reference 6) s t r e s s  indices  with 
"Bijlaard" s t r e s s  indices  of Table 25 i t  should be noted t h a t  differences 
a r i s e  from three sources: 
(1) Reference (6) graphs a r e  modified, i n  a conservative 
direct ion,  f o r  la rger  values of D/T and d/D. 
(2) Reference (6) procedure i s  based on using the outs ide radius 
of the nozzle. The calculated values (Bijlaard-column) 
a r e  based on the mean radius of the nozzle--as a r e  a l l  other 
calculat ions given i n  t h i s  report .  
( 3 )  The calculated s t r e s s e s  are somewhat dependent upon the 
assumed r a t i o  of length to radius of the cy l indr ica l  she l l .  
Reference (6) graphs a re  based on a r a t i o  of 4 f o r  Mi and 
Mo; 8 for  L. 
s h e l l  lengths where known [Reference (33) and Reference (34) 
The calculated r e s u l t s  are  based on ac tua l  
models]; on a r a t i o  of 4 f o r  other models. 
For test  models within the  l i m i t s  of Phase Report No. 4 ru les  
(d/D 
the  t e s t  data,  o'/S. 
< 1. l), B i j  laard ' s  r e s u l t s  a r e  i n  reasonably good agreement with 
For larger  values of (d/D) d z ,  Reference (6) graphs are i n  
b e t t e r  accord with test  r e s u l t s  (o ' /S )  than Bi j laard ' s  analysis.  In  addi- 
t ion,  Reference (6) method f o r  es tabl ishing maximum s t r e s s e s  includes the 
use of s t r e s s  concentration f a c t o r s  based on the f i l l e t  radius ro. 
adjusting Bij laard 's  theore t ica l  curves, Reference (6) used a stress con- 
centrat ion factor  of 1.4 for  Reference (31),  Model R and Reference ( 3 3 ) ,  
I n  
Model C-1. 
Wichman i n t o  good agreement with the t e s t  r e s u l t s ;  i.e., 
Application of t h i s  same fac tor ,  of course, brings Bijlaard- 
Model 0' B i  jlaard-Wichman wi th  
Iden. 
20 x 1 2  








(G 1) MO 
24 x 12 20.3 
90 * 
The f i l l e t  r a d i u s  of t h e  drawn o u t l e t  tees (Reference 31, Models L, D, and E) 
a r e  no t  w e l l  def ined,  p a r t i c u l a r l y  a t  8 = 9O0. The e f f e c t i v e  f i l l e t  r a d i u s  
i s  probably i n  the  range of T t o  3T, implying a stress concen t r a t ion  f a c t o r  
of about 1.4 t o  1.2 according t o  Reference (6), Figure  B-2. 
models considered i n  Table 25, t h e r e  was a f i l l e t  weld r a t h e r  than  a f i l l e t  
rad ius .  Following t h e  philosophy of Reference (6), a stress concent ra t ion  
f a c t o r  f o r  t h e  f i l l e t  weld of 2.0 o r  l a r g e r  might be used. With these  
stress concen t r a t ion  f a c t o r s ,  t he  procedure of Reference (6) would g ive  
ca l cu la t ed  stresses equal  t o  o r  g r e a t e r  than  t h e  va lues  of o ' / S  l i s t e d  i n  
Table 25. 
For t h e  o t h e r  
Nozzle-in-Sphere Comparisons 
Table 25 a l s o  shows ca l cu la t ed  stress i n d i c e s  f o r  nozzles- in-  
spheres .  Of course,  t h i s  a n a l y t i c a l  model cannot d i f f e r e n t i a t e  between 
M. and M loadings ;  however, i t  does g ive  stresses i n  t h e  nozzle .  For t h e  
models of Table 25, t h e  maximum ca lcu la t ed  stress was i n  t h e  nozz le ;  no t  
i n  t h e  sphere.  
1 0 
It should be noted t h a t  measured stresses i n  the  nozz le  a r e  no t  
avai lable  except f o r  Reference (31) and Reference (3'3) models. 
l a ted  stresses a r e  s ign i f icant ly  higher than o ' / S  for  some models [e.g., 
Reference (37)] may only r e f l e c t  t h a t  maximum stresses actual ly  occurred 
i n  the nozzles. I f  so, the Bijlaard or  Bijlaard-Wichman approach must be 
used with caution i n  es tabl ishing maximum s t resses ,  par t icu lar ly  when the 
nozzle thickness i s  small compared t o  the cylinder thickness. 
That calcu- 
The very-thin wal l  model of Reference (33) had high s t r e s s e s  i n  
r e l a t i o n  t o  any of the comparison calculat ion 
was thought t h a t  the nozzle-in-sphere analogy might ind ica te  high nozzle 
stresses for  the t e s t  model; such i s  not the case. An addi t ional  t e s t  on 
the same cylinder with a smaller nozzle (say d/D = .07, so t h a t  i t  would 
be within the range of Eringen's theory f o r  i n t e r n a l  pressure) would 
contribute s ign i f icant ly  t o  avai lable  tes t  data. 
methods used herein. It 
Nonuni form- Wa 11 Mode 1 s 
Table 25 i s  r e s t r i c t e d  t o  "uniform-wall" t e s t  models. A few 
cross-comparisons can be made between the t e s t  data of Table 2 1  and t h a t  of 
Table 22. These a re  shown i n  Table 26. 
addition of a re inforcing saddle o r  pad reduced CT' /s i n  the cylinder 
The test data  i s  not s u f f i c i e n t  t o  determine i f  s t r e s s e s  were a l s o  reduced 
i n  the nozzle. 
re inforcing reduced B /S s igni f icant ly .  The locat ion of maximum mea- 
sured stresses a r e  shown i n  Figure 26. It seems probable t h a t  the maximum 
stresses measured i n  Group "BI' models were highly dependent upon the t ransi-  
t i o n  r a d i i  and t r a n s i t i o n  tapers used i n  the  models; the reference c i t e d  
does not specify the t r a n s i t i o n  r a d i i .  
I n  the group "A" models of Table 26, 
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STRESSES DUE TO EXTERNAL LOADS ON NOZZLES 
DESIGNED I N  ACCORDANCE WITH PHASE REPORT NO. 4 
Uniform- Wa 1 1 Mode 1 s 
It was noted t h a t  B i j l aa rd ' s  ana lys i s  f o r  uniform-wall models 
i s  i n  reasonable agreement with measured s t r e s s e s  i n  the  cy l inder  wi th in  
the  range of ( d / D ) l m  < 1.1. 
Phase Report No. 4, "Proposed Design Procedure f o r  Radial  Nozzles i n  
Cyl indr ica l  She l l s  with InternAl Pressure". Accordingly, s t r e s s  ind ices  f o r  
ex te rna l  loads M. and M were ca lcu la ted  f o r  the  nozzle designs covered 
by Phase Report No. 4. 
This, of course, i s  the  range covered by 
1 0 
I n  these ca l cu la t ions ,  it should be noted t h a t  the  stress index 
i s  based on the  thickness of the  nozzle, t ;  where t =  (d/D)T. For designs 
u i th  re inforc ing  on the  nozzle (Figure 3a of Phase Report No. 4), the  use 
of t h i s  s t r e s s  index assumes t h a t  the nozzle thickness  t '  = g t  extends f o r  
a sho r t  d i s tance ,  then tapers  down t o  t. The index s t r e s s  i s  then f o r  the  
pipe with thickness  t at tached t o  the  nozzle;  t h a t  pipe i s  assumed t o  be 
designed f o r  the  same i n t e r n a l  pressure a s  the c y l i n d r i c a l  s h e l l ;  i.e., 
D/T = d / t .  
The ca l cu la t ions  showed t h a t  the  s t r e s s  ind ices  a re  almost always 
less than 1.0; f o r  most dimensional parameters the  s t r e s s  ind ices  a r e  much 
less than 1.0. The few dimensional parameters f o r  which the  s t r e s s  ind ices  
a r e  g rea t e r  than uni ty  a r e  shown i n  Table 27. For r e in fo rc ing  on t h e  
cy l inder  (Figure 3b of Phase Report 4 ) ,  the  stress ind ices  a r e  always less 
than uni ty .  
stress indices  g rea t e r  than uni ty  were ca lcu la ted  f o r  the  right-hand l i m i t  
of some of the  g-curves; t he  l a r g e s t  ca lcu la ted  stress index was 1.52. 
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Table 27 a l s o  gives the  stress indices  f o r  the  same group of 
models ca lcu la ted  on the  nozzle-in-sphere analogy. This group of models 
i s  charac te r ized  by the  r e l a t ionsh ip  t Z T. 
ca lcu la ted  by B i j l aa rd ' s  ana lys i s  a r e  not  to,o d i f f e r e n t  than those calcu- 
l a t e d  by the  nozzle-in-sphere analogy. However, f o r  models with t C C T, 
the  nozzle-in-sphere analogy i n d i c a t e s  r e l a t i v e l y  high s t r e s s e s  i n  the  
nozzle. 
s t r e s s e s  i n  the  nozzles.  
For these  models, the  s t r e s s e s  
Of course, B i j l aa rd ' s  ana lys i s  does not  give any information a s  t o  
Because, f o r  most of  the  dimensional range covered by Phase 
Report 4 ,  Bi j l aa rd ' s  ana lys i s  gives stress indices  s i g n i f i c a n t l y  l e s s  than 
uni ty ,  i t  i s  obvious t h a t  the  ana lys i s  does not  give maximum s t r e s s e s ;  the  
nominal stress i n  the  pipe attached t o  the  nozzle i s  never l e s s  than uni ty .  
Some guidance on s t r e s s e s  i n  the nozzles may be obtained from 
the  nozzle-in-sphere analogy. Figures 34 (a) and (b) show the stress indices  
so calculated.  The maximum ca lcu la ted  s t r e s s  i s  almost always i n  the 
nozzle--not the  sphere.  The h ighes t  s t r e s s e s  occur when r e in fo rc ing  i s  
placed on the sphere; the  nozzle thickness t 
compared t o  T '  = hT hence high s t r e s s e s  occur i n  the  nozzle. 
s t r e s s  index i s  3.2,  f o r  h 
(d/D)T i s  r e l a t i v e l y  t h i n  
The h ighes t  
1.5, D/T = 300, d/D = -07. 
The above ca l cu la t ions  were a11 based on the  assumption t h a t  the 
cy l inder  thickness  was everywhere equal t o  T '  f o r  B i j l aa rd ' s  ana lys i s ;  the  
sphere thickness  was everywhere equal t o  T I ,  nozzle thickness  equal t o  t '  
fo r  the  nozzle-in-sphere analogy. Phase Report No. 4 requi res  t h a t  these 
increased thicknesses  extend f o r  a d i s tance  3% f o r  T ' ,  7 / d t '  f o r  t ' .  c- 
It i s  believed t h a t  these d is tances  a r e  s u f f i c i e n t  so t h a t  s t r e s s e s  a t  the  
nozzle-cylinder juncture  a r e  ca l cu la t ab le  as  i f  the  increased thickness  
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FIGURE 34 .  MAXIMUM STRESS INDICES FOR DESIGNS OF PHASE REPORT NO. 4, 
CALCULATED AS A NOZZLE IN A SPHERE 
('146) 
exis ted everywhere. 
culations ind ica te  the magnitude of s t r e s s e s  a t  the juncture of the reinforc- 
i n g  with the s h e l l s .  
a 1:3 t r a n s i t i o n  taper  i s  required), a stress index of 1.5 i s  believed t o  
be adequate. 
a r e  discussed i n  the next sect ion of t h i s  report .  
It i s  not apparent, however, t h a t  the preceding cal-  
For the juncture on the nozzle from t '  t o  t (for  which 
St ress  indices f o r  t r a n s i t i o n  on the cylinder from T'  t o  T 
Nonuniform- Wall Models 
The design procedure of Phase Report No. 4 permits the use of 
compact reinforcing; provided (a) the cross sec t iona l  area of the rein- 
for ing meets c e r t a i n  requirements ( for  la rger  values of (d/D) m, the 
reinforcing area must equal o r  exceed 0.75 dT), (b) the reinforcing area 
be placed within a presented zone given by Lc = 0.75 (T/D) 
and (c) prescribed t r a n s i t i o n  r a d i i  and tapers  a re  used. The test  data  shown 
i n  Table 26, Group B, indicates  t h a t  loca l  reinforcing i s  e f fec t ive  i n  re- 
ducing maximum s t resses .  However, t h i s  i s  an i so la ted  piece of t e s t  data, 
i.e., f o r  D/T 
2 /3D , 
19, d/D = 0.32, s / S  = -75. 
The tes t  data  of Table 26, Group A, i s  s igni f icant  with respect  
t o  s t r e s s e s  a t  the edge of a reinforced sect ion on the cylinder. It 
should be noted t h a t  the maximum stresses f o r  the reinforced models i n  
Group A a r e  extrapolated values on the cylinder t o  the toe of the f i l l e t  
weld between reinforcement and cylinder. The lengths of reinforcing along 
the cylinder,  Lc = 0.75 (T/D)2/3D and $%? are  shown below,, 
Reinforcing Length 
Mode 1 on Cylinder - 7/;;;;;* 
24 x 4, Saddle reinforced 2.31 .98 4.0 
24 x 4, Pad reinforced 1.37 .98 4.0 
24 x 8, Saddle reinforced 3.56 .98 4.0 
24 x 8, Pad reinforced 4 .31  .98 4.0 
48 x 6, Pad reinforced 1.94 2 .o 7.8 
The reinforcement lengths used i n  these models, except for  the 
24 x 8 models, are  s ign i f icant ly  less than w, the length required by 
Phase Report 4 f o r  uniform-wall re inforcing on the cylinder. However, the 
measured s t r e s s  i n t e n s i t i e s  shown i n  Table 26 suggest tha t ,  f o r  thin-wall 
cylinders,  the maximum stress may occur a t  the reinforcing-to-cylinder 
juncture even with a re inforcing length equal t o  V D T ' .  
length of the  48 x 6 model happens t o  be equal t o  t h a t  permitted i n  Phase 
Report 4 f o r  compactreinforcing, hence i t  i s  a useful guide as t o  the stress 
The reinforcing 
indices f o r  such designs. 
(5 1 Some fur ther  information might be obtained by using Bij laard 's  
suggestions f o r  a re inforcing pad; o r  by using the nozzle-in-sphere analogy, 
f o r  which the e f f e c t  of any des i r ed  contour of reinforcing can be calculated.  
Time and funds do not permi t  invest igat ion along these l i n e s  and, i n  any 
event, addi t ional  confirmation by t e s t s  would seem desirable  i f  not essent ia l .  
Accordingly, i t  appears necessary t o  use a conservative approach a t  t h i s  time. 
It i s  suggested that ,  f o r  nozzles designed i n  accordance with Phase Report 
No. 4, Figure 2d, 2e ,  o r  2f,  the value of cs / S  forMi o r  Mo be obtained by max 
the equation: 
* T' i s  taken as the sum of the cylinder and reinforcing thickness, even 
though they are  not in tegra l .  
e 
where h = 3 . 3  T/R. e 
Comparisons of  t e s t  d a t a  and Equation (14) are shown i n  Table 28. None of 
t hese  t e s t  models a r e  w i t h i n  t h e  dimensional range covered by Phase Report 
r u l e s  because (d/D) 7/i?? i s  g r e a t e r  than  1.1. Also, models i n  Group A 
and C do n o t  meet t h e  r u l e s  because t h e  r e in fo rc ing  i s  no t  i n t e g r a l  wi th  
t h e  s h e l l s .  It i s  no t  known i f  t h e  t r a n s i t i o n  r a d i i  of Group B models m e e t  
t he  Phase Report 4 r u l e s .  
I n  Table 28, Group A, Equation (14) i s  conserva t ive  f o r  measured 
stresses i n  the  cy l inde r  and probably conserva t ive  wi th  r e spec t  t o  stresses 
i n  t h e  nozzle.  I n  Table 28, Group B, Equation (14) i s  conservat ive.  
Table 28, Group C, i s  a comparison of  f a t i g u e  t e s t s  (Table 23) wi th  Equation 
(14). There a r e  s e v e r a l  comparisons which a r e  not  conserva t ive ,  however, 
t hese  models a r e  not  only w e l l  beyond the  dimensional range of Phase 
Report 4 r u l e s ,  bu t  a l s o  f a t i g u e  f a i l u r e s  occurred a t  t he  f i l l e t  weld 
between the  pad o r  saddle  and the  s h e l l .  
Equation (14) is ,  of course,  of t he  same form used i n  the  ASA 
pip ing  code. The fol lowing t a b u l a t i o n  may a i d  i n  p u t t i n g  Equation (14) 
i n  perspec t ive  wi th  o t h e r  components. 
Component e h -
Re l a  t i v e  
i- f ac  t o r s  
ASA B16.9 Tees 4.4 T/R 1.00 
Nozzles pe r  Phase Report 4 ,  
ASA B16.9 Elbows 
Compact Re i n  f o r  c i n g  
(Bend r a d i u s  3 t i m e s  
c ross  s e c t i o n  r ad ius )  
Fabr ica ted ,  r e in fo rced  tees 
wi th  T = T 
P 
3.3 T/R 1.21 
3.0 T/R 1.29 
2.76 T/R 1.36 
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N c r )  
v w  w 
The remaining ques t ion  t o  be d iscussed  concerns an appropr ia te  
stress index a t  t h e  edge of t h e  re inforc ing- to-cy l inder  t r a n s i t i o n  f o r  
Phase Report 4 designs,  F igure  2b, f o r  which t h e  requi red  l eng th  of r e in -  
fo rc ing  i s  equal  t o  m. 
however, a crude bu t  probably conserva t ive  approximation can be developed 
as follows. 
N o  d i r e c t l y  app l i cab le  t es t  d a t a  i s  ava i l ab le ,  
B i j l a a r d ' s  a n a l y s i s  i n d i c a t e s  t h a t  maximum stresses can be con- 
s e r v a t i v e l y  est imated a s  being i n  inve r se  r a t i o  t o  t h e  pad diameter,  d . 
This  impl ies  an equat ion  of t h e  form: 
P 
(3 
- =  max I1 [kl $-] 
S 
P 
To be c o n s i s t e n t  w i th  Equation (14), kl should be such t h a t  when d 
equal  t o  Lc, t h e  quan t i ty  (kld/d ) should be equal  t o  uni ty .  f o r  
Phase Report 4 Figure  2b designs,  i s  equal  t o  \=and Lc = 0.75(T/D) 2 /3, , 




t h i s  l eads  t o  the  equat ion:  
Values of I a r e  t abu la t ed  below 
P 
I f o r  h o f :  
P D 
T 1.0 1.1 1.2 1.3 1.4 1.5 
- 
10 1.21 1.15 1.10 1.06 1.03 .99 
20 1.72 1.64 1.57 1.51 1.45 1.40 
40 2 A 2  2.31 2.21 2.12 2.06 1.97 
80 3.43 3.27 3.13 3 .OO 2.92 2.80 
100 3.85 3.67 3.35 3.37 3.27 3,14 
200 5.45 5.20 4.97 4.78 4.64 4.45 
300 6.67 6.36 6.09 5.85 5.68 5.45 
Summary 
The suggested s t r e s s  ind ices  f o r  Phase Report No. 4 designs sub- 
jec ted  t o  e i t h e r  M o r  M. loads are:  
(1) Uniform Wall Reinforcing 
0 1 
Nozzle-to-cylinder juncture:  U s e  l a r g e r  of: 
(a) S t r e s s  ind ices  ca lcu la ted  by Bi j laard ' s  analyses, o r  
(b) St re s s  ind ices  ca lcu la ted  from nozzle-in-sphere. 
Trans i t ion  from t '  t o  t on nozzle 
S t r e s s  index = 1.5. 
Trans i t ion  from T '  t o  T on cylinder 
IC1 = 1.8/he 2 / 3  
h = 3 .3  T/R e 
(2) Compact Reinforcing 
defined above. 
I 1 9  
Stress Index 
The stress indices  a r e  not accurate but a r e  believed t o  be 
conservative. 
STRESSES DUE TO COMBINED INTERNAL PRESSURE 
AND EXTERNAL LOADS APPLIED TO THE NOZZLE 
This s ec t ion  of the  r epor t  i s  based on the  assumption t h a t  s t r e s s e s  
due t o  i n t e r n a l  pressure  can be l i n e a r i t y  combined with the  s t r e s s e s  due 
t o  ex te rna l  loads.  The sub jec t  of l i n e a r  superposi t ion i s  discussed i n  
Phase Report No. 2 (pp 162-163). It was concluded, on the  bas i s  of ava i l -  
ab le  theory and t e s t  data ,  t h a t  l i n e a r  superposi t ion i s  apparently always 
conservative,  and reasonably accurate  f o r  D/T values  up t o  50 and d/D up 
t o  0.5. The d iscuss ion  covers both nozzles i n  sphe r i ca l  s h e l l s  and nozzles 
i n  c y l i n d r i c a l  she l l s .  
Even with l i n e a r  superposi t ion,  the  determination of maximum 
s t r e s s e s  due t o  combinations of pressure and ex te rna l  loads i s  d i f f i c u l t .  
The problem a r i s e s ,  i n  pa r t ,  because the  pressure and each ex te rna l  load 
a r e  independent of each other .  A t  a given poin t  on the nozzle-cylinder,  
both the  magnitude and d i r e c t i o n  of the  maximum p r i n c i p a l  s t r e s s  va r i e s  a s  
a funct ion of the  load r a t i o s ,  i.e., P/Mi, P/Mo, Mi/Mo, e t c .  
course, the  poin t  a t  which the  maximum pr inc ipa l  s t r e s s  occurs i s  dependent 
upon these load r a t i o s .  I f  there  ex i s t ed  s u f f i c i e n t  t e s t  da t a  t o  e s t a b l i s h  
the s t r e s s  magnitudes and d i r ec t ions  a t  each poin t  on a nozzle-cylinder 
s t r u c t u r e  f o r  each of the  loads,  o r  i f  a theory ex is ted  which would give 
such information, i t  would be a r e l a t i v e l y  simple t a sk  t o  develop a computer 
program t o  compute maximum s t r e s s e s  due t o  any combination of pressure  and 
ex te rna l  loads.  While a theory does e x i s t  fo r  i n t e r n a l  pressure ( l imi ted  
to  small d/D, uniform-wall nozzle and cy l inders ) ,  n e i t h e r  t he  test  da t a  
nor ava i l ab le  theo r i e s  f o r  ex te rna l  load a r e  adequate. 
Also, of 
However, i t  appears from the preceding sect ion of t h i s  report  t h a t  
avai lable  t e s t  data  and theory do give a reasonably good estimate of the 
magnitude of the maximum stress due t o  c e r t a i n  types of external  loads 
(with some reservations concerning stresses i n  the nozzles). 
and d i rec t ion  of those pr incipal  s t r e s s e s  i s  not well established. The 
only apparent conservative approach a t  t h i s  t i m e ,  therefore,  appears t o  
consis t  of the assumption t h a t  maximum stresses due t o  pressure and ex- 
t e r n a l  loads occur a t  the same point and i n  the same direct ion.  
The locat ion 
For most t e s t  models, the maximum s t r e s s  due t o  i n t e r n a l  pressure 
occurs a t  the i n s i d e  corner, cb = 0, p = po. Detailed examination of the 
t e s t  data, for  models with (d/D) m< 1.1, indicates  t h a t  the s t r e s s e s  
due t o  ex terna l  loads (Mi, Mo, L)  a re  qui te  small a t  t h i s  par t icu lar ly  
location. On the other  hand, the stresses due t o  i n t e r n a l  pressure a r e  not  
negl igible  a t  points  of maximum stress due t o  external  load. For Reference 
( 3 3 )  Model C-1, with (d/D) W T * =  7.6, the maximum s t r e s s  due t o  pressure 
occurred a t  essent ia l ly  the  same locat ion and d i rec t ion  as  the maximum 
s t r e s s  due M.. Accordingly, while t h i s  approach usually involves s i g n i f i c a n t  
conservatism, i n  some cases the conservatism may not be large.  
1 
Whether the degree of conservatism i s  in to le rab le  may depend upon 
how the designer estimates the external  loads t h a t  w i l l  be imposed on the 
nozzle. This estimate i s  of ten necessary because the piping system i s  not  
l a i d  out a t  the time the vessel  i s  designed. I f  the designer assumes t h a t  
the load on the nozzle w i l l  be as  much as the pipe can transmit t o  i t ,  then 
the designer may indeed f ind the conservatism intolerable .  However, there 
a re  several  inherent l imi ta t ions  i n  most piping systems which prevent such 
loads from being imposed. These a re  discussed i n  Phase Report No. 2 (pp 164-171) 
and are  equally applicable t o  nozzles i n  cylinders . 
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APPENDIX A 
STRESSES FROM ERINGEN'S ANALYSIS 
S t r e s s e s  a t  Nozzle-Shell Junc ture  
Numerical s o l u t i o n s  were obtained* f o r  t h e  parameters: 
D/T from 10 t o  250 
d/D from .01 t o  (d/D) m Z  1.1
s / S  from 1 / 6 4  t o  4 . 0  
The stresses a t  t h e  nozz le-she l l  j unc tu re  a t  $ = 0 and $ = n/2 
obtained from t h i s  parametr ic  s tudy are given i n  Tables A1 through A 7 .  
An a t t e m p t  was made t o  show these  r e s u l t s  by means of graphs, however, 
no accu ra t e  way of reducing t h e  dimensional parameters involved was found. 
I n  p a r t i c u l a r ,  t h e  parameter (d/D) 
parameters from 3 t o  2, except  f o r  smal l  va lues  of t / T .  
does n o t  reduce the  dimensional 
F igure  8 shows 
the  GnQI-stress a t  $ = 0, p - , p l o t t e d  aga ins t  (d/D) *. - Po 
The parametr ic  s tudy g ives  stresses a t  $ = 0, n / 8 ,  n/4,  3 n / 8 ,  
and n/2. Maximums of ind iv idua l  stress components were found t o  be e i t h e r  
a t  @ = 0 o r  $ = n/2. The minimums of i n d i v i d u a l  stress components may be 
between 16 = 0 and 0 = n/2. 
S t r e s s e s  Away from Juncture  - 
The parametr ic  s tudy r e s u l t s  inc lude  stresses as a func t ion  
of p i n  t h e  s h e l l ,  x i n  t h e  nozzle .  While maximum stresses i n  both the  
nozzle  and t h e  s h e l l  occur a t  the  junc tu re ,  maximums of i n d i v i d u a l  stress 
* The parametr ic  s tudy inc ludes  those cases of t h e  parametr ic  s tudy given 
i n  Reference (1) which are wi th in  t h e  l i m i t a t i o n  (d/D) fl< 1.1, 
plus  68 a d d i t i o n a l  cases wi th in  t h a t  l i m i t a t i o n .  
A- 2 
components may not  be a t  the juncture .  
IS 
the  nozzle i s  CJ 
(See, f o r  example, Figure 15; 
a t  0 = n/2 i s  a maximum a t  x / G Z  1.3, but t he  maximum stress i n  
YO 
a t  8 = 0 a t  the  juncture . )  
YO 
U s e  of Eringen's Computer Program 
Eringen's computer program, as modified f o r  use a t  B a t t e l l e ,  
cons i s t s  of two separa te  programs, i d e n t i f i e d  a s  program I and Program 
11. The input  da t a  t o  program I cons i s t s  of the  values  of the th ree  
parameters: Bpo, t / p o ,  and po/R. 
punched cards  containing the constants  of the  a n a l y t i c a l  s e r i e s  so lu t ion .  
The output of program I cons i s t s  of 
The input  t o  program I1 i s  the punched cards  from program I. The output 
from program I1 cons i s t s  of :  
(a) Eringen's stress r e s u l t a n t s  f o r  
fl = 0 ,  n / 8 ,  n / 4 ,  3 n / 8 ,  and n/2. 
p/po  = 1.0, 1.3, 1.6, 2.0, and 3.0. 
x/po = 0, .3, . 6 ,  1.0, and 2.0. 
(b) Membrane, bending and sur face  s t r e s s  i nd ices  (a /S)  fo r  
= 0 ,  n/8, n / 4 ,  3 n / 8 ,  and n/2. 
( p - p o ) / f i =  0 ,  .3 ,  . 6 ,  1.0, 2 . 0 .  
x / f i  = 0, . 3 ,  . 6 ,  1.0, 2 .0 .  
The r e l a t ionsh ip  between stress indices  (a/S) and Eringen's s t r e s s  
r e s u l t a n t s  a r e  summarized i n  Figure A l .  
The running time f o r  both programs on a Control DataModel 3400 
computer i s  about 3 minutes per  case; on a Control Data 6400 computer the  
c e n t r a l  processor time i s  about 30 seconds per case, with another 30 secs  
of pe r iphe r i a l  equipment t i m e .  For both computers, running t i m e s  quoted 
a re  a f t e r  compilation and production of a binary deck. 
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FIGURE A l .  EQUATIONS FOR CONVERTING STRESS RESULTANTS OF 
REFERENCE (1) TO STRESSES 
Nomenclature: 
D = cylinder (lower shell) mean diameter 
T = cylinder wall thickness 
d = nozzle (upper shell) mean diameter = 2p0 
t = nozzle wall thickness 
P = internal pressure 
S = PD/2T 
s = Pd/2t 
v = Poisson’s ratio assumed to be 0.3 
n (subscript) = membrane stress 
b (subscript) = bending stress 
~ ~~ ~ 
Bending 
Stress 
B/ S Equation for Stress Sign 
- 
2 2 N -9 4- cos cp + 0.5 sin cp 2 
f 0.91 E + outside -- 
N 
2 + 0.5 cos cp + sin cp 2 
cs 
ncp 
bcp cp - 
0 
2 2 cs 
nP 
f 0.91 z 
bP P 0 - n 
2 t  
5 rt 0.91 (7) m 
S 2 + 0.5 5 x .  - cs nx 
2 
T -  
bx X 
+ outside I 
+ inside 
- 
T s  n 
2 t S  
T 2 -  
f 0.91 (7) m 




cp’ cp’ Y’ Y 
5 
- - - - - - -  
N M Np, Mp, nx, mx, n and f;; are stress 




The a p p l i c a b i l i t y  of the  ana lys i s  i s  l imi ted  by Eringen to: 
D/T - > 20, d / t >  - 20 and d/D < 1/3. These r e s t r i c t i o n s  follow from the  
use  of t h in - she l l  and shallow s h e l l  theory. 
t runca t ion  of t he  Fourier  series i n  the  boundary condi t ions,  ( d / D ) f i  
i s  l imi ted  t o  about 1.1. It w i l l  be noted t h a t  most of t he  experimental 
I n  addi t ion,  because of the  
models used f o r  comparisons have D/T and d / t  r a t i o s  less than 20. Judging 
by the  theory- tes t  comparisons, the  D/T o r  d / t  r e s t r i c t i o n s  do no t  appear 
t o  be very r i g i d .  However, t he  necess i ty  of the  r e s t r i c t i o n  t h a t  ( d / D ) m  
< 1.1 i s  apparent from the  computer program output.  
of about 1.5, the  r e s u l t s  appear t o  be incons i s t en t  with r e s u l t s  f o r  lower 
values  of (d/D) d- and a t  (d/D) d z =  2.0, the  program output shows 
For values  of ( d / D ) i x  
very high stresses a t  po in ts  remote from the  juncture ,  with no evidence 











TABLE OF STRESSES 
The fol lowing t a b l e s  are included i n  t h i s  Appendix. 
T i t l e  
_I
Membrane S t r e s s e s  i n  Cyl inder  a t  p = po, 8 = 0, and n/2. 
Membrane S t r e s s e s  i n  Nozzle a t  x = 0, 8 = 0, and n/2. 
Bending S t r e s s e s  i n  Cylinder a t  p = po, 8 = 0, and n/2. 
Bending S t r e s s e s  i n  Nozzle a t  x = 0, 8 = 0, and n/2. 
Maximum S t r e s s  I n t e n s i t y  i n  Cylinder a t  8 = 0 and n/2. 
Maximum S t r e s s  I n t e n s i t y  i n  Nozzle a t  0 = 0 and n/2. 
Maximum Surface  Stresses i n  Cylinder  and Nozzle 
I n  a l l  of t hese  t a b l e s ,  stresses are shown as d iv ided  by t h e  
The s i g n s  of t h e  bending stresses (Tables A 3  and A4) stress, S. 
are p o s i t i v e  ( tens ion)  f o r  t h e  o u t s i d e  su r face .  
TABLE A l .  mMBRANE STRESSES I N  CYLINDER AT p p 0 ,  d = 0 and n / 2  
1 of 5 
.125 1.84 -.08 .74 .52 
.25 2.27 .03 .58 .14 
.5 2.43 .03 .53 .03 
1.0 2.48 .01 .52 . 00 
S Q = o  Q = TTl2 - d - D - 
e 5  2.31 .28 .oo .64 
1. 3.06 .21 .25 .24 
1.5 3.44 .13 e 36 .11 




TABLE A l .  (Continued) 
2 of 5 
.25 2.37 .06 .54 .05 
.5 2.47 .03 .52 .01 
1, 2.50 . O l  .51 .oo 
1.5 2.51 .oo .51  .oo 
1 .05 .0625 1.36 .12 .76 .75 
.125 1.90 .16 .65 .35 
.25 2.30 * 12 .57 . L O  
d = o  d = n / 2  
S - d - D 
T D S 0 
- 
0 np 0 nd 
0 nd np 
! 
25 .025 .0625 1.62 .03 .73 .63 
.125 2.13 .09 .60 .21 
.5 2.48 - 0 5  .54 .02 
1, 2.56 .02 . 5 1  . 00 
2. 2.58 .oo .50 . 00 
.25 2.24 .22 .56 1 9  
.5 2.60 .11 .53 .05 
1, 2.77 .04 .51 .01 
2. 2.84 .01 .49 .oo 
e 25 2.20 .35 -.40 .58 
.5 2.76 .27 -.02 .25 
1. 3 .51  .16  .32 .06 
2. 4.02 .06 .37 .01 
TABLE A l .  (Continued) 3 of 5 
8 =  0 d=Tr1/2 
S - d - D 
T D S a *  an, an8 anp 
- 
-03125 1.71 * 01 .71 .57 
.0625 2.17 08 .58 .17 
.125 2.38 .05 .53 .04 
.25 2.46 .02 .52 .01 
- 5  2.49 .01 .51 . 00 
1.0 2.50 * 00 .50 . 00 
v 1.5 2.50 . 00 .50 . 00 
.005 1. 2.50 . 00 .50 .01 
9 
.0625 1.87 .16 .64 .35 
.125 2.25 .13 56  .10 
.25 2.43 .06 .53 .02 
.5 2.50 .02 .51 . 00 
1. 2.53 .01 .50 .oo 
2.  2.54 . 00 .50 . 00 
4. 2.55 . 00 .50 . 00 
.125 2.13 .22 .58 .18 
.25 2.44 .12 .54 .05 
05 2.60.  .04 .52 .01 
1. 2.66 .01 .50 . 00 
2 .  2.68 . 00 .49 . 00 
e 15 125 2.23 .33 -. 27 .56 
25 2.62 .27 .03 .24 
.5 3.16 .17 .33 .08 
1. 3.60 .07 .42 .01 
1.5 3.74 .04 .39 . 00 
TABLE A l .  (Continued) 
4 of 5 
d = 0  B = Tr/2 
S - d - D 
T D .  S 
- 
0 CJ Onp n0 np Q n0 - 
.03 125 1.94 .14 .62 .30 
.0625 2.27 10 .55 .08 
.125 2.42 .05 .53 .02 
25 2.48 .02 .51 . 00 
.5 2.50 .01 .50 00 
1. 2.51 . 00 .50 . 00 
2.50 .27 . 00 .27 , 125 
e 25 2.89 .19 .28 .12 
'35 3.34 .10 .44 .02 
1, 3.60 .03 .42 . 00 
2 .  3.70 .01 .38 . 00 
.0625 1.96 .30 .56 .26 
.125 2.34 .21 .52 .10 
25 2.64 .10 .51 .03 
.5 2.78 .04 .49 .01 
1. 2.84 .01 .48 .oo 
2 .  2.86 . 00 .47 .oo 
4 .  2.86 . 00 47 00 
TABLE A I .  (Continued) 
1 
5 of 5 
4 
(5 np CF n0 5 np T D S 
.03125 2.29 . L O  .55 .07 
.0625 2.42 .05 .53 .02 
.125 2.48 .02 .51 . 00 
.25 2.50 .01 .50 .oo 
05 2.51 .oo .50 . 00 
1. 2.51 . 00 .50 .oo 
1.5 2.51 .oo .50 .oo 
.03125 1.95 .30 .60 .20 
.0625 2.29 * 19 .55 .08 
0 125 2.54 .09 .52 .03 
.25 2.66 .03 .50 .01 
.5 2.71 .01 49 .oo 
1. 2.73 -00 .48 . 00 
2 .  2.73 . 00 .48 .oo 
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e o 7  0625 2.42 .28 -.04 .27 
e 125 2.71 .20 .22 .14 
e 25 3.21 .13 .44 .05 
.?5 3.63 .06 .50 . 00 
1.0 3.84 .02 .42 .oo 
1.5 3.89 .01 .37 . 00 
2.Q 3.92 .01 .35 .oo 
TABLE A2. MEMBRANE STRESSES I N  NOZZLE AT x = 0, d = o and n/2 
1 of 5 
.125 -. 16 1.82 .28 .67 
.25 -.19 2.20 .44 .67 
.5 -.09 2.39 .59 .70 
1.0 .20 2.54 .80 .76 
14 1.5 .49 2.64 1.01 .82 
d =  0 Q = n/2 
S - d - D 
T D S ‘nx 0 nY %x 
- 
.125 -. 14 1.53 * 75 .63 
.25 -.18 2.02 .43 .69 
.5 -. 10 2.33 .60 .73 
2. .75 2.75 1.24 .90 
V 4 .  1.84 3.09 2.16 1.16 
1. .18 2.53 .82 .78 
10 
* 5  .19 1.97 .41 1.95 
1. .49 2.96 .55 1.66 
1.5 .78 3.54 .80 1.44 
~~ 
.10 ,0625 -.06 .84 .12 .40 
,125 -. 13 1.26 .24 .61 
.25 -. 16 1.79 .40 .71 
.5 - . l o  2.27 .60 .76 
1. .15 2.56 .85 .83 
2. .72 2.83 1.28 .93 
4 .  1.98 3.19 2.18 1.20 I Y 
.25 25 -.04 1.42 .29 1.13 
“5 -06 2.17 .43 1.06 
1. .32 2.90 .69 1.01 
2. .84 3.39 1.19 1.09 
4 .  1.89 3.83 2.14 1.33 
TABLE A2. (Continued) 
2 of 5 
125 -. 22 2.03 .35 .64 
.25 -.19 2.30 .43 .66 
05 -.02 2.45 .52 .68 
1. .31 2.59 -69 .72 
1.5 .61 2.69 .89 .78 Y 
d = 0  d = n/2 
S - d - D 
T D S 
- * *nx O"Y *nx nY 
.125 -. 17 1.80 .30 .64 
.25 -. 15 2.22 .40 .66 
.5 -. 01 2.46 .51 .69 
1. .31 2.64 .69 .73 
2. .88 2.85 1.12 .85 
25 
e 25 .21 1.53 .14 1.88 
.5 .41 2.33 .12 1.76 
1, .83 3.56 .16 1.05 
2. 1.57 4.54 .55 .28 
0 10 125 -.07 1.57 .18 .68 
0 25 . 00 2.16 .25 .64 
.5 .12 2.60 .38 .66 
1. .39 2.80 .61 .72 
2. .94 3.12 1.06 .84 
4 0  1.98 3.45 2.03 1.12 
TABLE A2. (Continued) 3 of 5 
8 = 0  B = n/2 
S - d - D 
T 1) S 0, Ony anx Onv 
- 
50 .005 1. .40 2.62 60 68 
e 01 .015625 - .11 1.1-7 .12 .48 
.03125 -.18 1.65 .21 .60 
.0625 -.25 2.07 .31 .62 
.125 -. 24 2.29 .36 .63 
.25 -. 13 2.41 .38 .63 
.5 .07 2.51 .43 .64 
1.0 .39 2.62 .61 .68 
Y 1.5 .67 2.71 .83 .75 
.025 .03125 -. 13 1.27 .16 .59 
.0625 -. 19 1.76 .25 .62 
.125 -. 19 2.16 .32 .63 
.25 -. 11 2.38 .36 .64 
.5 .07 2.52 .42 .64 
1, * 39 2.65 .61 .69 
2. .94 2.82 1.06 .81 
I 4. 1.97 3.14 2.03 .11 
.05 .0625 -.08 1.53 .14 .62 
.125 -.05 2.04 .18 .60 
.25 . 00 2.41 .25 .60 
.5 .14 2.62 .36 .63 
1. .43 2.78 .57 .68 
2. .97 2.97 1.03 .81 
V 4. 1.99 3.28 2.01 1.10 
.10 e 0625 .01 1.02 .08 1.05 
125 .06 1.63 .07 1.04 
.25 .17 2.33 .06 .80 
.5 .36 2.92 .13 .64 
1. .66 3.26 .34 .61 
2. 1.18 3.50 .83 .73 
4. 2.16 3.81 1.85 1.02 Y 
e 15 . 125 .11 1.26 .08 1.63 
.25 .23 1.88 .04 1.61 
.5 .45 2.89 .02 1.14 
1. .87 3.85 .12 .47 
1.5 1.22 4.15 .30 .36 
TABLE A2.  (Continued) 
4 of 5 
.125 -. 18 2.35 .30 .61 
.25 -.05 2.46 .30  .60 
.5 .15 2.54 .35 .61  
1. .44 2.64 .56 .67 
Q = Tr/2 
1 
.03 125 -.09 
e 0625 -.09 
e 125 -.07 
e 250 .01 
.5 .18 
1, .46 
2"  .98 
4 .  1.99 
.125 .08 2.24 .03 .59 
25 .17  2.64 .07 .55 
.5 .32 2.86 .18 .55 
1, .58 3.01 .42 .61 
2. 1.08 3.18 . 9 2  .75 
4 .  2.07 3.48 1.93 1.06 
1.02 
1.51 
1 .98  
2.30 
2.50 




.125 .13 1.50 .01 1.61 
e 25 .25 2.27 - .02 1.37 
.5 .50 3.34 -.03 .66 
1. .91 3.95 .08 .28 
2. 1.53 4.20 .49 .40 
.06 
. 1 2  
.15 












. 6 6  
.80 
1.10 
TABLE A2. (Continued) 
5 of 5 
.03 125 -. 11 
e 0625 -. 10 
* 125 -.05 
.25 .06 
e 5  .21 
1. .48 
2. .99 
4 .  2.00 
d = o  d = n/2 S - d - D 
T D S 0- 
- 
0- 0- 0- 
nx *Y nx nY 
03125 .01 1.76 .01 .67 
e 0625 .05 2.21 . 00 .57 
e 125 . L O  2.53 .02 .53 
.25 .18 2.70 .07 .52 
.5 .32 2.80 .18 * 54 
1. .56 2.89 .43 .61 
2. 1.05 3.05 .95 .76 
4 .  2.04 3.35 1.96 1.06 




.03125 -. 22 
















































* 09 e 0625 .07 1.25 -.01 1.61 
0 125 .14 1.77 -.02 1.63 
0 25 .27 2.89 -.05 .98 
.5 .54 4.19 -.08 -. 29 
1.0 1.00 4.50 -.02 -.44 
1.5 1.37 4.50 .13 -. 19 
2.0 1.68 4.53 .33 . 00 
TABLE A3. BENDING STRESSES I N  CYLINDER AT p = po, d = o and n /2  
1 of 5 
d = 0  d = T I 2  
S - D d 
T D S 
- 
Ob4 O b P  Ob4 ObP 
10 .01 1. . 00 . 00 .01 . 00 
.025 .0625 -. 11 (. 10 -. 32 .35 
.125 - .01 . 00 -. 12 .16 
e 25 . 00 . 00 .01 .04 
.5 .01 . 00 .04 .01 
1.0 .02 . 00 .04 -00 
U 1.5 .02 .oo .04 . 00 
.05 .0625 -. 26 . 2 1  -. 51 .59 
.125 -.08 .06 - .31 .42 
e 25 -.03 -02 .01 .14 
.5 .01 * 01 .12  .03 
1. .04 . 00 .13 . 00 
2. .05 .oo .13 . 00 
'v 4.  .06 .oo .12  . 00 
.10 ,0625 -. 28 .13 -. 27 .45 
e 125 -. 25 . 1 2  -.40 .72 
.25 -. 17 .08 -.02 .43 
.5 -.08 .05 - 3 4  .10 
1, .03 .02 .40 .01 
2, -08 . 00 .38 . 00 
Y 4. . L O  . 00 .37 . 00 
__ 
( 
.25 e 25 -.41 .14 -.04 1.03 
,5 -.48 .28 .62 .63 
1. -. 28 .15 1.23 .14 
2. -. 25 .04 1.38 .oo 
"% 4. -. 18 . 00 1.36 -.02 
.25 -. 29 .35 -. 14 1.17 
.5 -.40 .50 .43 1.15 
1. -. 32 .36 1.50 .41  
1.5 -. 27 .19 1.98 .14 
2. -. 24 .11 2.16 .04 
TABLE A3.  (Continued) 
2 of 5 
125 -.07 .04 . 00 .13 
.25 -.02 .02 .09 .03 
05 .02 * 01 * 09 . 00 
1. .04 . 00 .09 .oo 
\ I  1.5 .04 . 00 .09 . 00 
25 
125 -. 25 .12 -.04 .42 
.25 -. 12 .08 .25 .10 
.5 .01 .03 .29 -01 
1. .07 .01 .27 . 00 
2. .09 . 00 .26 . 00 
.25 -. 32 .26 .41 .37 
.5 -. 12 .12 .69 .08 
1. .01 .03 .72 .01 
2. .07 . 00 . 7 1  .oo 
TABLE A3. (Continued) 3 of 5 
a03125 - .09 .04 -. 25 .33 
.0625 -.05 .03 -.02 .09 
.125 - .02 .01 .04 .02 
.25 .01 . 00 .04 . 00 
.5 .02 . 00 .03 . 00 
1.0 .02 . 00 .03 . 00 
6 = 0  6 = n l 2  
s - d - D 
T D S a d  Obp %B ob p 
- 
.0625 -. 26 .12 - .12 .42 
,125 -.14 .08 .14 .10 
.25 - .02 .03 .18 .02 
.5 .04 .01 .16 .oo 
1. .06 . 00 .15 . 00 
2. .06 . 00 .15 . 00 
I 4. .07 . 00 .14 .oo 
50 
.125 -. 33 .25 . 2 1  .35 
-. 1 2  .12 .43 .08 
.03 .03 .45 .01 
.09 .01 .43 . 00 





.005 1. .01 . 00 .01 . 00 
.125 - .21  .43 .04 .79 
25 -.08 .43 .43 .35 
.5 .07 .17 .79 .08 
1. .07 .04 .97 .01 
2. .02 .01 1.06 . 00 
I t  4. - .03 . 00 1.10 . 00 
.15 .125 .11 .93 -. 27 .56 
.25 .21 .88 .03 .24 
*5 .43 .46 .83 .28 
1. .45 .14 1.36 .04 
.34 .05 1.58 .01 J 1.5 
TABLE A3. (Continued) 
4 of 5 
100 
1, 
.03125 -.42 .11 -.19 .73 
.0625 -.36 .23 .09 .33 
,125 - .15 .12 .27 .08 
.250 . 00 .04 .28 .01 
.5 .07 .01 .26 .oo 
1. .09 . 00 .25 .oo 
V 4. .09 .oo .25 . 00 
2. .09 .oo .25 .oo 
.125 - . a5 40 .24 .29 
.25 .05 .16 .50 .07 
.5 .12 .04 .60 .01 
1. .12 * 01 .65 00 
2. .10 00 .68 .oo 
4 .  .10 .oo .69 . 00 Y 
.125 .21 1.04 .02 .75 
.25 .42 .69 .37 .44 
.5 .60 .26 .85 .10 
1. . 5 1  .06 1.22 .01 
2. .23 .01 1.55 .oo 
TABLE A3. (Continued) 
5 of 5 
,03125 -.13 
.0625 - .04 




1 001 1. .oo . 00 . 00 . 00 
e 25 .433 .23 .48 .10 
.5 .408 .06 .72 .02 
1. .247 .01 .93 .oo 
2. ,051 .oo 1.11 a 00 
.ll - .08 
.06 .06 
.02 .07 
.01 .05 . 00 .04 
.oo .04 




































.01 . 00 . 00 
.oo 
.oo . 00 
























.09 - .10 




.01 .45 . 00 .47 
.oo .49 
4 .  .12 . 00 .49 .oo & 
e 07 . 0625 .36 1.47 - . l o  .48 
125 .51 1.18 .07 .58 
.25 .82 -59 .51 .25 
.5 .98 .19 .91 .03 
1.0 .82 .04 1.25 .oo 
1.5 .60 .02 1.49 .oo 
2.0 .42 01 1.66 . 00 
TABLE A4. BEM)ING STRESSES I N  NOZZLE AT x=o, cp=o and n/2 
1 of 5 
1. 2.42 .18 2.19 1.27 
2. 2.16 .36 - .ll .30 
__ 
' p - 0  cp = n /2  
S - d - D 
T D S 
- 
*bx *by *bx *by 
10 .01 1. 1.53 .06 .83 .65 
.025 .0625 -- -- -- -- 
I 
.125 .07 -1.43 3.92 -2.59 
.25 .47 -1.24 3.87 2.52 
.5 1.33 -.38 2.51 1.53 
1.0 1.53 .06 .84 .65 
1.5 1.20 .09 -.36 -16 
.05 .0625 .33 - .33 .92 .68 
i .125 .35 - .87 2.63 1 . 7 1  
i 
I .25 .53 -1.06 3.46 2.23 
.5 1.33 -.37 2.49 1.51 
1. 1.57 .07 .87 .66 
2. .74 .02 -1.36 - .20 










.10 .0625 - .05 -.31 .18 .35 
t ,125 19 -.66 1.13 .98 




* 35 .25 .18 -1.02 .60 1.49 
.5 1.02 -.66 2.35 1.93 
1. 2.89 .26 3.36 1.88 
1.5 3.51 .62 2.58 1.41 
2. 3.46 .70 1.44 .93 
TABLE A4. (Continued) 
2 of 5 
c p = o  cp = rr/2 
S - d - D - 
T D S *bx *by Obx ObY 
125 .98 -.76 3.35 2.04 
.25 1.98 .03 2.53 1.38 
.5 2.54 .44 1.38 .73 
1. 2.39 .55 .03 .17 
1.5 1.84 .44 -.96 -.18 
.25 1.08 - .44 1 .21  1.55 
e5 3.35 .53 3.00 1.60 
1, 5.82 1.48 3.28 1.38 
2. 5.75 1.59 .66 .41 
. 05 -0625 .14 - . 7 1  1.18 1.07 
. 125 .74 -.70 2.59 1.66 
.25 1.92 - .04 2.50 1.36 
05 2.62 .46 1.48 .77 
1. 2.54 .59 .12 .20 
2. 1.35 .32 -1.79 - .46 
c 4 .  -1.57 - .51 -5.07 -1.48 
e 10 . 125 . 28  -.77 1.28 1.19 
.25 1.65 -.15 2.30 1.33 
05 2.91 .51 1.90 .96 
1. 3.07 .73 .55 .36 
2. 1.94 .49 -1.47 -.34 
4 .  -1.00 - .35 -4.87 -1.41 
3 
3 
TABLE A4. (Continued) 3 Of 5 - 
50 
cp = Tr/2 
.03125 .39 -1.01 3.22 2.09 
,0625 1.07 -.76 3.55 2.14 
.125 2.16 .03 2.71 1.43 
.25 2.89 .55 1.75 .84 
.5 3.12 .77 .79 .40 
1.0 2.69 * 73 -.31 - .01 
( p = o  
S - a - D 
T D S Obx Oby Obx Oby 
- 
.0625 .73 -.67 2.60 1.66 
.125 1.61 .oo 2.58 1.37 
.25 2.65 .54 1.80 .86 
.5 3.18 79 .85 .42 
1. 2.78 .75 - .26 . 00 
2. 1.40 .38 -1.98 - .56 
Y 4 .  -1.61 - .52 -5.12 -1.54 
.125 1.45 -.13 2.16 1.24 
I. 25 2.93 .54 1.99 .93 
.5 3.45 .86 1.11 .51 
1. 3.10 .84 - .08 .06 
2, .73 .47 -1.86 - .52 
e 125 .75 - .47 1.23 1.13 
.25 1.74 .42 2.18 1.09 
.5 4.21 1.05 1.96 .82 
1. 4.13 1.13 -74 .35 
2. 2.75 .77 -1.24 -.31 
1 4. - .33 -.12 -4.65 -1.36 
15 .125 .65 - .58 .68 1.28 
.25 2.46 .29 2.11 1.23 
.5 5.08 1.28 3.12 1.25 
1. 6.13 1.71 1.85 .72 
5.53 1.57 .63 .30 1 1.5 
TABLE A4. (Continued) 
4 of 5 
c p = o  cp = n/2  
. 125 3 -02 .59 1.94 .90 
.25 3.49 .89 1.20 .52 
.5 3.47 .96 .48 .22 
1. 2.87 .82 .47 .10 
S 
by 
0 - d - D T D S abx ObY Obx - 
__ 
.01 .015625 .22 - .73 1.68 1.29 
.03125 .16 







e 125 2.52 .41 1.80 .90 
e 25 4 .oo 1.02 1.83 .74 
e5 4.29 1.19 1.12 .43 
1. 3.68 1.06 .02 .05 
2. 2.20 .63 -1.76 - .50 
4 .  - .91 - .28 -4.01 -1.49 
.03125 .88 -.67 2.94 1.81 
. 0625 2.10 .03 2.69 1.41 
-.60 


























.10 .0625 .35 -.65 .28 1.08 
.125 1.63 .05 1.17 .91 
.25 4.31 1.05 2.73 1.11 
.5 6.55 1.84 .257 e 93 
1. 6.38 1.85 1.15 .43 
2. 4.40 1.28 -.69 -.18 
4. 1.10 .26 -3.96 -1.22 
a TABLE A4. (Continued) 
250 
\ 
5 of 5 









,03125 2.41 .24 2.47 1.23 
.0625 3.31 .74 1.83 .80 
.125 3.80 1.01 1.26 .51 
.25 3.91 1.11 .80 .30 
.5 3.66 1.07 .27 .ll 
1. 2.96 .87 - .57 -.15 
1.5 2 .21  .65 -1.37 - .40 
S - 
S 
. 1 .015625 .38 
.03 125 1.90 
e 0625 3.17 








































2. I 4 ,  .03 .66 2.55 4.07 4.50 4.26 3.50 1.96 -1.14 -.67 . 2 1  .27 .75 .50 1.50 1.09 1.69 1.28 1.27 1.24 .66 1.04 - .29 .51 -1.98 -.35 -5.13 .74 .70 .71  .65 .46 .24 - .07 -.57 -1.53 
e 05 e 0625 1.27 .03 .92 .69 
e 125 3.61 .90 2.31 .90 
0 25 5.71 1.62 2.54 .86 
.5 5.94 1.73 1.76 .56 
1. 4.95 1.46 .58 .20 
2. 3.17 .94 -1.24 -.36 
- .03 - .02 -4.60 -1.38 ! 4. 
.07 e 0625 1.17 .01 .38 .55 
125 3.76 .94 1.85 .78 
.25 7.52 2.16 3.22 1.08 
.5 9.57 2.82 1.55 .52 
1.0 8.19 2.43 .23 10 
1.5 6.59 1.96 -.36 - .09 
2.0 5.31 1.58 -1.03 -.29 
TABLE A 5 .  MAXIMUM STRESS 1NTENSITY"IN CYLINDER AT 8 = 0 
AND n /2  (1 o f  6) 
I 
8 = 0  8 = n / 2  
- - S - d - D T D S D Iden.  0- Iden.  - 
1. 2.71 8i .95 80 
10 .01 1. 2.68 8i 0.69 8i 
.025 .0625 1.65 8i 1.39 PO 
.125 2.05 #i 1.05 81 
.25 2.46 8i .77 81 
.5 2.61 8i -69 81 
1.0 2.66 8i .67 81 
1.5 2.67 0i .67 85 
-- 
05 e 0625 1.58 8i 1.64 PO 
:k See f o o t n o t e  on Sheet 6. 
TABLE A 5 .  (Continued) 
(2 of 6 )  
.125 2.27 85 .68 81 
e 25 2.47 8i .63 80 
.5 2.52 8i .61 80 
1. 2.55 8i .60 80 
1.5 2.55 8i .59 80 
8 = 0  8 = TT/2 
S - - - d - D 




.25 2.31 80 1.99 0-0 
.5 3.02 00 1 .oo PO 
1. 3.99 80 1.91 80 
2 ”  4.42 80 2.63 !h 
TABLE A 5 .  (Conthued) 
( 3  of 6) 
.125 2.50 




8 = 0  8 = I d 2  - S d d - D T D S 77 Iden. Cr Iden. 
50 ,005 1. 2.53 80 .53 00 
.01 .015625 1.56 i-i 1.57 PO 
.03125 1.83 8 i  1.01 81 
,0625 2.27 8 i  .64 81 
.125 2.44 8 i  .57 00 
.25 2.49 8 i  .55 80 
.5 2.52 8 i  .54 80 
1 .o 2.52 b i  .54 @o 
1.5 2.53 81 .53 80 
.03125 1.70 8 i  1.23 81 
0625 2.17 8 i  .83 i- 1 
,125 2.43 8 i  .71 80 
.25 2.49 8 i  .71 80 






2. I 4 .  
e 125 2.56 i- i 1.12 PO 
e 25 2.86 i- i  .87 80 
.5 2.97 80 1.26 80 
1. 3.16 80 1.43 00 
2. 3.17 80 1.50 Ibo 
4. 3.19 0 i  1.54 Ibo 
2.59 80 .66 80 
2.61 80 .65 #o 
2.61 00 .64 @o 
80 1.22 P O  
#i .78 00 
ai .96 80 
80 .96 80 
80 .93 80 
80 .92 0-0 
80 .91 0-0 
TABLE A 5 .  (Continued) 
( 4  of 6) 
. 125 2.68 i-i .76 80 
.25 2.69 80 1.00 80 
.5 2.91 80 1.09 80 
1. 2.96 80 1.13 80 
2. 2.96 80 1.15 80 
4 .  2.96 Ibo 1.16 00 Y 
8 = 0  8 = Tr/2 
- - S I d - D 
T D S c3 Iden. 0- Iden.  
- 
- _ -  - 
100 
1 
. 01 .015625 1.71 
.03125 2.17 













. 10 .0625 2.58 i-i 1.60 0-0 
e 125 3.06 i- i 1.01 PO 
. 25 3.31 80 .65 80 
05 3.94 80 1.29 80 
1. 4.12 80 1.65 80 
2. 3.93 80 1.92 0-0 
4. 3.79 8 5  2.14 0-0 
TABLE A5. (Continued) 
(5  of 6) 
Y 
8 - 0  8 = I d 2  
Iden. - T D S CT Iden. d - 
S - d - D - 
.03125 2.42 8i .61 $90 
.0625 2.46 bi D 59 80 
.125 2.48 #i ., 56 130 
.25 2.52 $90 .55 80 
.5 2.53 80 0 5 4  80 
1. 2.53 !bo .54 0-0 








































025 015625 1.71 
e 03125 2.35 
e 0625 2.65 
D 125 2.60 
e 25 2.80 



























4. 2.85 80 .97 0-0 
82 PO 
e 125 3.05 130 - 49 PO 
0 25 3.48 & .93 PO 
.5 3.63 ID0 1.17 PO 
1. 3 - 5 2  80 1.37 PO 
2. 3.35 bo 1.55 PO 
4 ,  3.38 gi. 1.66 PO 
0 85 0625 3.05 i-i 
D 87  0625 3.26 i-i .88 0-0 
0 125 3.22 80 .72 PO 
e 25 4.03 80 0 9 4  80 
e5 4.60 80 1.41 80 
1.0 4.65 80 1.67 80 
1.5 4.49 80 1.86 80 
2.0 4.34 80 .2.01 80 
TABLE A5. (Continued) 
(6 of 6 )  
- = stress intensity 
- I 3  I Pi 5 = maximum of: I o@i - P I> bpi - P I ¶  Obi 
- 0  I I obo I ’  I op0 I ’  I o@o PO 
p = radial stress due to internal pressure, p = -2/(D/T) 
* 
TABLE A6. MAXIMUM STRESS INTENSITY I N  NOZZLE 
AT 8 = 0 AND n/2 
(1 of 6 )  
8 = 0  8 = TT/2 
S 
T D S 0 Iden. 3 Iden. 
D - - d - I 
.125 3.48 i-i 4,19 xo 
.25 4.10 i- i 4.31 xo 
.5 4.20 i-i 3.09 xo 
1.0 3.81 i-i 1.64 xo 
10 
1, 3.86 i-i 1.69 xo 
2. 2.76 YO 2.60 x i  
.01 1. 3.81 i-i 1.62 xo 
,125 2.23 i-i 1.59 YO 
-25 3.35 i-i 3.07 xo 
.5 4.11 i- i 3.10 xo 
1. 4.06 i-i 1.88 xo 
2. 3.01 i- i 2.51 x i  
11 6.97 x i  4 .  3.80 YO 
1. 5.11 i-i 3.92 xo 
1.5 5.66 i-i 3.38 xo 
.25 e 25 2.56 i-i 2.42 YO 
.5 3.78 i- i 2.94 xo 
1. 4.82 i-i 2.88 xo 
2. 4.36 i-i 1,39 YO 
4 .  4.08 YO 6.08 x i  
:k See footnote on Sheet 6 ;  
TABLE A6. (Continued) 
( 2  of 6 )  
e 125 3.99 i-i 3.69 xo 
.25 4.49 i-i 2.96 xo 
.5 4.57 i-i 1.90 xo 
1. 4.12 i-i .89 YO 




e 125 3.41 i-i 2.89 xo 
.25 4.32 i-i 2.90 xo 
.5 4.63 i-i 1.99 xo 
1. 4.28 i-i .93 YO 
2 .  3.17 YO 2.91 x i  
@ = O  8 = n / 2  
Iden - 
S - - 
S 0- Iden. 0 
.25 2.85 i-i 3.43 YO 
.5 5.80 i-i 3.37 YO 
1. 7.08 i-i 3.44 xo 
2. 7.32 xo 1.21 xo 
25 
i 4  4 .  3.80 YO 6.89 x i  
.25 .125 2.02 i-i 2.98 YO 
TAB E A6. (Continued) 
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V 
8 = 0  8 = I d 2  
S - 






2 .  3.20 
4. 3.65 
,005 1. 4.17 i-i .95 x i  
- ~ 
.01 .015625 2.12 i- i 1.55 xo 
.03125 3.23 i-i 3.43 xo 
.0625 4.15 i-i 3.86 xo 
125 5.07 i-i 3.07 xo 
.25 4.88 i-i 2.12 xo 
.5 4.78 i-i 1.22 xo 
1 .o 4.19 i- i .95 x i  























x i  
x i  
~~ 
.05 .0625 2.56 i-i 1,74  YO 
125 3.78 i-i 2.34 xo 
.25 4.80 i-i 2.24 xo 
e 5  5.07 i-i 1.47 xo 
1. 4.60 i-i .74 YO 
2.  3.44 YO 2.90 x i  
4. 3.70 Y i  7.14 x i  
.10 .0625 2.00 i-i 2.16 YO 
,125 2.79 i-i 2.16 YO 
e 2 5  4.46 i-i 2.24 xo 
.5 5.73 i-i 2.09 xo 
1. 5.60 i-i 1.08 xo 
2.  4.31 i- i 2.07 x i  
4 .  3.94 Y i  6.49 x i  
,125 2.38 i-i 2.91 YO 
e 25 3.83 i-i 2.84 YO 
.5 6.23 i-i 3.14 xo 
1. 7.40 i-i 1.96 xo 
1.5 6.89 i-i .93 xo 
1 .  
TABLE A6. (Continued) 











1 . 5  "3.54 
6 = 0  13 = I l l 2  
S 























x i  


































* 92 xo 
3.06 xo 
7.13 x i  
.05 .0625 2.73 i-i 1 . 6 1  YO 
.125 4.27 i-i 1 . 8 3  xo 
e 25 5.46 i-i 1.90  xo 
.5 5.64 i-i 1.30 xo 
1. 5.04 i-i .66 YO 
2 .  3.81 YO 2.68 x i  
4. 3.76 Y i  6.94 x i  
.10 .0625 1.97 i-i 2.53 YO 
e 1 2 5  2.96 i-i 2.52 YO 
e 25 5.26 i-i 2.75 xo 
1. 7.56 i- i 1.24 xo 
.5 7.55 i-i 2.64 x i  
2 .  5.93 xo 1.18 x i  
4. 4.75 YO 5.47 x i  
TABLE A6. (Continued) 
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e 03125 4.58 i-i 2.73 xo 
e 0625 5.10 i-i 2.07 xo 
.125 5.31 i- i 1.47 xo 
* 25 5.26 i-i 1.01 xo 
"5  4.96 i-i .70 YO 
I 1.5 3.55 i-i 2.13 x i  
1. 4.26 i- i 1.09 x i  
s 8 = 0  8 = I d 2  
T D S 0. Iden. a Iden. 
D - - d - - 
.03 125 3.96 
e 0625 4.89 





















0 7 1  YO 
1.11 Y i  
3.18 x i  
7.24 x i  
~~~ ~ ~ ~ 







2. . 4 ,  1.91 2.68 4.21 5.42 5.75 5.50 4.80 3.62 3,70 i-i i-i i-i i-i i-i i-i i-i YO Y i  1.44 YO 1.37 YO 1.50 xo 1.71 xo 1.36 xo .84 xo .68 Y i  2.92 x i  7.08 x i  
e 05 e 0625 2.59 i-i 2.24 YO 
e 125 4.58 i-i 2.82 i-i 
.25 6.60 i-i 2.56 i-i 
e 5  7.01 i-i 1.70 xo 
1. 6.17 i-i .74 xo 
2, 4.64 YO 1.89 x i  
4. 4.02 Y i  6.30 x i  
0625 2.34 i-i 2.16 YO 
0 125 4.44 i- i 2.41 YO 
1.0 9.25 i-i .54 Y i  
0 25 7.97 i- i 3.27 x i  
.5 10.40 i- i 1.63 x i  
1.5 7.76 i-i .49 x i  
2,o 6.58 i-i 1.36 x i  
I 
07 
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CY = st ress  i n t e n s i t y  
Q = maximum of :  I oxi - p 1 I 0 - pII, oxi - D 1 - 
Y i  Y i  
p = r a d i a l  stress due t o  i n t e r n a l  p re s su re ;  p = -2/(D/T) 
I d e n t i f i c a t i o n :  
xo = I o  / 
x i  = I oxi - p 1 
xo 
J *yo I yo = 
y i  = 10 - P I  
Y i  
- *  I i-i = J oXi Y i  
* 
TABLE A7. MAXIMUM SURFACE STRESSES I N  CYLINDER AND NOZZLEr 
(1 of 6 )  
2 .  2.58 80 2.76 YO 
d 
f 4. 2.59 80 7.02 x i  
Cy 1 inde  r Nozzle 
s - d - D 
T D S Om Iden. 
- 
Iden. Om 
,125 1.57 8i 1.91 Y i  
f .25 2.04 a i  3.07 xo 
f .5 2.41 Ib i  3.10 xo 
1. 2.56 80 2.67 YO 
2 .  2,70 80 2.91 YO 
f 4. 2.74 80 6.97 x i  f 
10 .01 1. 2.49 80 2.61 YO 
,025 .0625 1.45 8i -- -- 
f .125 1.85 8i 4.19 xo 
f .25 2.27 80 4.31 xo 
f .5 2.44 80 3.09 xo 
1.0 2.50 80 2.60 YO 
1.5 2.52 80 2.73 YO 
f 
f 
.25 .25 2.10 80 2.42 YO 
.5 2.82 80 2.94 xo 
1. 3.27 80 3.08 YO 
2 .  3.42 80 3.75 YO 
f I 4. 3.44 80 6.08 x i  
f 
0 3 5  .25 2.45 PO 3.29 YO 
f .5 2.72 8i 2.76 xo 
f 1. 3.39 B i  3.91 xo 
1.5 3.70 8i 4.29 xo 
2 .  3.87 8i 4.57 YO 
f 
Jc See footnote  on Sheet  6 .  
TABLE A7. (Continued) 




.125 2.19 B i  3.69 xo 
.25 2.39 B i  2.96 xo 
.5 2.49 BO 2.89 YO 
1. 2.54 BO 3.15 YO 
1.5 2.56 60 3,14 
Cyl inder  Nozzle 
S - d - D 
T D S 
- 
Iden. 
Om Iden.  Om 
f 
f 
.125 2.14 B i  2.89 xo 
e 25 2.41 Bi 2.90 xo 
e 5  2.49 80 2.92 YO 
1. 2.62 (bo 3.23 YO 
2. 2.67 BO 3.17 YO 
4. 2.69 BO 7.13 xo Y f 
25 
f 25 2.56 B i  2.54 xo 
.5 2.72 B i  3.11 YO 
1. 2.79 BO 3.61 YO 
2. 2.91 BO 3.60 YO 
.10 ,125 2.10 B i  2.34 Y i  




.03125 1 - 7 9  8i 3.44 xo 
.0625 2.23 #i 3.86 xo 
.125 2.40 #i 3.07 xo 
.5 2.51 80 3.28 YO 
1 .o 2.52 80 3.35 YO 
L 1.5 2.52 80 3.26 YO 
.25 2.46 80 -3.02 xi 
- - - 
Iden. =m T D S Q Idenr 
I .005 1. 2.51 00 3.34 YO 









































.05 .0625 2.04 #o 2.26 Yi 
.125 2.46 8i 2.34 xo 
.25 2.56 bi 2.95 YO 
.5 2.63 80 3.59 xo 
1. 2.75 80 3.62 YO 





4. 2.80 80 7.14 xi 
. 0 625 1.85 8i 2.16 YO 
.125 2.36 8i 2.17 YO 
.25 2.64 8i 2.91 xo 
.5 2.97 80 4.57 xo 
1. 3.16 80 4.79 xo 
2 .  3.17 80 4.27 YO 
I 
.10 
f 4. 3.19 8i 6.49 xi 
.125 2.34 bi 1 , 8 4  Yi 
.25 2.83 80 2.84 YO 
.5 3.58 80 5.53 xo 
1, 4.05 80 7.01 xo 
1.5 4.08 BO 6.76 xo 
f 
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V 
Cy1 inder Nozzle 
S - d - D 
T D S 
- 

















































































.05 e 0625  2.24 Oi 2.11 Yi 
., 1 2 5  2.49 8i 2.65 YO 
.25  2.69 80 4.17 xo 
.5 2.91 00 4.61 xo 
1. 2.96 80 4.26 xo 
2. 2.96 80 3.82 YO 
f 4.  2.96 00 6.94 xi 
.10 , 0625  2.32 00 
e 1 2 5  2.72 00 
.25 3.31 80 
.5 3.94 80 
1. 4.12 80 
2.  3.93 80 
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Cy 1 inde 1: Nozzle 
S - d - D 
T D S 
- 
Iden. gm Iden. Om 
8 
250 
















2 - 5 3  
f 
*O f b i  2.98 
b i  -3.49 x i  
00 - 3 - 8 8  x i  
bi 2.73 xo 
bo 3.95 xo 
80 3.87 xo 
80 3.52 YO 





















x i  




x i  f 
0 025 .015625 1.71 Bi 1.87 Yi 
03125 2.22 bi 2.03 Yi 
0625 2.44 bi 2.71 YO 
0 125 2.60 00 4.17 xo 
.25 2.80 bo 4.68 xo 
.5 2.86 bo 4.58 xo 
1. 2.86- 00 4.07 xo 
2 .  2.85 00 3.62 
4. 2.85 00 7.08 x i  f 
f 
e 0625 2.65 fh 2.24 YO 
* 125 3.05 bo 3.76 xo 
0 25 3.48 bo 5.98 xo 
.5 3.63 80 6.44 xo 
1. 3.52 130 5.78 xo 
f 2, 3.35 80 4.64  4. 3.38 Bi 6.30 x i  
I 
Y 05 
f e o 7  e 0625 2.78 BO 2.16 YO 
0 125 3.22 00 3.90 xo 
e 25 4.03 80 7.80 xo 
e5 4.60 bo 10.11 xo 
2 . 0  4.65 80 9.19 xo 
2.5 4.49 BO 7.96 xo 
200 4.34  530 6.99  xo 
3 TABLE A 7  (Continued) 
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= maximum su r face  stress.  
Om 
Maximum su r face  stress i s  a t  @ = 0,  except  where an f i s  shown, 
f o r  which maximum su r face  stress i s  a t  @ = ~ / 2 .  
I d e n t i f i c a t i o n :  
00 = stress i n  @-di rec t ion ,  ou t s ide  su r face  
a i  = stress i n  @-d i rec t ion ,  i n s i d e  su r face  
PO = stress i n  p-d i rec t ion ,  ou t s ide  su r face  
p i  = stress i n  p-d i rec t ion ,  i n s i d e  su r face  
xo = stress i n  x -d i r ec t ion ,  ou t s ide  su r face  
x i  = st ress  i n  x -d i r ec t ion ,  i n s i d e  su r face  
yo = s t r e s s  i n  y -d i r ec t ion ,  ou t s ide  su r face  
y i  = stress i n  y -d i r ec t ion ,  i n s i d e  sur face .  
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FLEXIBILITY OF NOZZLES I N  CYLINDRICAL SHELLS 
INTRODUCTION 
Nozzles i n  pressure ves se l s  a r e  q u i t e  o f t e n  at tached t o  a piping 
system; the  loads appl ied t o  the  nozzle by t h a t  piping system depend upon 
the  f l e x i b i l i t y  of the  piping system, A t  present  i t  i s  customary to  as- 
sume t h a t  the  nozzle i n  the  ves se l  forms a r i g i d  anchor t o  the  end of the  
piping system. This assumption i s  conservat ive but, i n  some cases,  i t  
may be highly overconservative and lead t o  unnecessary cos t  i n  the  piping 
system. This po in t  a r i s e s  because the  nozzle i n  a pressure v e s s e l  i s  not  
a r i g i d  anchor; i t s  f l e x i b i l i t y  may cont r ibu te  s i g n i f i c a n t l y  t o  the  over- 
a l l  f l e x i b i l i t y  of the  piping system, thereby reducing the  loads i n  the  
piping system a r i s i n g  from thermal expansion of t he  piping o r  movement 
of end connections t o  the  piping system. 
Phase Report No. 3,  " F l e x i b i l i t y  of Nozzles i n  Spherical  Shells",  
gives a d e f i n i t i o n  of f l e x i b i l i t y  f a c t o r s  f o r  nozzles i n  sphe r i ca l  s h e l l s  
f o r  e i t h e r  moment o r  t h r u s t  loads. Factors  a r e  ca lcu la ted  and r e s u l t s  
given i n  graphica l  form f o r  a range of dimensional parameters. The f a c t o r s  
a r e  based on B i j l aa rd ' s  (I)* t h e o r e t i c a l  ana lys i s  of a nozzle i n  a spheri-  
c a l  s h e l l .  The present  Phase Report i s  intended t o  provide analogous da t a  
f o r  nozzles i n  c y l i n d r i c a l  s h e l l s .  
ana lys i s  i s  ava i l ab le  f o r  nozzles i n  c y l i n d r i c a l  s h e l l  with moment o r  
However, a t  t h i s  time no t h e o r e t i c a l  
Jc References a re  l i s t e d  on page 28. 
I 2 
t h r u s t  loads appl ied  t o  the  nozzle.  
i s  der ived from test da ta ,  guided by B i j l a a r d ' s ( 2 )  a n a l y s i s  f o r  d i s t r i b u t e d  
load on t h e  su r face  of a cy l inde r .  Because test  d a t a  i s  almost a l l  l imi t ed  
t o  moment loads appl ied  t o  t h e  nozzle,  only such loads are considered 
h e r e i n ,  
I n  t h i s  r epor t ,  an empi r i ca l  equat ion  
b 3 
Available  t es t  d a t a  on the  f l e x i b i l i t y  of nozz les  i n  c y l i n d r i c a l  
s h e l l s  are presented i n  t h e  form of f l e x i b i l i t y  f a c t o r s .  T e s t  d a t a  a r e  
almost e n t i r e l y  l imi t ed  t o  in-p lane  o r  out-of-plane bending moments ap- 
p l i e d  t o  t h e  nozzle .  
under such loading i s  probably the  only s i g n i f i c a n t  f l e x i b i l i t y  in -so- far  
as the  c o n t r i b u t i o n  of t he  nozzle  t o  the  a t tached  p ip ing  system. 
For nozz les  wi th  s m a l l  d/D r a t i o s ,  t h e  f l e x i b i l i t y  
An e m p i r i c a l  equa t ion  i s  given which fol lows the  same genera l  
t rends  a s  given by B i j l a a r d ' s  theory f o r  d i s t r i b u t e d  loads on a cy l inde r  
s h e l l  bu t  g ives  lower f l e x i b i l i t y .  The empir ica l  equat ion f o r  t he  f l e x i -  
b i l i t y  f a c t o r  of nozzles  i n  cy l inde r s  g ives  f l e x i b i l i t y  f a c t o r s  which a re :  
(a) For in-plane bending, lower than f o r  a nozzle  i n  a sphere,  
(b)  For out-of-plane bending, h ighe r  than f o r  a nozzle  i n  a 
sphere.  
The s i g n i f i c a n c e  of the  f l e x i b i l i t y  of nozzles  i n  cy l inde r s  i s  
r e l a t i v e l y  s m a l l  f o r  thick-wall  cy l inde r s  but  can become l a r g e  f o r  t h in -  
wal l  cy l inde r ,  
i f  t he  nozz le  f l e x i b i l i t y  i s  ignored, moments a t  t he  nozzle  can be over- 
es t imated by f a c t o r s  of 10 t o  30. 





FIGURE 1. NOMENCLATURE ILLUSTRATION 
D = mean diameter  of cy l inde r ,  i n .  
T = wall  th ickness  of cy l inde r ,  i n .  
d = mean diameter of nozzle ,  i n .  
t = w a l l  th ickness  of nozzle ,  i n .  
k = f l e x i b i l i t y  f a c t o r  @/(Md/EIn) 
8 
M = moment appl ied  t o  nozzle ,  i n - lb  
E = modulus of e l a s t i c i t y ,  p s i  
I n  
= r o t a t i o n  i n  d i r e c t i o n  of appl ied  moment, r ad ians  
3 4 
= moment of i n e r t i a  of nozz le  = n d  t /8 ,  i n  
Other symbols def ined i n  t h e  text where used 
5 
DEFINITION OF FLEXIBILITY FACTOR 
For small  nozzles  (i < 1/3) i n  pressure vesse ls ,  app l i ca t ion  of 
a moment t o  the  nozzle produces l o c a l  displacements i n  the  s h e l l  and nozzle 
near  the  shel l -nozzle  juncture.  
r o t a t i o n  of t he  nozzle ax i s  with respec t  t o  the  s h e l l  surface.  For small  
nozzles,  the  displacements of the  s h e l l  remote from the  nozzle can be d is -  
D 
These l o c a l  displacements r e s u l t  i n  a 
regarded s ince  t h e i r  cont r ibu t ion  t o  the movement of t he  nozzle w i l l  be 
small. Accordingly, i t  i s  convenient t o  def ine  an angle 0 as:  
0 = r o t a t i o n  of ax i s  of nozzle ( i n  the  d i r e c t i o n  of the  appl ied 
moment) with respec t  t o  the  sur face  of the  s h e l l ,  radians 
and a f l e x i b i l i t y  f a c t o r  k as 
0 k =- Md E I n  
where 
M = moment a p p l i e d  t o  nozzle, i n - lb  
d = mean diameter of nozzles,  inches 
E = modulus of e l a s t i c i t y ,  p s i  
I 4 = moment of i n e r t i a  of nozzle c ross  sec t ion ,  i n  . 
The quant i ty  (Md/EIn) i n  Equation (1) i s  simply the  r o t a t i o n  of a nozzle 
of one-diameter length loaded by a moment M. 
f a c t o r  as defined by Equation (1) a r i s e s  from two considerat ions:  
n 
The u t i l i t y  of a f l e x i b i l i t y  
(1) The value of k, f o r  a given nozzle and piping system, 
immediately ind ica t e s  whether the  f l e x i b i l i t y  of  the  
nozzle is s i g n i f i c a n t ,  For example, i f  k = 2 and the  length 
6 
of the  pipe at tached t o  t h e  nozzle i s  50d, then the  l o c a l  
f l e x i b i l i t y  of the  nozzle w i l l  have only a s m a l l  e f f e c t  
on the  f l e x i b i l i t y  of the  piping system. I f ,  on the  
o the r  hand, k = 10, and the  length of p i p e  a t tached t o  
the  nozzle i s  2d, then the  l o c a l  f l e x i b i l i t y  of the  noz- 
z l e  may have a very s i g n i f i c a n t  e f f e c t  on the  f l e x i b i l i t y  
of the  piping system. 
The use of a f l e x i b i l i t y  f a c t o r  a s  defined by Equation (1) 
i s  analogous t o  the  f l e x i b i l i t y  f a c t o r  f o r  elbows o r  
curved p i p  present ly  given i n  the  ASA Code f o r  Pressure  
Piping and general ly  used i n  piping f l e x i b i l i t y  analyses.  
(2) 
While the  f l e x i b i l i t y  f a c t o r  f o r  a nozzle i n  a cy l inder ,  as de- 
f i n e d  by Equation (1) i s  analogous t o  the  f l e x i b i l i t y  f a c t o r  
i t  should be noted t h a t  t he  f l e x i b i l i t y  of the  nozzle i s  inherent ly  a 
lumped parameter. 
a d i s t r i b u t e d  parameter associated with a u n i t  length and, f o r  accurate  
r e s u l t s ,  an in t eg ra t ion  over the  elbow o r  curved p i p e  length must be car- 
r i e d  out. 
deformations a t  the  nozzle-cylinder juncture.  
0 i s  independent of the  r eac t ion  loads on the  cyl inder ,  provided only t h a t  
those r eac t ion  loads are applied a t  a s u f f i c i e n t  d i s t ance  from the  nozzle- 
cy l inder  juncture  such t h a t  t he  l o c a l  displacements a t  the  juncture  are 
n o t  influenced by the  r eac t ion  loads. 
of an elbow, 
The f l e x i b i l i t y  of an elbow o r  curved p i p e  i s  inherent ly  
The r o t a t i o n  0 ,  as  defined an3 used herein,  arises from l o c a l  
For s m a l l  values  of d/D, 
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TEST DATA 
Available data on displacements of nozzles in cyliders are 
relatively limited. Available data are summarized in Table 1. All of the 
data were obtained as incidental measurements taken as part of other test 
data; as a preliminary to fatigue tests in Reference (3)  and as a part of 
obtaining measured strains in the other references. 
All of the references except (7) and (9) provide measurements of 
the displacement of the branch pipe as a function of the load applied to 
the nozzle. The displacement zero point for the measurements is not 
clearly indicated in all test data, however, in all cases it was assumed 
that zero displacement was at an anchor of the cylinder. 
The value of 0 ,  where displacements of the nozzle are given, 
was obtained by subtracting out that part of the displacement attributable 
to nominal displacements of the cylinder and nozzle between the anchor 
point (or points) and point of nozzle displacement measurement. Where 
the d/D is small (e.g. < 0.5) and t is not greater than T, the contribu- 
tion of nominal displacements of the cylinder to the measured displace- 
ments of the nozzle are small because the rotation (torsional or bending) 
is inversely proportional to the cylinder radius cubed. 
It should be noted that 0 represents the rotation of the nozzle 
due to local displacements of the cylindrical shell and nozzle and hence 
0 is not dependent upon the cylinder length or nozzle length used in 
the test models; provided only that those lengths were sufficient to avoid 
end effects from anchors or load applicative points on the behavior of 
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References (7) and (9) provide measurements of t h e  l o c a l  d i s -  
placement of  t he  c y l i n d r i c a l  s h e l l  near  t h e  nozzle  when moments were 
appl ied  t o  t h e  nozzle.  With soae e x t r a p o l a t i o n  of these  displacements  
t o  the  edge of t he  nozzle ,  and assuming t h e  nozzle  i t s e l f  has  n e g l i g i b l e  
displacements  along i t s  axis, t hese  measurements can be converted t o  the  
r o t a t i o n  8 by 8 = 6 / r ,  where 6 = measured s h e l l  displacement a t  t h e  edge 
of t he  nozz le  and r = r a d i u s  of t he  nozzle .  
The load appl ied ,  i n  Reference (7), (8), and (9) tests, was a 
pure moment. I n  t h e  o t h e r  re ferences ,  t he  load appl ied  was a force ,  
however, t he  po in t  of load a p p l i c a t i o n  was s u f f i c i e n t l y  remote from t h e  
nozz le-she l l  j unc tu re  so t h a t  t he  fo rces  a t  t h e  junc tu re  were n e g l i g i b l e  
compared t o  the  moments a t  the  junc ture .  
The las t  two columns of Table 1 summarize t h e  a v a i l a b l e  test 
d a t a  on f l e x i b i l i t y  o r  nozz les  i n  cy l inde r s  i n  the  form of f l e x i b i l i t y  
f a c t o r s .  
10 
THEORY 
An adequate theory f o r  nozzles i n  cy l inders  with bending loads 
appl ied t o  the  nozzle i s  not  ava i l ab le  a t  t h i s  t i m e .  D r .  A. C.  Eringen's 
ana lys i s  i s  understood t o  be complete, however, t he  theory must be pro- 
grammed f o r  a d i g i t a l  computer t o  obta in  numerical r e s u l t s  and t h i s  pro- 
gramming i s  not  completed. 
I n  view of t he  similar r e s u l t s  obtained f o r  nozzles  i n  spheres 
as compared t o  nozzles i n  cy l inders  f o r  i n t e r n a l  pressure loading (see 
Phase Report No. 5), some guidance may be obtained from the  theory f o r  
nozzles i n  spheres with moment loading. 
a d i s t r i b u t e d  load on a cy l inder  may provide guidance. Figure 2 shows 
B i j l aa rd ' s  loadings on the  sur face  of a cy l inder  and the  analogous moment 
loading of a nozzle i n  a cyl inder .  
ness  replaces  the  s t i f f n e s s  of the cut-out,  B i j l a a r d ' s  theory might 
reasonably p red ic t  the  f l e x i b i l i t y  on the  nozzle. 
Also, Bi j l aa rd ' s (2 )  theory f o r  
To the  ex ten t  t h a t  the  nozzle s t i f f -  
11 
nM 
B i j l a a r  d ' s  Assumptions Out- o f  Plane Bending 
nM 
A I -  
Bi j laard 's  As'sumpt ions In -  P l a n e  Bending 
FIGURE 2. COMPARISON OF BIJLAARD'S  ASSUMPTIONS WITH ACTUAL GEOMETRY 
OF NOZZLES I N  CYLINDRICAL SHELLS WITH MOMJ3NT LOADING 
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- COMPARISON OF TEST DATA WITH BIJ'LAARD'S THEORY 
* 
T e s t  da t a  f o r  uniform-wall test  models i s  p lo t ted  i n  Figures 
The test  da t a  i s  i n  q u a l i t a t i v e  agreement with B i j l aa rd ' s  theory 3 and 4 .  
i n  tha t :  
1. 
2. The f l e x i b i l i t y  f a c t o r s  are l a r g e r  f o r  out-of-plane bending 
The f l e x i b i l i t y  f a c t o r  increases  a s  D/T increases ,  
than f o r  in-plane bending, 
There appears t o  be a maximum i n  the  value of k / ( t /T)  as 
a funct ion of d/D; a t  d/D i n  the  general  range of 0.2 t o  
0.5, depending upon D/T and the  bending plane. 
3 .  
I n  a q u a n t i t a t i v e  sense, B i j l aa rd ' s  theory cons i s t en t ly  over- 
p red ic t s  the  a c t u a l  f l e x i b i l i t y  f a c t o r s  as compared t o  ava i l ab le  test  
data .  
* The term "unreinforced" i s  used here  a s  r e f e r r i n g  t o  test models which 
consis ted of a uniform-wall nozzle welded i n t o  a uniform-wall cy l inder  
without l o c a l  r e in fo rc ing  o the r  than tk provided by the  f i l l e t  welds. 
This includes the "drawn-outlet" models of Table 1. 
B i  j laard T h e o r y  
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T e s t  D a t a  









.6 ~ .8 
FIGURE 3. COMPARISON O F  BIJLAARD THEORY AND T E S T  DATA, 
F L E X I B I L I T Y  FACTORS FOR IN-PLANE BENDING 
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T e s t  D a t a  
Symbo 1 D /T R e f .  No.  
' 0  93 9 
0 78 7 
A 76 4 
X 3 1  6 + 19 8 
0 15 6 
B i j l a a r d  Theory 
.6 .8 1.0 
FIGURE 4. COMPARISON OF BIJLAARD THEORY ANI, TEST DATA, 
F L E X I B I L I T Y  FACTORS FOR OUT-OF-PLANE BENDING 
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EMPIRICAL EQUATION 
While the  a v a i l a b l e  test  d a t a  r ep resen t s  a r a t h e r  motley a r r ay  
of s i z e s ,  dimensions, and types of r e in fo rc ing ,  i p  conjunct ion  wi th  B i j -  
l a a r d ' s  a n a l y s i s  c e r t a i n  c o n s i s t e n t  t r ends  i n  t h e  d a t a  f o r  s m a l l  d/D 
appear. B i j l a a r d ' s  theory i n d i c a t e s  t h a t ,  f o r  s m a l l  d/D, k / ( t /T)  i s  roughly 
p ropor t iona l  t o  (D/T)3/2 and i s  a l s o  roughly p ropor t iona l  t o  d/D. A 
simple equat ion  t h a t  f i t s  t h e  d a t a  f o r  uniform-wall tes t  models is:  
C = 0.09 f o r  in-plane bending 
C = 0.27 f o r  out-of-plane bending 
The test models wi th  saddle  o r  pad r e i n f o r c i n g  can be included i n  
Equation (2) i f  t he  run  th ickness  T i n  t h e  (D/T)3/2 term i s  replaced by an 
equ iva len t  th ickness ,  Te. Te i s  def ined  as: 
T = T + f o r  in-plane bending, i n .  e d 
T = T + -  A f o r  out-of-plane bending, i n .  
e 2d 
A = c ross  s e c t i o n a l  area of  r e i n f o r c i n g  ( i n  t h e  plane 
conta in ing  the  nozzle  and cy l inde r  axes) provided 
2 by the  pad o r  saddle ,  i n  . 
The empir ica l  Equation (2) i s  compared with the  test  d a t a  of 



















Equation (2) I I 
In -Plane Bending 
1 I 
Symbol TYPe of Nozzie 
@ Drawn O u t l e t  
0 Pad r e i n f o r c e d  
A Saddle  r e i n f o r c e d  
- 0 F a b r i c a t e d ,  u n r e i n f o r c e d  
1 
FIGURE 5. COMPARISON OF TEST DATA WITH EQUATION (2), 
FLEXIBILITY FACTORS FOR - IN-PLANE BENDING 
1 7  
30C 
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FIGURE 6*  
Symbol Type of Nozzle 
0 F a b r i c a t e d ,  u n r e i n f o r c e d  - 
@ Drawn O u t l e t  
A Saddle  r e i n f o r c e d  
0 Pad r e i n f o r c e d  - 
100 
D / T, 
COMPARISON OF TEST DATA WITH EQUATION (2) ,  
FLEXIBILITY FACTORS FOR OUT-OF-PLANE BENDING 
4 0 0  
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can be seen i n  these Figures,  Equation (2) i s  a f a i r l y  good average of the  
test  da ta  and, consider ing the  va r i e ty  of test  d a t a  involved, t he  s c a t t e r  
i s  f a i r l y  s m a l l .  
Equation (2) i s  compared with B i j l a a r d ' s  theory f o r  d i s t r i b u t e d  
loads on a cy l inder  i n  f igu res  7 and 8. A s  necessary t o  conform with the  
t e s t  data ,  Equation (2) gives  lower values than B i j l a a r d ' s  theory but  
otherwise has the same t rends  f o r  small  d/D as  exhib i ted  by the  theory. 
Equation (2)  i s  compared with f l e x i b i l i t y  f a c t o r s  f o r  nozzles i n  
spheres i n  Figures  9 through 12. The dashed l i n e s  i n  Figures 9 through 
1 2  are f ron  Phase Report No. 3, " F l e x i b i l i t y  of Nozzles i n  Spherical  
Shells". For most of t he  dimensional parameters covered i n  Figures 9 
through 12 ,  the  f l e x i b i l i t y  of a nozzle i n  a sphere i s  bracketed by 
f l e x i b i l i t y  f a c t o r s  f o r  in-plane and out-of-plane bending of a nozzle i n  
a cy l inder ;  i . e . ,  the  f l e x i b i l i t y  of a nozzle i n  a cy l inder  with in-plane 
bending i s  lower than f o r  a nozzle i n  a sphere while the  f l e x i b i l i t y  of a 






















- -- B i j l a a r d  Theory, d i s t r i b u t e d  load on cy l inde r  
D 3/2 t d E m p i r i c a l  E q u a t i o n :  k = 0.09 (T) (F) (5) 
(for  d / D  < 11'3) 
D 
T= 200 
.3 .4 .6 .6 .02 .04 .06 .06 .08 .IO . 2  
d/D 
FIGURE 7.  COMPARISON O F  IN-PLANE F L E X I B I L I T Y  FACTORS; EQUATION (2)  
WITH BIJLAARD THEORY FOR DISTRIBUTED LOAD ON A CYLINDER 
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--- B i j l a a r d  Theory, d i s t r i b u t e d  l o a d  on c y l i n d e r  
= I00 
d/D 
FIGURE 8. COMPARISON OF OUT-OF-PLANE FLEXIBILITY FACTORS; EQUATION (2) 
WITH BIJLAARD THEORY FOR DISTRIBUTED LObD ON A CYLINDER 
D 3'2 t d In-Plane,  c = 0.09 E r r p i r i c a l  Equat ion:  k = c (7) (T) (E) 
Out-of-Plane,  c = 0.27 (for d/D <1/3) 






t /T  
I. 
FIGURE 9 .  COMPARISON OF FLEXIBILITY FACTORS, EQUATION (2) WITH THEORY 







In-Plane ,  c = 0.09 
--- Out-of-Plane,  c = 0.27 
--- Nozzle i n  a Sphere 
3 /2 
E m p i r i c a l  Equat ion:  k = c (7) D (3 t d  (5) 
( f o r  d/D <1/3) 
I. 
FIGURE 10. COMPARISON OF FLEXIBILITY FACTORS, EQUATION (2) W I T H  THEORY 
FOR A NOZZLE I N  A SPHERE, D/T = 25. 
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3 /2  t d Empirical  Equation: k = c (3 D (T) (5) 
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In-Plane,  c = 0.09 
--- Out-of-Plane, c = 0.27 
--- Nozzle i n  a Sphere 
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FIGURE 11. COMPARISON OF FLEXIBILITY FACTORS, EQUATION (2) WITH THEORY 
FOR A NOZZLE I N  A SPHERE, D/T = 50. 







E m p i r i c a l  Equat ion:  k = c (-) D (--) t a  (--) T In-Plane,  c = 0.09 
-0- Out-of-Plane,  c = 0.27 ( f o r  d/D < 1/3) 






FIGURE 12.  COMPARISON OF nEXIBILITY FACTORS, EQUATION (2) W I T H  THEORY 
FOR A NOZZLE I N  A SPHERE, D/T = 100. 
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SIGNIFICANCE OF FLEXIBILITY OF NOZZLES 
Phase Report  No. 3 ,  " F l e x i b i l i t y  of Nozzles i n  Sphe r i ca l  She l l s "  
shows t h a t  i n  " t i gh t "  p i p i n g  systems, the  moment on a nozzle may be over-  
es t imated  by a f a c t o r  of s i x  o r  more i f  t he  f l e x i b i l i t y  of t h e  nozzle i s  
ignored.  Table  2 shows c a l c u l a t e d  results,v f o r  a " t igh t "  p ip ing  system 
involv ing  out-of-plane bending of a nozzle .  For these  systems, t he  moment 
a t  t h e  nozzle could be over-est imated by a f a c t o r  of 1 2  i f  the  nozzle 
f l e x i b i l i t y  f a c t o r  i s  ignored.  These examples a r e ,  of course ,  f o r  extremely 
t i g h t  systems and i l l u s t r a t e ,  more-or- less ,  t h e  maximum e r r o r s  introduced 
by ignor ing  t h e  nozzle f l e x i b i l i t y .  
(10j 
Stevens,  Groth,  and B e l l  il u s t r a t e  the  a f f e c t  of nozzle f l e x i -  
b i l i t y  f o r  two sample p ip ing  systems.  The two examples given involve  
f l e x i b i l i t y  of nozzles  i n  heads and i n  c y l i n d e r s .  The f l e x i b i l i t y  f o r  a 
nozzle i n  a head used i n  the examples i s  based on B i j l a a r d ' s  theory;  which 
is  the  same as given i n  Phase Report No. 3 .  F l e x i b i l i t y  of a nozzle i n  
cy l inde r s  is a l s o  based on B i j l a a r d ' s  theory;  f o r  t h e  p a r t i c u l a r  parameters 
and bending plane involved i n  the  examples, B i j l a a r d ' s  theory and Equat ion @ )  
a r e  i n  f a i r l y  c l o s e  agreement. With r e s p e c t  t o  moments a t  t he  nozzles ,  t h e  
r e s u l t s  are: 
E x a m p l e  1 Example 2 
(Mn) o/  (Mn) k (Mn) o/ (Mn) k 
4 . 3 5  29.1 Nozzle i n  c y l i n d e r  
Nozzle i n  head 1.44 -- 
* Calcu la t ions  are based on a k - f ac to r  of 11.8 taken  d i r e c t l y  from tes t  d a t a .  
By Equat ion (2), k = 10.7.  
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where (M,), = c a l c u l a t e d  moment a t  nozzle with nozzle 
f l e x i b i l i t y  f a c t o r  ignored. 
= c a l c u l a t e d  moment a t  nozzle with nozzle 
(Mn)k f l e x i b i l i t y  f a c t o r  included.  
Example 1 r e p r e s e n t s  a comparatively "loose" p ip ing  system, while  
Example 2 r ep resen t s  a r r t i g h t l '  p ip ing  system9 For Example 2,  the a c t u a l  
moment of t he  nozzle would t h e o r e t i c a l l y  be over-estimated, ignor ing  the  
f l e x i b i l i t y  of t he  nozzle ,  by a f a c t o r  of 29. 
examples given by Stevens,  e t  a l ,  involved t h i n  w a l l  vessels (D/T - 215) 
and f a i r l y  l a r g e  nozzles  (d/D - .25). The f l e x i b i l i t y  f a c t o r  f o r  the  
I t , m i g h t  be noted t h a t  t he  
nozzle i s  around 175. The p ipe  w a s  36 inches O.D.;  t he re fo re ,  the  equiva- 
l e n t  length of p ipe  (lumped a t  the  nozzle) w a s  about 520 f t .  The t o t a l  
l ength  of the  p ipe  i n  the  p ip ing  system was about 31  f t ,  hence the  pronounced 
e f f e c t  of t h e  nozzle f l e x i b i l i t y .  
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TaBLE 2 .  EFFECT OF THE FLEXIBILITY OF A NOZZLE ON THE CALCULATED 
END FORCES OF A PIPING SYSTJ3l 
L 
=x Y '  














































(Fx)o = Fx c a l c u l a t e d  wi th  f l e x i b i l i t y  of nozzle  ignored 
(Fx)k = F c a l c u l a t e d  with f l e x i b i l i t y  of nozzle  included X 










16" x 6" 
drawn o u t l e t  
k = 11.8 
out- o f - plane 
bending 
Assumed r i g i d  corner  
P ipe  6" s t d .  w t .  J.280" 
I = 28.1 i n .  




16" p ipe  i s  assumed to be anchored s u f f i c i e n t l y  c l o s e  t o  the  6" branch 
so t h a t  t o r s i o n a l  displacements of t he  16" run pipe are n e g l i g i b l e .  
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